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Abstract

In the present paper, we establish general representations of continuous linear functionals, which play important roles in
Functional Analysis, of the absolute weighted spaces which have recently been introduced in Sarigél (2016, 2011), and also
determine their norms. Further making use of this we give adjoint operators of matrix mappings defined on these spaces.
© 2017 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Sequence spaces; BK spaces; Absolute summability; Continuous linear functional

1. Introduction

Any vector subspace of w, the space of all (real- or) complex valued sequences, is called a sequence space. A
sequence space X is a BK-space if it is a Banach space provided that each of the maps p, : X — C defined by
pn(x) = x, is continuous for all n > 0. A BK-space X is said to have AK property if ¢ C X and {e™} is a basis
for X, where e™ is a sequence whose only non-zero term is 1 in kth place for each n > 0 and ¢ =span{e™}, the set
of all finitely non-zero sequences. For example, ¢;, the space of all k-absolutely convergent series, is A K-space for
k> 1.

Let X, Y be sequence spaces and A = (a,,) be an infinite matrix of complex numbers. If Ax = (A,(x)) € Y for
every x € X, then we say that A defines a matrix transformation from X into Y, and denote it by A € (X, Y), where
A, (x) = Z‘f:oanvxv, provided that the series converges for n > 0.

Now, let Ya, be a given infinite series with nth partial sums (s,) and (6,) be a sequence of nonnegative terms.
Then the series Ya, is said to be summable |A, 6, [, kK > 1, if

oo
D O AA)F < 00, A_i(s) =0,
n=0
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AA,(s) = A,(s) — A, (s) [1]. If A is the matrix of weighted mean (ﬁ, p,l) (resp. 6, = P,/p,) , then summability
|A, 6, |, reduces to summability [N, p,, 6,|, (resp. [N, pa|,. [2]), [3]. Further, if 6, = n forn > 1 and A is the matrix
of Cesaro mean (C, «), then it is the same as summability |C, «|; in Flett’s notation [4]. By a weighted mean matrix
we state

a — pU/PI’HOSvSn
ne 0, v>n

(1.1)

where (p,) is a sequence of positive numbers with P, = py + p; + -+ 4+ p, — o0 asn — oo. In [5], the space

‘N(; E k > 1, was defined as the set of all series summable by N, DPn» O Lo ie.,
o0 n k
—0
’Np‘kz az(av):z VnZPv—lav <X,
n=1 v=1
which is a BK-space with respect to the norm (see [6])
1
o " k) &
lallze) = laol* + Y |va(p, 0) Y Poray| ¢ (1.2)
lk n=1 v=1
where
) el/k’p
) =0%, vu(p.0) = =—"2 n>1. 1.3
Yo(p,0) =6y"" , vu(p,0) PP n= (1.3)
Hence it is clear that a € )Ni ‘k if and only if T'(a) € I, the set of all k -absolutely convergent series, where ,
To(a) = yo(p. 0)ao, Tu(@) = ya(p.0) Y P, ray, (1.4)

v=1

1/k+1/k=1fork>1,and 1/k = 0fork = 1.

—0
2. Representations of functionals on the space |N » |k

It is known that the continuous dual of a normed space X, denoted by X*, is defined by the set of all bounded
linear functionals on U, and also it is a fundamental principle of functional analysis that investigations of spaces are
often combined with those of the dual spaces. In this connection duals of many spaces have been considered [7]. For
example, ¢c* = [, I = I, I = lp for 1 < k < oo, where ¢, I and [ are the sets of all convergent, bounded
sequences and k’-absolutely convergent series, respectively. Also their representations and norms are as follows:

fO0) = alimx, + 3 awxn, 1l = lal + lall,

n=0
o0
FG) =Y anxas Ifl = llalloe O <k=<1)
n=0
oo
F@) =Y anxas £l = llall, (1 <k < 00).
n=0

. . . —0 * . . . . . .
In this section showing that ‘N » are isometrically isomorphic to /i and /., respectively, we give general

*
—0

and |N
x P

. . . 1 . .
representations of linear functionals on them and determine their norms.

