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Abstract. In this paper, we investigate the existence and the uniqueness of solutions of a periodic boundary value problem for
a class of fractional differential equations on time scales. Some fixed point theorems are applied to obtain some new existence
results. An illustrative example is also provided.
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1. INTRODUCTION

Fractional differential equations appear naturally in various fields of science and engineering, and con-
stitute an important research field. It should be noted that this kind of equations can provide an excellent
tool for the description of memory and hereditary properties of various materials and processes. With
this advantage, the fractional-order models become more realistic and practical than the classical integer-
order models, in which such effects are not taken into account. Recently, the study of the boundary value
problems for fractional differential equations has received considerable attention; see [1, 2, 3, 4, 5, 6]
and references therein.

A pioneering work in discrete fractional calculus has been done by Miller and Ross [7]. Especially,
Atici and Eloe [8, 9, 10] contributed to the improvement of the discrete fractional calculus. The existence
problems of discrete fractional difference equations have been investigated by many authors; see [9, 10,
11, 12, 13, 14] and references therein. And, fractional calculus on time scales was used to unify the
fractional differential equations with both continuous and discrete forms; see [15, 16, 17, 18, 19] and
the references therein. Some basic definitions and theorems on time scales can be found in the books
[20, 21]. Recently, existence problems of boundary value problems of fractional differential equations
on time scales have been studied recently; see [22, 23, 24].

In this paper, we consider the following nonlinear periodic boundary value problem with delta Riemann-
Liouville fractional derivative on time scales of order o — 1:
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{ A% (1) = f(t.x(1)), t €T :=[a,b]NT, 2< @ <3
x(a) = x(b) =0, x*(a) = x*(b),

(1.1)

where T is any time scale, f € C([a,b] x R,R) and A%~ denotes the delta fractional derivative on time

scale T of order ¢ — 1 which will be defined later.

The organization of this the paper is as follows. In Section 2, we will give some definitions of delta

Riemann-Liouville type fractional integral and delta fractional derivative on time scales and auxiliary

lemmas which are needed later. In Section 3, by using the contraction mapping theorem (Banach fixed

point theorem) we show that there is a unique solution of BVP (1.1) if f(z,x) satisfies a Lipschitz con-

dition. In the last section, by using some known fixed point theorems, we obtained sufficient conditions

for the existence of solutions without the implication of the uniqueness of solutions.

2. PRELIMINARIES

To state the main results of this paper, we will need some basic definitions and lemmas.
Let us consider the rd-continuous functions /iy, : T x T — R, a > 0 such that

t
haH(l‘,s):/ha(‘L',S)AT, ho(t,s) = 1, Vs, €T,
)

where T is a time scale such that T = T. Also, we suppose

t
/ o1 (£,0(%) g1 (1, 0())AT = oy (1,0(u), a.f>1, u<t, ur T,

o(u)

where o is the forward jump operator.
If T =R, then o (r) = t and hy(t,5) = "1, Vk € Ng = NU {0}. We define

(t—s)*
INa+1)
which satisfies the properties in (2.1) and (2.2) (see [19]).

ha(t,s) = ,a>0

2.1)

(2.2)

k—1
If T=7Z,theno(t) =t+ 1 and I (t,s) = (st,)(k) , Vk € Ny, where t© =1, %) = T (r —i). We define
’ i=0
(r— s)(“)
h(t =—"— 0>0
OC( ,S) F(a + 1) b 9
where (%) = % which satisfies the properties in (2.1) and (2.2) (see [19]).

Definition 2.1. [19] For o > 1, a time scale delta Riemann-Liouville type fractional integral is defined

by

KES(1) = [ haor(1,0(2)f (D07, = .

where f € Li([a,b]NT) and ¢ € [a,b]N'T.

t
If a = 1, then we have K! f(t) = [ f(T)AT.

a
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Definition 2.2. [19]Fora>2,m—1<a <méeN,ie.,m="q" (ceiling of the number) and v=m — ,
the A— fractional derivative on time scale T of order & — 1 is defined by

A% (1) = (KA / hy(t,6(7)) 2" (t)AT,Vt € [a,b]NT,

where f € C"([a,b)NT) and f2" is a Lebesgue A— integrable function.

