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We build the concept of fuzzy split quaternion numbers of a natural extension of fuzzy real numbers in this study. Then, we give
some differential geometric properties of this fuzzy quaternion. Moreover, we construct the Frenet frame for fuzzy split quaternions.

We investigate Serret-Frenet derivation formulas by using fuzzy quaternion numbers.

1. Introduction

The Serret-Frenet formulas describe the kinematic properties
of a particle moving along a continuous and differentiable
curve in Euclidean space E* or Minkowski space E? These
formulas are used in many areas such as mathematics,
physics (especially in relative theory), medicine, and com-
puter graphics.

Quaternions were discovered by Sir William R. Hamilton
in 1843. The most widely used and most important feature
of quaternions is that each unit quaternion represents a
transformation. This representation has a special and impor-
tant role on turns in 3-dimensional vector spaces. This
situation is detailed in the study [1]. Nowadays, quaternions
are used in many areas such as physics, computer graphics,
and animation. For example, visualizing and translating with
computer graphics are much easier with quaternions. It is
known by especially mathematicians and physicists that any
unit (split) quaternion corresponds to a rotation in Euclidean
and Minkowski spaces.

The notion of a fuzzy subset was introduced by Zadeh
[2] and later applied in various mathematical branches.
According to the standard condition, a fuzzy number is a
convex and a normalized fuzzy subset of real numbers. Basic
operations on fuzzy quaternion numbers can be seen in study
[3]. There are many applications of quaternions. In physics,
we have highlighted applications in quantum mechanics [4]

and theory of relativity [5]. In addition, there are applications
in aviation projects and flight simulators [6]. On the other
hand, the study [7] is a basic study for quaternionic fibonacci
forms. All of references that we reviewed guided us to
studying the geometry of quaternions.

In this paper, we have described the basic operations of
fuzzy split quaternions. With this number of structures we
aimed to achieve the frenet frame equation. Previously, frenet
frame has been created by split quaternions in [8].

In these studies, we obtained Frenet frame by the fuzzy
split quaternion.

2. Serret-Frenet Frame

The Serret-Frenet frame is defined as follows [8].

Let &(t) be any second-order differentiable space curve
with nonvanishing second derivative. We can choose this
local coordinate system to be the Serret-Frenet frame con-

— —
sisting of the tangent vector T'(t), the binormal vector B(t),

N
and the normal vector N(t) vectors at any point on the curve
given by
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The Serret-Frenet frame for the curve & () is given as

the following differential equation. Writing this frame with
matrices is easily for the mathematical calculations.

T' (t) 0 k@) 01[T®
B |=v0|=«0) o to||Bw| @
ﬁ(t) 0 -—-7(t) O N )

The speed value of the curve o (t) is denoted by v(t) =

N
lle' (£)]|. The scalar curvature of & (t) is symbolized as x(¢) and
the torsion value of the curve o (¢) is symbolized as 7(t). The
torsion of the curve & (t) measures how sharply it is twisting
out of the plane of curvature. The curvature of o (t) is the
magnitude of the acceleration of a particle moving along this
curve. The torsion of curvature is related by the Serret-Frenet
formulas and their generalization. These can be expressed
with following formulas:

Ennxgnﬂ

k(t) = S
o (t)
3)
T(t) = o (t)yxa (t) X« 2(1‘)

o (6 x o (1)

3. Split Quaternion Frames

In this section, firstly we will give the split quaternions defi-
nition and their characteristics properties.