First we characterize the property AK of the space ‘N » ‘k, which plays important role to prove the theorems.
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Theorem 2.1. Let 1 < k < oo and 0 = (6,) be a sequence of nonnegative numbers. Then, in order that ‘Nﬁ

”‘k isa
B K -space with property AK, it is necessary and sufficient
0
sup Z Vn(l? ) 2.1
Ym (P,

Proof. ‘N(;‘k is a BK-space (see [6]). Now, if x € ¢, then there exists a positive integer m such that x =

(X0, X1, X, 0, ...) , and s0 ¢ C ‘Nﬁ,‘k iff

Z Vm(Ps Q)Z Puflxv v—1Xy Z |Vm(l77 9)|k < o0,
m=n v=1 m=n

and (™) is a base of ‘N(;‘ iff
k

m
X — Zx,,e(")
n=0

On the other hand, if 7' (x) € I, forany x € )N@ then it follows from Minkowski’s inequality that

Pl
o 1
C T,
x=) me| = { S 1) - ylp, )22 } S 0asm — oo
n=0 |N‘9 n=m+1 (
Pl
if and only if
[} o] k
,0
S 02—k 3 Z2OF s oo,
n=m-+1 V(P 0) n=m+1 Ym(p, 0)

or, equivalently, (2.1) holds, which states x = Y - x,e". Further, by triangle inequality, it has a unique expression.
This proves the result.

Theorem 2.2. (i-) Let 1 < k < oo and 0 = (6, ) be a sequence of nonnegative numbers. If (f") is a sequence of
nonnegatzve numbers satisfying (2.1), then, ‘N ‘ is isometrically isomorphic to ly, i.e., ‘N = = ly. Moreover if

;
felw,

—0
Fw = x4y (Z AP, e)) w1 x € [N 22)
v=1 \n=v
and
||f||‘ = = [IAlly, (2.3)
where A € [}.

p|, 18 isometrically isomorphic to /., i.e., |N »

(ii-) Let k = 1 and sup, P,/p, < oo. Then,
f € |N,|, then it is defined by (2.2) and

1 = I, and if

IIfIIW'1 = Moo 2.4)

where A € I,
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Proof. (i) Define T : [y — ‘Nf,‘k by T (\) = f, where £ is as in (2.2). Trivially, T is well defined by (2.1), linear
and injective. Also, T is surjective. In fact, take f € ‘Ni ‘k. By Lemma 1.6 in [1] we see that (1.4) defines an isometry
between ‘ﬁi)k and [, with respect to the norms (1.2) and || x||;, = {Z;’,‘iolxnlk}l/k. This means that x € ‘ﬁi‘k if and

only if 7(x) € i, and [l¥ljga| = IT(l, - Further, f € ‘ﬁf,‘k if and only if F € I, where
Plk
f(x) = F(T(x)) = F(T), forall x e ‘ﬁi)k,

and also

Ifll=sup [f(x)l= sup |[F(D)|=|F].

HXHWQ‘ =1 17, =1
Plk

It is well known from [6] that I; = Is, which shows that F € [}/ if and only if there exists A € Iy such that

F(T) = ZAnTn(x), for all T(x) € Iy,

n=0
I = N2, - (2.5)
So it follows that for every x € ‘Nf, ‘k
oo n
fE) =20%0+ ) MaYa(p0) Y Pooixy. (2.6)
n=l1 v=1

To get (2.2), it is sufficient to show that the order of summation in (2.6) can be interchanged. Now, by (2.1), since the
series Z;’;vkn vu(p, 0) is convergent, we write this sum as

K n
FG) = hoxo+ lim Y 0,yu(p.6) Y Poois

n=1 v=1

K K
= AoXxo + I(h—l>noo Z P,_1x, Z)‘nyn(p’ 0).
v=1 n=v
K 00 00
= hoxo+ lim Y P, {Z— > }Anmp,e).
v=1 n=v n=K+1

Thus it remains to show that

K 00
Z P,_1x, Z AnYn| = 0as K — oo.
v=1

n=K+1
But, it is easily seen from Holder’s inequality and (2.1) that

K 00 00

va—lxv Z )"nyn < |T[((X)| Z ﬁ)\n
v=1 n=K+1 nek+11 VK
00 v
< M( Z |)Ln|"/) —0as K —» o0
n=K+1
where

1

00 K\ &

M=sup|TK(x>|< 3 |29 ) .