If we take o = m, then we have A%~ £(r) = (K} fA") (1) = A"
Lemma 2.3. [19] Leta >2, m—1<a<meNv=m—a, f€C"(T), a,b €T, T =T. Suppose
that hy_»(s,0(t)), hy(s,o(t)) is continuous on (la,b] N T)%. Then, we have

m—1
K&IAZ () = FO) +E(A o= 1Lv+ 1, T0) = Y Iy(t,a)

where E(f~" 00— 1,v+1,T,t) = ijm(u),u(u)ha_g(t,G(u))hv(u, o(u))Auand u(t) = o(t)—t.

Lemma 2.4. Assume that2 < a <3, =3—a,x€C3(T), g€ Cry([a,b]NT), a,b€ T, a<b T =T,
and he—1(t,0(s)) is continuous on J x J. Then, a function x € C3(T) is a solution of the boundary value
problem

a—1 _
{ A% x(r) = g(1), t € [a,b]NT, 2< a0 < 3, 03

x(a) = x(b) = 0, x*(a) = x*(b),

if and only if x is a solution of the following integral equation

/ ha-2(1,0(%)) (8(2) — ' ()u(e)hg (7,0(x) ) At

b
- [(
( Ju(e)hg (3,0(x))) Ar. (2.4)

Proof. Let x be a solution of BVP (2.3). By Lemma 2.3, we have

ot~ "2 ) i (0,0(0) ~ = hus (0. 0(9)

K&'g(t) = K&'A%x(0)
~ 0+ / A (D) (Dhga(1, 0(7 >>h,;<r,o(r»m—éhk(r,aw"(m.
Then, we obtain
] ha-2(t,0(7))g(t) AT~ / ha-(t,6(0) (2)a () (7,0 () AT+ x(a)

+ Ii(t,a)(a) + ha(t,a)x (). 2.5)
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Using the differentiation formula [21, Theorem 1.117], we have

2

A0 = [y a0.0(0) (60— (Ou(@ip(r,0(2) At +2(@) + (1 -0 (a).

By using the second boundary condition, we get

b
Ay == [1ab.00) (3(0) ¥ (Du(ehs(5,0(2) A
From the first boundary condition, we find
b 2
Ha) = _bia/ [ha—Z(b,G(T)) -l )hba_zib,c(r))]

<g(7:) N (t)u(t)hp (T, G(T))) AT.

Hence, it follows from (2.5) that (2.4). The converse of the lemma follows by a direct computation. This
completes the proof. U

C3 (T) is a Banach space with the norm |[|x| = max lx()| + max X2 ()| (see [25]). The solutions of
re re

BVP (1.1) are the fixed points of the operator A : C3,(T) — C3,(T) defined by

axlt) = [haa(t.0(0) (£(2,x(0) — 2 (DD (7. 0(1))) Ac

b
£ [ke7) (f(rx(2) — 2 (@(e)hg (7. 0(0))) A, (2.6)

where k(1,7) = ( = (b,a) - %) S (b,06(7)) — =Shy (b, 0(1)).

For the sake of convenience, we set

teJ

t b t
M = max ( / Iha_a(t,0(2))|AT+ / Ik(z, r)]AT) + max / W8 (1, 0(7))|AT 2.7

and

teJ

t b
N = max(/\ha_z(t,c(r))u(r)hﬁ(r,G(T))]Af+/]k(t,'E)u(f)hﬁ(r,c(r))mr)

+ max / S 5(r,0(0))(t)hg (7, 6(7))|At. 2.8)

Lemma 2.5. Assume the following two conditions hold:

(H1) |f(t,%)| < 9()y(|x|) for all t € J, x € C3,(T), where ¢ : J — [0,00) and y : [0,00) — [0,00) are
continuous and nondecreasing.

(H2) The functions hq_»(t,0(7)), hﬁiz(z‘, 0(7)), ha(t,a) and u(t)hg(t,o(t)) are continuous fort € J
and T € J.

Then, A : C3,(T) — C3,(T) is completely continuous.
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Proof. We divide the proof into two steps.

