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The aim of this article is firstly to improve time-dependent Lagrangian energy equations using the super jet bundles on
supermanifolds. Later, we adapted this study to the graph bundle. Thus, we created a graph bundle by examining the graph
manifold structure in superspace. The geometric structures obtained for the mechanical energy system with superbundle co-
ordinates were reexamined with the graph bundle coordinates. Thus, we were able to calculate the energy that occurs during the
motion of a particle when we examine this motion with graph points. The supercoordinates on the superbundle structure of
supermanifolds have been given for body and soul and also even and odd dimensions. We have given the geometric interpretation
of this property in coordinates for the movement on graph points. Lagrangian energy equations have been applied to the presented
example, and the advantage of examining the movement with graph points was presented. In this article, we will use the graph
theory to determine the optimal motion, velocity, and energy of the particle, due to graph points. This study showed a physical
application and interpretation of supervelocity and supertime dimensions in super-Lagrangian energy equations utilizing

graph theory.

1. Introduction

Many of the problems based on Lagrangian energy equations
in classical mechanics may be solved using Euclidian space.
It is well known that modern differential geometry has an
important role too. Many of these problems have not been
calculated in superspace before. One reason may be the
difficulty that the metric structure of superspace differs from
Euclidean space. Using jet bundles and working with bundle
coordinates is one of the most convenient ways to obtain the
time-dependent Lagrangian energy equations. Therefore, in
this study, supercoordinate structure will be formed on jet
bundles and superenergy equations will be obtained by using
this.

Mathematicians, working in superspace, assume that
there is a natural phenomenon with supergeometry and
supersymmetry for explaining physical phenomena occur-
ring in even- and odd-dimensional Euclid space. Thus, we
prefer to solve Lagrangian energy equations on the

superspace, which is based on a jet bundle structure. In-
clusion of time dimension for solving Lagrangian energy
equations on superspace is an important parameter that
improves the super-Lagrangian system for which we propose
to take time derivative coordinates on the jet bundle.

On the other hand, graph theory is the most suitable
method for planning a movement that completes a path as
soon as possible. In this study, we will compare the graph
bundle structure and the bundle structure that we use in
calculating energy equations in the mechanical system. We
will combine these two bundle structures and adapt them in
the superspace. We will be able to define the motion
depending on time with graph points and also form a graph
vector field with graph vectors. Thus, we will combine the
geometric concepts used in calculating Lagrangian energy
equations with graph theory, and we will calculate the energy
equation with a completely new approach. A study has been
done on the graphs of the logarithmic spiral curve in [1]. In
[2], using the graph theory, the study of Euler-Lagrange


mailto:aycancansel17@gmail.com
https://orcid.org/0000-0002-9893-5642
https://orcid.org/0000-0002-9054-8533
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/5528123

energy structure in neural networks has been examined.
Cangiil et al. [3, 4] is a basic resource on graph theory. Graph
manifold structure is defined in [5-7]. Topological prop-
erties of the graph manifold are investigated in [8]. Graph
bundle structure is examined in [9].

Aycan [10] proved the Lagrange energy equations on the
jet bundle structure containing the time dimension. Also, in
[11], Lagrangian energy equations are developed by forming
jet bundles on a complex space. Lagrangian equations are
solved with real bundles by [12-14]. Mechanical systems
with time parameter were investigated in [15, 17]. The other
studies [18-24] showed the fundamental of supergeometric
structures. But none of them could be solved with superjet
bundles that include the time dimension in the superspace.
Thus, the main contribution of this study is to obtain super-
Lagrange energy equations with bundle structures struc-
tured with body and soul and also even and odd dimensions,
and we will form it with a graph bundle with time di-
mension. The advantage of this solution method is that the
energy equations found in superspace can be projected or
comparable with energy equations in real space.

In previous studies, super-Lagrangian equations in
supermanifolds have not been studied for superderivative
coordinates. There for this study improves this equation in
superderivative coordinates with body and soul and also
even and odd dimensions.

A brief introduction of Lagrangian systems is given in
the following way.