DefinitionI. ThesetH' = {q = gy1+q,i+q,j+q5k, do»qy> G
qs € R} is a vector space over R having basis {1,4, j, k} with
the following properties:

im=-1,

]2:k2:1

ij=—ji=k (4)
kj=—jk =—i

ki =—ik = j

Every element of the set H' is called a split quaternion. [9].
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Definition 2. Let two split quaternionsbe g = qy1+q,i+q,j+
gskand p = py1+ p,i+ p,j+ psk. These two split quaternions
multiplication is calculated as

q.-p = (qoPo = @1 P1 + P2 + 45P3)

+(qopy + @1 Po — GaP3 + q3P,) )
+(qops + @2Po + A3P1 — 41P3) §

+(qops + asPo + @1P2 — GaP1) k

Definition 3. The conjugate of the split quaternion q = g,1 +
q1i + g, + gk is defined as

q=ql —qii—q,j — g3k (6)

Definition 4. A unit-length split quaternion’s norm is

N,=q7=39=(2)" +(@)" - (@) - (@) =1 @

Definition 5. Because of H' = Ej, we can define the timelike,
spacelike, and lightlike quaternions for g = (qy,4;>4»>93) as
follows:

(i) Spacelike quaternion for I, < 0
(ii) Timelike quaternion for I, >0
(iii) Lightlike quaternion for I, = 0

Here, I, = qq = qq. [1].

We can add to Definition 5 following descriptions.
Timelike, spacelike, and lightlike vectors are important for
the Minkowski space E;. The Minkowski space E; is the
accepted common space for the physical reality. We know
that the general properties of the quaternions are similar to
Minkowski space E‘ZL. The Minkowski space E;l is a vector
space with real dimension '4" and index '2'. Elements of
Minkowski space E; are called events or four vectors. On
Minkowski space Ej, there is an inner product of signature
two “plus” and two “minus”. Also, we prefer to define the
vector structure of Minkowski space with quaternions.

Every possible rotation R (a 3 x 3 special split orthogonal
matrix) can be constructed from either one of the two
related split quaternions ¢ = ¢q,1 + q,i + g,j + g3k or
-q = —qyl — q,i — q,j — qsk using the transformation law

[8]:
qwq = Rw
3 8)
[qwq]i = ZRij'wj
=1

where w = v;i + v,j + v;k k is a pure split quaternion. We
compute R;; directly from (5)
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2 2 2 2
(90)" +(41)" = (22)" = (g5)
R= 29095 + 2919,
29,95 — 2904,

All columns of this matrix expressed in this form are
orthogonal but not orthonormal. This matrix form is a special
orthogonal group SO(1,2). On the other hand, the matrix
R can be obtained by the unit split quaternions g and —q.
There are two unit timelike quaternions for every rotation in
Minkowski 3-space. These timelike quaternions are g and —q.
For this reason, a timelike quaternion R, can be supposed as
a 3 x 3 dimensional orthogonal rotation matrix.

The equations obtained as a result of this coincidence are
quaternion valued linear equations. If we derive the column
equation of (9), respectively, then we obtain the following
results:

[dq,
do 41 92 493 dq
N
dT=2| g5 @ a ||, |=2[Al]q]
dq,
42 493 9o 4
L dgs
- [94
43 942 91 4o dq
N
dN=2|-q @ @ -a;||  |=2[Bl[d] (0
dq,
4 490 493 92
dqs
dq,
4 93 90 9 dq
— 1
dB=2|q 4@ a4 % =2(Cl 4]
dq,
o 91 ~492 43
L dg;

4. Serret-Frenet Frames of Split Quaternions

In this section, we give the Serret-Frenet Frame equations
for split quaternions. If we calculate the differential equations
corresponding to Serret-Frenet Frames with split quater-
nions, we can obtain the following differential equations.
These equations are the formulas Serret-Frenet frames with
split quaternions.

2[A] [q'] = 7_“; = wc_; (11)
2[B] [q'] = ]7 = —wd_“; + vﬂ_“; (12)
2[C] [q'] = }__3; = —VTZ\—]; (13)

29,9, — 29093
2 2 2 2
—(q0)" + (@) + (q2)" - (g3)

—2q0q, + 249,93

3
2909, + 29,93
24,95 + 2904, ©)
2 2 2 2
—(q0)" +(a1)" = (q2)" +(a3)
where
da, by by b, by Ta
da C c a
[q’]= . © a & G 1 (14)
da, dy d, d, d;| | a,
da, e € e el la;

Therefore, with using (11), (12), and (13) we obtain the H ! split
quaternion Frenet frame equations as [8]

da, 0 -7t 0 —«k7T[a

, da, vl 0 x 0 a
4] = =2 (15)

da, 210 « 0 7 ||a

da, -« 0 -1 0] Llas

5. Serret-Frenet Frames of Fuzzy
Split Quaternions

In this section, we study obtaining the Frenet frame equations
with split quaternions in the fuzzy space. For this, firstly we
define a fuzzy real set and fuzzy real numbers.