Step 1: We show that A is continuous. Let x, be a sequence such that x, — x € Cfd(T). Then, we

obtain that

[(Ax,) (1) = (Ax) (1) < /!ha—z(hc(f))l!f(f,xn(’f))—f(T»X(T))!M

t

[ Ihaalt.o (@R (7. 0(2))

a
b

[l (0) - (o) Ac

a
b

+ /\k(t,f)u(f)hﬁ(fac(f))‘

a

and

t

(Ax)¥ (1) - (40*' ()] < /

- ]

(1, 0(2)u(D)hp (7, 6(0)] |«

A (1) = (1) AT

(1, 0(0)| 1 (7,3(7)) — f(,x(0)) | AT

From f € C([a,b] x R,R), (H2) and ||x, —x|| — 0 as n — oo, it follows that ||Ax;,

So, A is continuous.

—Ax|| = 0asn— oo,

Step 2: We show that the image of any bounded subset € of Cfd(’]I‘) under A is relatively compact in

C3,(T). Foreachx € Q= {x € C3 (T) : ||x|| < r}, we obtain

A)O] < [ haa(to(@)]f(Tx(e)| a7

t

[ It o(@)(hg(r0(0)] [ (1) ac

a
b

+ [k Dl1f(zx(e)| AT

a
b

+ /}k(t,r)u(r)hﬁ(r,g(f))‘ ‘an(r))Ar

a

< 9O [ lhaa(t.0(0)| AT+ ] [ a2l 0(2) (g (z,0(2))| AT

b

b
+ 00 [kt 2)| AT+ ] [ ke (g (e, 0(c)]| Az

a
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t

o] < [

a

5 (1,0(0))||f(7,x(7))| At

t

v/

a

(1,0 (2)m(e)hg (7,0 (x)| [« (2)| Ac

t

o) [

a
t
Il |
a

IN

W, (t,0(7)) ‘ At

_l’_

e a1,0 () u()hg (7, 0(7)) | A,

Therefore,

|| Ax]| ¢(b)y(r)M + ||x||N (2.9)

D)y (r)M+rN,

that is, AQ is a bounded set.
Now we show that AQ is equicontinuous on J. For each #1,# € J, without loss of generality, we may
assume that #; < t,. For all x € Q, one can see that

|Ax(t2) —Ax(tl)\

IN

[ haaliz,0(0) (F(22(2) = (D (z,0(2)) ) e

3

= [haaltr,0(0) (F(7.2(0) 2 (Ol (7,0(x))) At

b
[e27) (£(ex(0) 2 (DR (7, 0(2))) Ac

b
k9 (f(rx(0) — (Du(ehg(r.0(1) ae

IA

[ Iha-2(t2,0(2) = ha-a(ts, ()] | (73(2) =3 () () (7.0 ()| e

+ [ a0 7(x(0) —x (D (g(z,0(7)) | Az
tlb
[0~k )zt~

a

(%) ()hg (7, 0(7)) | Ae
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and

(A0~ (1) — (Ax)* ()| <

[ 2, 0() (F(.2(5) 2 (Ou(Dg(7,0(x))) At

= [1a0.0(0) (F(.x(0) 2 (D@ (7,0(x))) At

< [ i o)~ (0. 0()
F(xx(2) =3 (2)u(0)hp (7,0 (x) | AT
+ [ | a0 ()| [£(5x(2) ¥ (R)u()hg (7, 0(0)) | A

t

Since the functions f, hq—2(t,0(7)), hﬁiz(t,c(r)), ho(t,a) and p(t)hg(t,o(t)) are continuous from

(H2), we have |Ax(12) — Ax(1;)| — 0 and ‘(Ax)A3 (12) — (Ax)™ (rl)‘ 5 0for f; — . It yields that AQ is
equicontinuous in C3 (T).

As a consequence of those steps, we obtain that A is completely continuous operator. This completes

the proof. U

3. THE LiPSCHITZ CASE

In this section, we will use the well-known contraction mapping theorem named also as the Banach
fixed point theorem.