K Wi k(P 6)

Thus (2.2) holds, and also ||L(A)]| Wg « = | £l Wg = ||A||,k/ by (2.5), which completes the proof.
Pl Pl
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The proof of part (ii) follows from lines in part (i) considering that /{ = [ and (2.1) reduces to sup, (P,/pn) < 00.

Also, using Theorem 2.2, we give a general representation of adjoint operator. We first recall related concepts. Let
X, Y be normed spaces and A : X — Y be a bounded linear operator. Then, adjoint operator of A, denoted by A*, is
defined A* : Y* — X* such that A*(f) = foA.

Making use of Theorem 2.2 we can prove the following theorem which establishes representation of adjoint
operator of matrix operator on )ﬁi ‘k fork > 1.

Theorem 2.3. Let (p,) and (q,) be sequences of nonnegative numbers satisfying sup,P,/p, < oo and (2.1),
respectively. If A € (|Np Nz ‘k) ,k > 1, then the adjoint operator A* : ‘Nz ‘k — |Np|* is defined by

’

g) = AN = Y pjxji x € [Ny]
j=0

where A € Iy, 1 € Lo and

0—1/k’ o0 o0

] MnGn .
Ho = €0doo, Kj = ~— Z Qu-1 (Pjayj — Pj-1ay j11) Z — . j= 1L
p; 4 0,041

n=v

Proof. Since )ﬁz ‘k is a BK-space, by Banach—Steinhaus theorem, A : ]ﬁp| — )ﬁz ‘k is a bounded linear operator.

Now, given f € ‘ﬁq |>k Then g € ’ﬁi‘ . So, by Theorem 2.2, there exist A € I, and . € £ such that
k

f(x) = doxo + Z (Z)\nyn(cb 1)) Qu_1Xy; X € ‘Nq|

v=1 \n=v

and

[o.¢] oo
—0
8(x) = poxo + E <E Hn V(P> 9)) Pyo_1xy; x € ’N,,)k.
v=1 \n=v

Also, by g(x) = f(A(x)),

g(r) = AoAo(x) + Y (Z ha¥aq. 1)) Q01 4,(x)

n=v
o0

v=0 j

v=l1

EyQyjXj,

Nk

Il
=}

where

)
g0 = Ao, & = Qy-1 Z)\nyn(cb D,v>1

n=v

Now if we put x = ') € [N | for j =0, 1, ..., then we have

[e.¢] o0
1o = €000, Pi_1 Y ia¥a(p.0) =) evay; = Al(e)
v=0

n=j
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where AT is the transpose of the matrix A. This implies that

1 AJT-(S) AJTH(S)
vi(p, ) \ P P;
g1k oo 00
= - Z Qu-1 (Pjay; — Pj_1ay j+41) Z)»n)/n(q, D
v=1

nj =

Pj
oK x
=2 Z 0v_1 (Pjavj - Pj—lav,j+1) Z ndin

v=1

n=v

Pj Qn Qn—l

n=v

which completes the proof.

Also, following the lines in Theorem 2.4 we get the following theorem.

Theorem 2.4. Let (p,) and (q,) be sequences of nonnegative numbers satisfying sup,P,/p, < oo and (2.1),
— __ *
respectively. If A € (‘NZ‘](, |Np|> ,k > 1, then the adjoint operator A* : |Np|* — ‘NZL is defined by

g0 = AN = Y i x € [N
=0

where A € l;, 1 € Lo and

oo

= b g
Mo = €odoo, Lj = — Z Qv-1 (Pjavj - Pj—1au,j+1) Z —F - Jj =1L
pPj 0, 0n-1

J y=1 n=v
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