Definition 6. The real number’s set is denoted by R and let H
be a set of quaternion numbers. A fuzzy real set is a function
A:R—[0,1].

A fuzzy real set A is a fuzzy real numbers set <.

(i) A is normal, i.e., there exists x € R whose A = 1.

(i) For all @ € (0, 1], the set A[a] = {x € R : A(x) > a} is
a limited set.

The set of all fuzzy real numbers is denoted by Rp. We
can see that R C Ry, since every « € R can be written as
«:R — [0,1],where a(x) = 1if x = a¢and a(x) = 0if x # «.

(3]
Now, we define fuzzy numbers with quaternionic forms.

Definition 7. A fuzzy quaternion number is defined by a
function h : H — [0, 1], where h(ay1 + a,i + a,j + a;k) =
min{Ay(ay), A,(a,), A,(a,), As(a3)}, for Ay, A, Ay, Ay € Ry
[3].

Similarly, a fuzzy split quaternion number is given by
W : H — [0,1] such that (a1 + ayi + a,j + ask) =
min{Ay(ay), A,(a,), A,(a,), As(as)}, for Ay, Ay, Ay, As € Ry,

The fuzzy quaternion number’s set is denoted by H and
the set of all fuzzy split quaternion numbers is denoted by Hy,
and identified as R}, where every element /' is associated with

(A,B,C,D).



We can define the fuzzy split quaternion numbers as
follows:

W = (Ay, A, A,, A;) € Hy, where Re(h') = A, is called
the real partand Im1(h') = A, Im2(h') = A,, Im3(h') = A,
are called imaginary parts.

Let h = ayl + aji + a,j + a;k € H' and the function
W' :H' — [0,1] is given by

W (b1 + byi + by j + byk)

1>

"1

Definition 8. In the fuzzy split quaternion numbers Hy,, we

can define the addition and multiplication operations as
follows [3].

 Let SL h’_ € Hy, where s' = (By,B;,B,,B;) and h' =
(A()a A]) Az, A3); then,

if ay=byand a, =b, and a, = b, and a;, = b, (16)

ifay, #byora, #b, ora, #b, or a; # by

Definition 9. Let R be the field of real numbers and (R, 7) be
a fuzzy topological vector space over the field R.

()" + (&) + (&) + (&)
R= 2A0A; +2AA,

2A,A; - 2A,A,

In this matrix (23), we calculate the derivative of the columns,

respectively, to the elements Ay, A}, A,, and A;. We will get

=
the Fuzzy tangent vector T’ to the derivation from the first
column to the elements Ay, A, A,, and A;:

A, A, A, A A,
S So A A JA,
=dT =2| A, 4, A, A || _
— | ldA (24)
“A, A, A, A _
dA,
21 [ ()]

N
We will get the fuzzy normal vector N’ to the derivation
from the second column to the elements Aj, A, A,, and
A,
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f : R — R,a € R;the function f is said to be fuzzy
differentiable at the point a if there is a function ¢ that is fuzzy
continuous at the point a and have

f ) —f(a)=¢(x)(x-a) (18)

for all x € R. ¢(a) is said to be fuzzy derivative of f at and
denote

f' (@) =¢ (@) (19)
[10].

Definition 10. Let i’ = (Ay, A,, A,, A;); the conjugate of h' is
defined as

W = (Ay—A,—Ay-A;) (20)
The norm of 1’ is defined as
Ny =i =10 = (&) +(&,) -(&,) - (&) @
Because of H' ¢ Hy, the following equation can be written:
_ 3
[h,.w’.hl]i = Z lew] (22)
j=1
where w' = (V,V,, V).