Theorem 3.1. Assume that (H2) holds. In addition, we suppose that
(H3) Let the function f(t,x) satisfy the following Lipschitz condition: there is a constant L > 0 such that

|f(t,x) — f(t,y)| < L|x—y|, for eacht € J, 3.1

for all x and y in Cfd('ﬂ‘). In addition, LM + N < 1, where M and N are defined in (2.7) and (2.8),
respectively. Then, BVP (1.1) has a unique solution in C3,(T).

Proof. For x,y € C3,(T) and ¢ € J, by using (3.1) we have

(Ax)(1) — (A ()] < /Iha—Z(hG(T))(f(TaX(T))—f(fay(f)))!M

+ /
a
b

+ [k, 7) (£(e (@)~ f(73(0)| AT

a

3

ha-2(t,0(2)R(ehg (7,0(x)) (' (1) =¥ (7)) | Ac

b
+ /‘k(l‘,f)u(f)hﬁ(f,o'(f)) (,xAg

a

(v) ' (%)) |ae



and

A - )| < [

Then, we obtain

IN

IN

|Ax — Ay

. YASLAN, O. LICELI

L [ Iha-at,0(2)) (%) - (%) AT

t

/ lhaa(t, 0 (2)) () (7,0(2)| [ (1) = ()| Ac

L/|ktr|\x T)| AT
/\kt T)u(t)hg(t,0(7 ” (r))‘Ar

b
Llx—y] ( [ haate. ot ac+ [ k(m)Ar)

=yl ( [ Ihasleo()u(@hy(z,0(x)| A
b

/\k(;,r)u(r)hﬁ(r,o(r))\Ar)

a

t

3 2(1,0(2)) (f(T.x(7)) — f(2,5(1))) | Ac

a
t

"

3

a1, 0(2)(D)hg(z,0(2)) (' (1) - ¥ (1) ) | ac

IN

(1) —y(1)|AT

A1) =y (1)| At

a1, 0 (2)u(e)hg (7,0(7))|

a
t
v/
a

IN

c r))‘Ar

(t)hg(t,0(T )‘Ar.

= max| (Ax)(1) — (AV)(0)] + max | (40~ (1) — (A0)* (1)
< (LM +N)|lx—y]
= Alx—yl,



PERIODIC BVP WITH FRACTIONAL DERIVATIVE ON TIME SCALES 9

where A = LM + N € (0,1). So, A is a contraction mapping and the theorem is proved. O

In the next theorem, the function f(r,x) satisfies a Lipschitz condition not on the whole C3,(T)) but on

a subset.

Theorem 3.2. Assume that (H2) holds. Also, we suppose that
(H4) There exists a number r > 0 such that

[f(2,%) = f(t,9)| < Lx—y| for eacht € J,

forall x and y in S = {x € C3,(T) : ||x|| < r}, where L > 0 is a constant which may depend on r. In
addition, LM + N < 1, where M and N are defined in (2.7) and (2.8), respectively..
(H5) llng fex)

Then, BVP (1.1) has a unique solution x € Cfd(T) with max |x(¢)] + max ]xA3 (N <r
re te

Proof. From (HS5), we find that there exists a constant r > 0 such that |f(¢,x)| < 8|x| for 0 < |x| < r,
where § > 0 is a constant satisfying SM +N < 1. Let us take S = {x € C3,(T) : ||x|| < r}. Obviously,
S is a closed subset of C3,(T). Let A : C3/(T) — C3,(T) be the operator defined in (2.6). For x and
y in S, taking into account (H4), in exactly the same way as in the proof of Theorem 3.1 we can get
|Ax —Ay[| < Allx —y||, where 0 < A < 1.