If M is an m-dimensional configuration manifold and
L: TM — R is a regular Lagrangian function, then there is
a unique vector field &, on TM and Q; is a 2-form on TM,
such that

i, Qp =dg, (1)

where E; is Lagrangian energy associated with L [12, 15]. The
Euler-Lagrange vector field ¢; is a semispray or second-order
differential equation on M since its integral curves are the
solutions of the Euler-Lagrange equations [12, 15]. The triple
(TM, Q;, L) is called the Lagrangian system on the tangent
bundle TM [12]. The coordinate system on TM is (g;, ;). For
created to time-dependent Lagrange systems are used jet
bundles. When studying energy systems, it will be very
convenient for obtaining energy equations with the jet bundle
structure because the motion depends on time and therefore to
take the time as a coordinate. At the same time, the jet bundle
J (R, M) is the velocity space of the manifold M. J (R, M) is
isomorphic to R x TM. The coordinate system on J (R, M) is
(t,g;, v;). On jet bundles, then there is a unique vector field (or
semispray) ¢; and a 2-form called as Poincaré—Cartan 2-form
Q; again so that they provide the following equations:

isLQL =0, )
i, dt = L.

Here, L: RxTM = J(R,M) — R is the Lagrangian
function. The triple (J(R, M), Q;, ¢ ) is called the time-
dependent Lagrangian system. The Euler-Lagrange vector
field ¢; is locally expressed as
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We have to define Poincaré-Cartan 1-form to get
Poincaré—Cartan 2-form. The Poincaré-Cartan 1-form on
J (R, M) associated with L is

ap = d,L + Ldt. (4)

The Poincaré—Cartan 2-form associated with L is

Q, = dd;, +dLAdt. (5)

When solving equation (2),

d oL\ oL 0 )

dt\ov,) oq
is obtained. Equation (2) is called as time-dependent
Euler-Lagrange energy equation. The same equation would
be found if the solution is made in equation (1) because the
Lagrange energy equation is similar. When we work in
different spaces in our previous work, we have seen that the
obtained Lagrange energy equation can be reduced to (6). In
this study, we will obtain the energy equation by creating the
necessary geometric structures to obtain the Lagrange en-
ergy equation in superspace and compare it with equation

(6).
2. Bundles on Superspace

In this section, we will define a bundle in superspace by using
the bundle definitions in real space and graph theory. Then,
we will form the geometric structures required for the so-
lution of the mechanical system firstly with the jet bundle
coordinates and then graph bundle coordinates. With the
solution of this mechanical system, we will obtain the La-
grangian energy equation.

Definition 1. Let (E, m, M) be a bundle. Here, E is called the
total space,n is the projection, and M is the base space. This
bundle is denoted by 7 or E. For each point p € M, the
subset 77! (p) of E is called as fiber over p. The set of fibers is
shown as E,. So the bundle (E, m, M) can also be called a
fibrous manifold. F is the typical fiber of the bundle, and for
the map t: E— M x F, (F,t) is called a trivialization.
The first jet manifold ofr is the set
{j;@: peEM,DeT, (n)} and denoted by J'E or J'm. Here,
&: M — E is a section of . If it is satisfying the condition
T o = id,, then the set of all sections of 7 will be denoted
by T'(n). ¢,y € l"p(n), if ¢(p)=v(p) and (a¢“/axi)|p =
(0y*/0x;)|, and this is an equivalence relation and the
equivalence classes containing & are called the first jet at the
p-point. These are denoted by j},@. Also, the triple
(J'E, m;, M) is the first jet bundle and denoted by J'E . Here,
m,: J'E — M is a surjective submersion. TM is the tangent
bundle of the manifold M. (TM, p, , M) is named as tangent
bundle. At the same time, J'E is isomorphic to TM,
J'E = TM, that is, the first jet is also a tangent vector [10].
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Let (U,u) be an adapted coordinate system on E,
whereu = (x;,u*). The induced coordinate system on J'E is
denotedby (x;u u) wherex(] D) =x;(p), u (] ) =
u*(J(p)), and new functions u’ (JPQ) = (au"‘/ax )(p) are
known as derivative coordmates

We will define the superbundle with these properties.

Definition 2. A superbundle is a triple (E*, 7", M*) where
E* and M* are supermanifolds and n*: E* — M* is a
surjective submersion. This bundle is denoted by n* or E*.
The first superjet manifold of 7* is denoted by J'z* or J'E*.
It is the set {j;@: pEM*,De Fp(n*)}. Here, & is a map,
and @: M* — E* is called as supersection of 7*. If it
satisfies the condition 7*o @ =id,., then the set of all
supersections of 7* will be denoted by T (n*). The equiva-
lence classes containing @ are called the first jet at the p-
point and denoted by j, 1@, Also, ¢,y € I, (m), if ¢(p) =
y(p) and (0¢*/0x; )| (awa/ax )Ip, and th1s is an equiv-
alence relation and the equivalence classes containing & are
called the first jet at the p-point. Then, the first superjet
bundle is the triple (J'E*,m;, M*) and denoted by J'E*.
JYE* is isomorphic to TM*, J'E* = TM*, that is, the first
superjet is also a supertangent vector.