Here, R;; is the component of the matrix R and the matrix
is calculated from (17) as follows:

2A,A, + 2A)A, (23)

_ _ _  _ _l4a,

-A, A, A A

= N _ _ dA,

N'=dN=2|-A, A, A, A || _
dA, (25)

-A, -A, A, A, _

dA,

- 211[a ()

.
We will get the fuzzy binormal vector B' to the derivation
from the third column to the elements A;, A, A,, and A;:

_ _ _  _ _[da,
A, A, A, A]| _
= - 0 dA,
B=dB=2|4 A, A, A || _
_ _ dA,



Advances in Fuzzy Systems

- 2121[d(¥)
(26)

If we write, respectively, these founded matrices in (11),
(12), and (13), we can obtain the following equalities for
Serret-Frenet frame equations:

201 [d(K)] =T = N’ @7)
2[Y] [d (h')] = I;; = —wd_"7 + vﬂ_“; (28)
2(z)[d (K] = B = —yiN' (29)

The differential of fuzzy split quaternion /' is expressed with
matrix form as follows:

dA, B, B, B, B;|[A4,
dA C, C, C, G ||A
[d(h/)] _ _1 _ _O _1 _2 _3 _1 (30)
dA, D, D, D, Ds| |4,
dA, E, E, E, E; | |A,

Here, (A, A}, A,, A;) is the real and imaginary elements of
the fuzzy split quaternionic vector. Now, we must need to cal-
culate the elements B;, C;, D, E;, (0 < i < 3) of the coefficient
matrix. We need solutions of (27), (28), and (29) to obtain the

elements B;,C;, D;, E;, (0 < i < 3). For this reason, we put the
differential of fuzzy split quaternion /', fuzzy tangent vector

— — —
T, fuzzy normal vector N ' and fuzzy binormal vector B’ in
(27), (28), and (29) in its places. When we make the needed
calculations, we can obtain the following results:

(32)

(33)

Finally, we get results for the elements B;C,D,E,
(0 <i < 3)as follows:

B, =0,
— VT
1~ 2’
B, =0,
5 VK
T2
— vT
0_2>
g 0,
— VK
C,=—,
272
C,=0
D, =0,
D, =",
2
D, =0,
D, =



6
= VT
0~ 2’
E, =0,
= VK
2~ 2’

(35)

Therefore, by using these values (35) we obtain the fuzzy split
quaternionic Serret-Frenet frame equation as

dZo 07 0 —« Z()

dA 7 0k O0||A

li 1 v 1
()] = | 2] - 2 g e

dA, 210 « 0 7 A,

dZ3 -« 0 -7 0 Zs

6. Conclusion and Discussion

In this study, we redefined the algebraic operations for
split quaternions on fuzzy split quaternions. The set of split
quaternions is a subset of fuzzy split quaternions (H' ¢ Hy,).
This condition is important because the given definitions
for fuzzy split quaternions are provided with it. As a result
of this, given definitions are similar to definitions for split
quaternions. We have seen that these definitions are similar
to the split quaternion structures. We have obtained in this

— —
study fuzzy tangent vector T’, fuzzy normal vector N,

5
and fuzzy binormal vector B'. These vector forms are a
new description and calculation. Also, we have redefined
these Serret-Frenet frames for fuzzy split quaternions on
familiar Serret-Frenet frames. For fuzzy quaternionic forms
the torsion and curvature functions are defined as
T:I1cR—[0,1]
(37)
k:1cR—>[0,1]

For this reason, Serret-Frenet frame elements in (36) for
fuzzy split quaternions get values in the range [-1,1]. In
Definition 7, we can see that if we take equal fuzzy split
quaternion to the split quaternion, the function ¥’ ¢ H'
can take the value "1’ and if we take not equal fuzzy split
quaternion to the split quaternion, the function /' can take
the value 0. Hence, for calculating (27), (28), and (29), the
necessary rule is

W (bl +bji+byj+bk) =1 (38)
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