It remains to show that A maps S into itself. If x € S, then we obtain

[(Ax)(1)] < /Ihafz(t,c(f))lIf(T,X(T))\AT

t

+ [ Iha-alt, o (@)m(s(z.0(0)| [ (7) ac

a

b
* / (e, 9)] |/ (z.x(2)) | AT

+ /\ktr T)hg(t,0(7) ”xA ‘Ar

t

51x] /\ha 2(t,6(7) |Af+/|kt1:\Ar

IN

+ r|x|< / ha 206,022y 5, 0(2)| Ac

and
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A

ol < [

5 (t,0(7))| £ (7,x(7))| AT

& 2. 0(D)(D)hg(z.0(2)| |1 ()| ac

a
t

sl | |

a

IN

e (. G(r))‘Ar

t

|/

a

hy 5 (t,0(2))(t)hg(t,0(1)| AT

Since [|Ax|| < ||x|| (M +N) < ||x|| <r, we have A: S — S.
Now the contraction mapping theorem can be applied to obtain a unique solution of (2.4) in S, and the

proof is complete.
g

Example 3.3. Let T =27 = {2k : k € Z} and define

o (t=s (@)
halts) = 202
INa+1)
where (%) = 1_(1;(’;21) which satisfies the properties in (2.1) and (2.2). Consider the following boundary

value problem

30 T+

(3.2)
x(0) = x(20) = 0, x2(0) = x4(20).

3
{Aé*x() 1 B0l e 7= 10,207,

Then, we have M ~ 0.6232, N ~ 0.4532, |f(t,x) — f(t,y)| < 3|x—y| and LM + N ~ 0.7648 < 1. Since
all the conditions of Theorem 3.1 are satisfied, BVP (3.2) has a unique solution in Cfd(T).

4. EXISTENCE OF SOLUTIONS

Theorem 4.1. [26, 27] Let E be a Banach space. Assume that A : E — E is completely continuous
operator and the set V ={u € E : u = AAu,0 < A < 1} is bounded. Then A has a fixed point in E.

Theorem 4.2. If the conditions (H1) and (H2) hold, then BVP (1.1) has at least one solution in C,(T).

Proof. From Lemma 2.5, A : C3,(T) — C3,(T) is completely continuous operator. Now, we will show
that the set V = {x € C3,(T) : x = AAx for some 0 < A < 1} is bounded. For all x € V, we have
x| = [[AAx]
< AP(B)y(r)M+A|x[|N

thanks to (2.9). Then we obtain |Jx| < % which yields that the set V is bounded. As a conse-

quence of Theorem 4.1, BVP (1.1) has at least one solution. This completes the proof. U
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Theorem 4.3. [26, 27] Let E be a Banach space. Assume that Q is an open bounded subset of E with
0 € Qandlet A:Q — E be a completely continuous operator such that

JAu] < [lu], vx € 9.
Then A has a fixed point in Q.

Theorem 4.4. If conditions (H2) and (H5) hold, then BVP (1.1) has at least one solution.

x)

Proof. Since lin(l)f(% = 0, there exists a constant > 0 such that | f(¢,x)| < d|x| for 0 < |x| < r, where
xX—

8 > 0 is a constant satisfying §M + N < 1. Let us take Q = {x € C3,(T) : ||x|| < r}. Since the function

f satisfies condition (H1) by taking ¢ (z) = & and y/(|x|) = |x

operator from Lemma 2.5. If we take x € dQ, then we obtain |

,A:Q— C3/(T) is completely continuous

Ax|| < r as in the proof of Theorem 3.2. Tt
follows that ||Ax|| < ||x||, Vx € dQ. Therefore, by means of Theorem 4.3 the operator A has at least one
fixed point in Q. Thus, BVP (1.1) has at least one solution u € Q.

U

Corollary 4.5. Suppose that (H1) and (H2) hold. If §(b)M +N < 1 and y(z) < z, Vz € [0,00), then
BVP (1.1) has at least one solution.

Example 4.6. Let T = ¢Z = {gk : k € Z} and define

qacij
h __ \N1)
(l(t7s) F((X—|—1) )

I(t+1)
It—o+1)
value problem

where (%) = which satisfies the properties in (2.1) and (2.2). Consider the following boundary

AL x(t) = %, te€J:=1[0,5NT, 2<a<3,

x(0) = x(5) =0, x2(0) = x2(5).
Since f(t,x) = % € C([0,5] x R,R) satisfies (H5) and condition (H2) is satisfied, we see that
BVP (4.1) has at least one solution by using Theorem 4.4.

(4.1)
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