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Abstract

In the present paper, the exp(—¢(£)) expansion method is applied to the fractional Broer—Kaup and approximate long water wave
equations. The explicit approximate traveling wave solutions are obtained by using this method. Here, fractional derivatives are defined in the
conformable sense. The obtained traveling wave solutions are expressed by the hyperbolic, trigonometric, exponential and rational functions.
Simulations of the obtained solutions are given at the end of the paper.
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1. Introduction

Nonlinear partial differential equations are important tools
used to modeled nonlinear dynamical phenomena in different
fields such as mathematical biology, plasma physics, solid
state physics, and fluid dynamics [1]. The traveling wave so-
lutions of nonlinear partial differential equations play an im-
portant role in the study of nonlinear physical phenomena
such as fluid dynamics, water wave mechanics, meteorology,
electromagnetic theory, plasma physics and nonlinear optics
etc. In the recent decade, many methods have been devel-
oped for finding the traveling wave solutions such as the Ja-
cobi elliptic function method [2], the ansatz method [3], the
exp-(¢(n))) method [4], exp-function method [5], consistent
Riccati expansion method [6], the (G'/G)-expansion method
[7].

Waves have a major influence on the marine environment
and ultimately on the planet climate. One of the most im-
portant and application classifications of marine waves is the
shallow water wave. The shallow water equations describe
the motion of water bodies wherein the depth is short rela-
tive to the scale of the waves propagating on that body and
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are derived from the depth-averaged Navier—Stokes equations
[8]. These equations are used to describe flow in vertically
well-mixed water bodies where the horizontal length scales
are much greater than the fluid depth (i.e., long wavelength
phenomena) and to model the hydrodynamics of lakes, estuar-
ies, tidal flats and coastal regions, as well as deep ocean tides.
The equations also, are used to study many physical phenom-
ena such forces acting on off-shore structures and in modeling
the transport of chemical species such as storm surges, tidal
fluctuations and tsunami waves [9].

In the present paper, we consider space-time fractional ap-
proximate long water wave equations and Broer—Kaup equa-
tions which are used to model the bidirectional propagation
of long waves in shallow water. The space-time fractional
approximate long water wave equations (see, for example,
[10-12]) are given in the form

T — uTPu—TPv+ yTPTFPu =0,
T — TP uwv) —yTPTPv=0, t >0, 0<a,B<1,
ey
and the space-time fractional Broer—Kaup equations (see, for
example, [13]) are given as follows
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ﬂ“u—l—u]}ﬂu—i—uﬁv =0,
T+ Thu+ T (wv) + TP TP T u = 0,

t>0, O<a,B=<I,

@

Here T® and T/ denote conformable fractional derivative
with respect to ¢ and x, respectively. These equations have
been investigated in [14—17]. New exact solutions for frac-
tional DR equation and fractional approximate long water
wave equation with the modified Riemann-Liouville deriva-
tive have been obtained by using G'/G-expansion method
in [14]. The time fractional coupled Boussinesq—Burger and
time fractional approximate long water wave equations with
conformable derivative by using the generalized Kudryashov
method have been solved in [15]. The analytical approximate
traveling wave solutions of time fractional Whitham—Broer—
Kaup equations, time fractional coupled modified Boussinesq
and time fractional approximate long wave equations have
been obtained by using the coupled fractional reduced dif-
ferential transform method in [16]. Here fractional derivative
is defined by the Caputo sense. The fractional sub-equation
method has been applied to the fractional variant Boussinesq
equation and fractional approximate long water wave equa-
tion with Jumarie’s modified Riemann-Liouville derivatives
in [17].

2. Description of the conformable fractional derivative
and its properties

For a function f; (0, co)— R, the conformable fractional
derivative of f of order O <w <1 is defined as (see, for ex-
ample, [18])

&+ et'™) A0l

T f(t) = lim (3)
e—0 &

Some important properties of the conformable fractional
derivative are as follows:

T (af +bg)(t) = aT* f(t) + bT,"g(t), Ya,b eR, %)
T*(t") = ut" ™, )
T (f(g(t)) = t' g () f (g()). (©6)

3. Analytic solutions to the space-time fractional
approximate long water wave equations

Let us consider the following transformation

o

B
u(e,t) = U(§), & = a% T,

B

where a, b are constants. Substituting (7) into (1) we have
the following ordinary differential equations

(N

aU' —bUU — bV + yb*U" =0, )

avV' —bUV +VU) —yb’V =0. 9)
Integrating (8) with respect to &, then we have

vty O Uy (10)
T 2 T
Substituting (10) into (9) yields
2

" b 3
—2’U" + EU3 — ;UZ + (C1 + %)U —C,=0. (11

Here, C; and C, are integration constants. Let us suppose that
the solution of (11) can be expressed in the following form:

N
UE) =) ailexp(—Q())), 12)

i=0

where a; are constants to be determined later and Q(§) satis-
fies the following auxiliary ordinary differential equation:

Q (€) = exp(—Q(&)) + pnexp(Q(§)) + . (13)
Inserting (12) into (11) then by balancing the highest or-

der derivative term and nonlinear term in result equation, the
value of N can be determined as 1. Collecting all the terms
with the same power of exp(—¢(£)), we can obtain a set of
algebraic equations for the unknowns ay, a;, Ci, Cs, a, b:
—2a*ay — 3aalb — aib* + 2Ciaph — 2arruby? — 2Cyb = 0;

2a,a> — 6a,aaph + 3a1aéb2 — 2a1b4A2y2

— da,ub*y? 4+ 2Cya;b = 0;

3apalb® — 3aalh — 6ra;b*y? = 0;

a;b* — 4a b'y* = 0.
Solving the algebraic equations in the Mathematica, we obtain
the following set of solutions:

b, 2.2
a; =2by, C; = 5(% —2apby A +4b°y ),
_ _é _ 2 2.2
G = 2( ao + by ) (ag — 2apby A + 4b"y 1),
a = —b(—ayg+ byr).
The solutions of Eq. (1) are given as follows:

ui(x,t) = ap + 2byR;i(x, 1), (14)

u?(x, 1)
2

1
— E(a(z) — 2apby A + 4b%y? 1)

vi(x, 1) = (ap — by Mu;(x, 1) —

— 2%y (R} (x, 1)+ u+ARi(x, 1)), i=1,2,3,4,5.
(15)

Here R;(x,t),i =1,2,3,4,5, is defined as follows:
When A% —4pu >0, u#£0,
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Fig. 1. 3D plot of the solitary wave solution u;(x, #) of Eq. (1) for ap =10,b=1,u=1,C=10,A =3,y =10, « =0.75, §=0.5.

Ry(x,1)
_ 2u
— = /A2 = tanh (VS (b(ag — by ) + b+ C))

(16)
When A2 —4u <0, p#0,

Ry (x, 1)
2u

—A+ /4 — 22 tan (V 4’;‘“ (blag — by V)= + b%’ + C))

a7

When A2 —4u >0, u=0, A#0,

A
Ry(x,t) =

Figs. 1-4 represent the change of amplitude and na-
ture of the solitary waves for each obtained solitary wave
solutions. The solutions u;(x, t), ux(x, t) and vi(x, 1)
of Eq. (1) are simulated as traveling wave solutions for
various values of the physical parameters in Figs. 1-4.
Figs. 1 and 2 show solitary wave solutions of Eq. (1). 3D
plots of the obtained solutions u;(x, 7) and v (x, f) are given
in Fig. 1 and Fig. 2 for parameters ap=10,b=1,u =
,C=10,A=3,y =10, o =0.75, B =0.5, respectively.
Figs. 3 and 4 are kink-type periodic wave solutions of Eq.
(1). 3D plot of the obtained solution u,(x, f) is given for
parameters ap =0.5,b=1,u=1,C=5r=1,y=1 a=
0.75, B =0.5 in Fig. 3. Fig. 4 demonstrates the same solu-
tion with 2D plot for 0 <x<50 at r = 1.

When A2 — 4 =0, u#0, A #0,

22 (blag — by M) + b% +0)

Ri(x,t) = — a . 18
45, 1) 20 (blag — by~ + b5 +C) +4 (18)
When A2 —4pu =0, pu=0, »1=0,

1
R5(x,t)= (19)

(blag — by M) +b% +C)

Here C is the integration constant.

cosh(b(ag — by )= + b%‘* +C) + sinh(b(ag — by )= + b%‘* +0)—1

4. Analytic solutions to the space-time fractional
Broer—Kaup equations

Applying the transformation (7) into (2) we have the fol-
lowing ordinary differential equations

aU +bUU + bV =0, (20)

av' +bU +bUV +VU)+bU" =0. 1)
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Fig. 3. 3D plot of the periodic wave solution u(x, f) of Eq. (1) forap =05,b=1,u=1,C=51=1,y =1, « =0.75, p=0.5.
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Fig. 4. 2D plot of the periodic wave solution uz(x, 1) of Eq. (1) for a9 =0.5,b=1,u=1,C=5,A=1,y =1, « =0.75, $=0.5.

Integrating (20) with respect to &, then we have

¢ U? a
V=—-——-U. 22
b 2 b 22)
Substituting (22) into (21) yields
. b 3a

2
b3U—§U3 7U2+<C1+b—%)U—C2=O. (23)

Here C; and C, are integration constants. Let us suppose that
the solution of (23) can be expressed in the form (12). Insert-
ing (12) into (23) and balancing the highest order derivative
term and nonlinear term in result equation, the value of N
can be determined as 1. Collecting all the terms with the
same power of exp(—¢@(£)), we can obtain a set of algebraic
equations for the unknowns ay, a;, C,, C», a, b:
—2a’ay — 3aagh — ayh® 4 2aob® + 2Ciaph

+ 2a1aub* — 2C>b = 0;

—2a1a* — 6ajaagh — 3a1a(2)b2 + 2a;b*)\?