The induced coordinate system on J'E* will be obtained
as follows.

In this paper, we accept the manifold E* as a super-
manifold with m + n dimension, and the manifold M* is a
supermanifold with m-dimension. Let us show the
adapted coordinate system onM* is (x;). Since this is a
superspace coordinate, its open representation will be
made as follows:

X=Xy, T X =X R X X (1<i<m), (7)

where x; is the body part of x; and x;_is the soul part of x;. On
the other hand, x; has even and odd parity. We will
show the even parity of x; as x; and the odd parity of x; as
x; . We show the adapted coordmate system onE* is (x;, u"‘)
Slmllarly, the open representation of u® is taken as follows:

u=u® +u® =u® +uS ru, (1<a<m+n), (8)
where u® is the body part of u® and u®* is the soul part of u“.
On the other hand, u* has also even and odd parity. We will
show the even parity of u® as u® and the odd parity of u* as
u%.. For simplicity, the body indexes symbolize as b and the
soul indexes symbolize as s. Also, we will obtain the de-
rivative coordinates of superjet bundle J Iz* as follows. The
important point to be considered here is that the derivatives
of the soul and body parts must be taken separately within
themselves. We saw that the results were very different from
what was desired in all the examinations we made by using
the mixed derivatives for body and soul parts. So, the co-
ordinates of J'7* are shown as follows:

i a;b,s
(xl-,u[x, ua) (xl,x,,u ,u® ulbs). 9)

Here, we denote the derivative coordinates uffif’: dis-
tinctly as follows:

uff;b = (0u/dx;) (derivative of body coordinates
according to body coordinates).

ui, = (0u*/ox;;)(derivative of soul coordinates

according to soul coordinates).

Here, u;; has also even and odd parity too. We will
show the even parity of 1 as u“’SE and the odd parity
of u;, as u“

Also,

ul 5 = = (Ou™ /ax,S ) (derivative of even soul coordinates

according to even soul coordinates).

U, = (0u*e /dx;, )(derivative of odd soul coordinates

accordmg to odd soul coordinates).

If these more explicit representations of derivative co-
ordinates are used, we can write the adapted coordinate
system of superjet bundle as

b as, o as,
<x X X U U, U 1y S U ) (10)

If we want to create a time-dependent jet bundle, we
must take the real space as the base space. So, the triple we
will use is (J'E, 7, R) and its coordinated system is (£, x;, X;).
The adapted coordinate system onE is (x;), on R is (¢), and
also on J'E is (x;):

dx;

¢, = —" 11
%= g (a

Accordingly, time-dependent jet bundle structure can
also be formed in superspace. The supertime-dependent jet
bundle structure will be shown as (J'E*, 7*,R*). So, the
coordinates of this bundle are shown as follows:

(t,xi,xi):<tb,t B Xip X5 Xy 5 X Xy X ) (12)

The simple notation of the derivative coordinates here is

. dx,
%= g
dx;
T )
. dx;
%, =t

Now we define graph manifold. M is a three-manifold.
Class M consists of 3-dimensional, connected, closed, ori-
entable manifold. Associated with every M is its graph G. The
vertex set V of G is the set of maximal blocks in M, and the set E
of the oriented edges of G can be identified with the set of
boundary components of all maximal blocks. Namely, an
edgee € E is directed from a vertex x to a vertex y, if the
boundary torus T, c OM, is attached in M where to the
boundary torus T_, C OM, where the minus sign means
reserve edge orientation. The incompressible torus in M that
results from gluing the boundary tori T, and T_, will be
denoted as T',. The set of the edges coming out from a vertex is
denoted by 0,, and if e € 0,, then we writee™ = x, (—e)" = x.