+4aub* + 2a,b* + 2Cya1b = 0;

—3apath® — 3aatb + 6ra b* = 0;

—a}b* + dab* = 0;
Solving the algebraic equations in the Mathematica, we obtain
the following set of solutions:

A
R3(x,1) =

The solutions of Eq. (1) are given as follows:

ui(x, 1) = aog + 2bR;(x, 1), (24)

—1 2 ot
ViCr 1) = S 2+ a3 — 2aobh + 4b71) — w0

+ (ag — bMui(x, 1) i=1,2,3,4,5. (25)

Here R;(x,t),i =1,2,3,4,5, is defined as follows:
When A2 —4p >0, p#0,

cosh(b(—ap + b2 + b3 + C) + sinh(b(—ag + bh)5 +b% +C) — 1

b
ay =2b, C; = _5(2 +ak — 2apbx + 4b* 1),

b _
Co = 5 (—ay + bh) (@) — 2a0br +46%). @ = b(—ap + bh). Ra(x,t) =

Ri(x,1)
_ 2p
—A— AT —4p tanh(‘/“{T“(b(—ao +bME 4+ b5 +0))
(26)
When A2 —4u <0, u#0,
RZ(-x5 t)
—h+ A — 22 tan (Y5 (b(—ag + b + b5 +C))
27
When A2 —4u >0, u=0, A#0,
When A2 —4u =0, w#0, A#0,
2 (b(—ag +b1)% +b% +C)
(28)

20(b(—ag + DML + 5% +C) +4
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Fig. 5. 3D plot of the solitary wave solution u;(x, #) of Eq. (2) for a9 =0.5,b=0.7,u=1,C=1,A=3, «=0.75, =0.5.
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Fig. 6. 2D plot of the solitary wave solution u;(x, 1) of Eq. (2) for a9 =0.5,6=0.7,u=1,C=1,A=3, «=0.75, p=0.5.

When A2 =44 =0, u=0, A=0, The solutions u;(x, 7), vo(x, 1) and v3(x, 1) of Eq. (2) are
simulated as traveling wave solutions for various values of
the physical parameters in Figs. 5-9. Figs. 5 and 6 show

1 solitary wave solutions of Eq. (2). 3D plot of the obtained

Rs(x,1) = (b(—ag + bA) = + b%ﬁ +0) (29) solution u;(x, f) is given for a9 =0.5,b=0.7,u=1,C =
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Fig. 7. 3D plot of the periodic wave solution v,(x, #) of Eq. (2) for ag =0.5,6=0.7,u=2,C=1,A=1, « =0.75, B=0.5.
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Fig. 8. 2D plot of the periodic wave solution va(x, 1) of Eq. (2) for ap =0.5,b=0.7,u =2,C=1,1.=1, « =0.75, §=0.5.
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Fig. 9. 3D plot of the solitary wave solution v3(x, ) of Eq. (2) for a9 =0.5,0=0.7, . =0,C=1,A=0.1, « =0.75, g =0.5.

1,A=3, a=0.75, B =0.5. Fig. 6 also illustrates the same
solution with 2D plot for 0<x<10 at ¢t = 1. Figs. 7 and
8 show periodic wave solutions of Eq. (2). 3D and 2D plots
of the obtained solution v,(x, #) and vp(x, 1) are given for
ay=050=07,u=2,C=1,1=1, « =0.75, B=0.5,
respectively. From Fig. 8, we can see that the wave ampli-
tudes go to infinity and the wavelengths increase when x
approaches to infinity. Fig. 9 shows solitary wave solution
va(x, 1) of Eq. (2). 3D plot of the obtained solution v3(x, f)
is given for a9 =0.5,b=0.7, 0 =0,C=1,A=0.1, o=
0.75, B = 0.5. Note that the 3D graphs describe the behav-
ior of u and v in space x at time ¢, which represents the change
of amplitude and shape for each obtained solitary wave solu-
tions. 2D graphs describe the behavior of # and v in space x
at fixed time r = 1. All graphics in figures are drawn by the
aid of Mathematica 10.

5. Conclusion

In the present paper, the space and time fractional Broer—
Kaup and approximate long water wave equations with the
conformable fractional derivative are considered. By using the
exp(—¢(£)) expansion method new approximate analytic so-
lutions are obtained. The new analytical solutions obtained
in this paper have not been reported in the literature so far.

This method is useful in solving wide classes of conformable
nonlinear fractional differential equations.
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