Definition 3. Let B and F be graphs. A graph G is graph
bundle with fiber F over the base graph B if there is a
mapping p: G — B which satisfies the following
conditions:

(1) It maps adjacent vertices of G to adjacent or identical
vertices in B

(2) The edges are mapped to edges or collapsed to a
vertex

(3) For each vertex v € V(B), p~ ! (v) = F, and for each
edgee € E(B), p '(e)=KxF

A mapping satisfying just the two conditions above is
called a graph map. For a given graph G, there may be several
mappings p;: G — B; with the above properties. In such
cases, we write (G, p;, B;) to avoid confusion. Now we in-
troduce an equivalence relation §* defined among the edges
of a graph. With this relation can be recognized graph
bundles [9].

An induced cycle of four vertices is called a chordless
square. With this definition, we can define an auxiliary
binary relation 8. For anye, f € E(G), we set ed f if at least
one of the following conditions is satisfied:

(1) e and f are opposite edges of a chordless square

(2) e and fare adjacent and there is no chordless square
spanned on e and f [9]

By 8", we denote the reflexive and transitive closure of 6.
Since 8 is symmetric, 8* is an equivalence relation. Any pair
of adjacent edges which belong to distinct " -equivalence
classes spans a chordless square.

If we take graph manifolds instead of E and M manifolds
in the bundle definition given in Definition 1, and a 7 is also
a graph map, a graph bundle is obtained when the conditions
given in Definition 3 are provided. So, we can obtain the
energy equation on a graph bundle. Now we have defined the
graphs in superspace. So, we can create the supergraph
bundle given by Definition 2. Since graph manifolds are
usually taken 3-manifold, we will take the superspace in 3
dimensions in this study. In addition, since the graph
manifolds are real, we will take the body parts of the
supernumbers as real numbers in this study because if the
body part of the number is real, it corresponds to a real
number, and if the body part of the number is complex, it
corresponds to a complex number.

A vertex in superspace will have the body part and the
soul part as well as soul even and soul odd parts. Since
graphs are formed by combining vertex and edges, we need
to consider soul odd and soul even parts for vertex when
defining graphs in superspace. Lines joining points called
vertex in graph theory are called edges. In the mechanical
system we have introduced to calculate the energy equa-
tion during the motion of a moving particle, these vertex
points become the points that the object passes through
during its motion. Edges also correspond to the paths
formed by the movement of the object between these
vertex points. It can also be regarded as a vector geo-
metrically because it is a directional line segment. The
combination of all the paths that can occur as the direction
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of motion changes again forms a graph in superspace.
E: X — Y (X and Y are vertex and E is edge), and (E, X)
is a graph. We will denote the parity with (w) for the
graphs. In superspace, if |w| = 1, the number is odd, and if
|w| = 0, the number is even. When defining geometric
structures in superspace, the sign of odd parts must be
negative. This is a necessity for the study to give correct
results. Physically, it can be explained with direction. In
geometry, the positive direction is counterclockwise di-
rection, and the negative direction is on the contrary of it,
that is, clockwise direction. In the graph manifold defi-
nition, we said that the minus sign is related to the ori-
entation. Therefore, when defining the graph theory in
superspace, the concept of direction should be determined
by examining the soul odd and soul even parts of the
vertices. A supernumber can consist of body, soul odd and
soul even parts or just body, and soul even or soul odd
parts. It is related to whether this number is an odd or an
even number. Therefore, since the vertex points will be
points in the 3-dimensional superspace we are working
with, the movements between soul even and body parts of
these vertex points will show the positive direction and the
movements between the soul odd parts will show the
negative direction. So, the movement between the soul
even and body parts of vertex points is picturing coun-
terclockwise direction and the movement between the soul
odd parts of vertex points is picturing clockwise direction.

For example, let the vertex point only consist of body and
soul even parts. Consider the movement from this point to
another vertex point consisting of body and soul odd parts.
Since the movement will first be from the body part to the
body part, it will occur in the (+) direction (counterclock-
wise) and then it will happen in the (=) direction (clockwise)
because it will be in the direction from the soul even part to
the soul odd part. This can be seen in the graph manifold
graph given in Figure 1.

I'(V,,E,) get a graph on the M supermanifold. Here, V,
is the set of vertexes and E, is the set of edges. Let any two
subsets of V, be V;,V, also

E,=V;xV; (ij=123). (14)

According to this, any open subset of V; x V; is Uy, <V,
and an open subset of R™ x R" x R" is URmX Rre xRro- Here m
is body dimension, n, is soul even dimension, and n, is soul
odd dimension. The coordinate neighborhood system (atlas)
can be obtained for the differential structure on a graph
manifold in superspace by defining homeomorphisms on
these sets as follows:

Bt Uy, = Upnxgoexreos (15)

to be one to one, so the pair (Uy, XV B.) is called a
supergraph coordinate neighborhood in M. According to
this,

(1) UVXVUVXV =M
(2) For VYV, ><V] Vi, xV, to be Vi xV;n

Vi xV; qEQ hence B.o(B,)"" function to  be
dlfferentlable
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R™ x R x R"

Iy (R™ x R"e x R"0)

1

R™ x R x R"

{%'
%’ I

U (R" x R") !

!

k R™ x R x R

U(R" x R™)
;
li
;
;

R™ x R x R

UR™xR")
/
/
/.
/

Ficure 1: Differentiable structure of a supergraph manifold: definition set and homeomorphisms.

The collection V; x V'; that meets the above conditions is
called a supergraph atlas in M.
Accordingly, we can picture the differential structure of a
supergraph manifold in (Figure 1).
In Figure 1,
V, is the open subset of vertexes that have a body part
(b)
V, is the open subset of vertexes that have a soul even
part (s,)
V is the open subset of vertexes that have a soul odd
part (s,)
According to this,

(1) In region 1, the x and y vertexes only consist of the
body part, i.e., x = x;, and y = y,

(2) In region 2, the x and y vertexes consist of the body
part and soul even part, ie, x =x,+x, and
Y=rpt)s,

(3) In region 3, the x and y vertexes only consist of the
soul even part, i.e, x =x, and y =y,

(4) In region 4, the x and y vertexes consist of the body
part and soul odd part, ie, x=x;,+ x,, and
Y=Yt s,

(5) In region 5, the x and y vertexes consist of all parts
for a supernumber, namely, the body part, soul
even part, and soul odd part, i.e., x = x; + x; +x,
and y =y, + y, + Y,

(6) In region 6, the x and y vertexes consist of the soul
even part and soul odd part, i, x = x; +x, and
Y=Y, T s,

(7) In region 7, the x and y vertexes only consist of the
soul odd part, ie, x =x, and y =y,

Now we define the homeomorphisms shown in Fig-
ure 1 as follows:

Bop: V(1) x V(1) — UR™ where domain is the

edge e(xy, ¥p,)
Bs.s,: V2(3) xV,(3) — UR™ where domain is the

edge e(x,, y)
Bs s V3(7) x V3(7) — UR"™ where domain is the

edge e(x, y, )



Bos: ViV,(2) xV V,(2) — U (R™ xR"™)  where
domain is the edge e(x, +x., ¥, + )

Bys s V1V3(4) x V V5 (4) — U (R™ x R®%)  where
domain is the edge e (x, + Xg> Vbt Vs,)

ﬁse,so: V,V5(6) xV,V5(6) — U (R"™ x R™) where

domain is the edge e(x, +x, , y, +¥,)

Bss: ViVaV3(5) x V,V,V5(6) — U (R™ x R x
R%) where domain is the edge e(x,+ X, + X,
Yot s, tVs,)

Here, thirty-one distinct homeomorphism maps can be
defined between the body, soul even, and soul odd parts
of the supersets, as follows:

Bip: Vi (1) xV,V,(6) — U (R x R™ x R™) where
domain is the edge e(x;, y, + y;)

Bop: Vi (1) xV V,(2) — U (R" x R™%) where do-
main is the edge e(x,, y, + ¥, )

Bap: Vi (1) xV V5(4) — U (i("’ x R™) where do-
main is the edge e(x;,, y, + y;)

Bu: V(1) xV,V,V;5(5) — U (R™ x R" x R™)
where domain is the edge e(x;, y, + ¥, +¥,)

Bii: V2 (3) x V,V5(4) — U (R™ x R x R") where
domain is the edge e(xX,>yp+ )

ﬁzs V,(3)xV,V,(2) — U (Rm x R") where do-
main is the edge e(x; , y;, + ;)

Bss, V2 (3) x V)V (6) — U (R™ x R™) where do-
main is the edge e(x, , y, + y;)

Bas: V2 (3) x VV, V5 (5) — U (R™ x R™ x R")
where domain is the edge e (x, , Yot Vs, tYs)

Bis,: V3 (7) x V1V, (2) — U (R™ x R™ x R™) where
domain is the edge e(x,, y, + y;)

ﬁzs V4 (7) xV{V;(4) — U (R"™ x R%) where do-
main is the edge e(x,, y;, + y; )

Bss,: V3 (7) x V),V (6) — U (R™ x R™) where do-
main is the edge e(x,, ys + ;)

Bis,: V3 (7) X V,V,oV5(5) — U (R™ x R x R™)
where domain is the edge e(xX, o+ ¥, t )

Bins: ViV, (2) x V5 (7) —> U (R” x R x R'%)
where domain is the edge e (x, + X5 s)

Bops : ViV, (2) X V,V, V5 (5) — U (R™'x R x R™)
where domain is the edge e(x;, +x, , ¥, + ¥, + V)
Bips: ViV (4) x V,(3) — U (R™ X R™ x R™)
where domain is the edge e (x, + X, Ys)

Bops : ViV3(4) X V,V,V5(5) — U (R™ x R™ x R™)
where domain is the edge e (x;, + X Yyt Vs, tVs,)
/313 s :V,V5(6) x V(1) — U (R™ x R" x R™)
where domain is the edge e(x; +x,,¥;)

Bas.st VaV3(6) X ViV, V5 (5) — U'(R™ x R x R™)
where domain is the edge e(x, +x, Yo+ ¥, +¥s)
Bips,s,s V1VaV3(5) x V(1) — U (R™ x R"'x R)
where domain is the edge e(x, + x5 +x,,¥)

Baps < : ViV,V5(5) x V5 (7) — U (R™ x R x R™)
where domain is the edge e (x;, + X, + X, ¥s)
Baps,s,s V1VaV3(5) X V1V, (2) — U (R™ x R™ x
R™) where domain is the edge e(x;, +x, +x,
b+ ys )

/351,5 sV V,oVa(5) xV, V5 (4) — U (R™ x R™ x
R%) where domain is the edge e(x, +x, +x,,
bt yso)
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Bebs,s,s V1VaV3(5) x V,V3(6) — U (R™ X R™ x
R™%) where domain is the edge e(x;, +x, +x,,
Vs, tYs,)

According to the transformations we have defined
above, the edges obtained by combining the vertex on a
graph manifold can be depicted as follows. Thus, the graph
manifold can be shown in Figure 2. Considering each of
the above f maps, edges are depicted linearly between
vertexes with the same part, and edges between vertexes
with different parts are depicted as curves because when
combining vertexes with different parts, the coordinate
order must be considered (body, soul even, and soul odd).
These couplings are shown in Figure 2. The orientations in
this graph will be determined as such: in vertexes, in the
orientation from even parity to even parity, counter-
clockwise, that is, positive orientation is taken; in the
orientation from even parity to odd parity or from odd
parity to even parity, clockwise, that is, negative orien-
tation is taken.

Definition 4. Let M* and F* be supergraph manifolds. A
supergraph G* is a supergraph bundle with fiber F* over the
base supergraph M* if there is a mapping 7*9: G* — M*
which satisfies the following conditions:

(1) It maps adjacent vertices of G* to adjacent or
identical vertices in M* according to the orientation
properties for the graph manifold (Figure 2)

(2) Under the same conditions expressed above, the
edges are mapped to edges or collapsed to a vertex

(3) For each vertex x € V(M*), n*9 ! (x) = F*, and for
each edge e € E(M*), n*9"!(e) = K* x F*

A mapping satisfying just the two conditions above is
called a supergraph map. We can also define this map 7*9 as
vertex-edge transformation, and in other words, the values
created by the combination of each vertex we receive will
turn into the edges formed by the combination of vertexes
that these vertexes will correspond with this transformation.
The subset 7*9~! (e) of G* is also called supergraph fiber. p*
is also a covering submersion.

The equivalence class defined among the edges can be
defined as supergraph bundles. For any e, f € E(G*), we set
ed” f if at least one of the following conditions is satisfied:

(1) e and f are opposite edges between the body, soul
even, or soul odd parts of the vertex that have a
chordless square

(2) e and f are adjacent according to directions in Fig-
ure 2 and there is no chordless square spanned on e

and f

Since 6" is symmetric, it is an equivalence relation.
Consequently, the triple (G*, 7*9, M*) is called a supergraph
bundle. The dimensions of supergraph manifolds are as
follows:

boy M* =m = (m, + m, +m,)

boy G* =m+n= (m,+m, + m, +mn, +n, +n,)
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Get the supergraph coordinate system on the superopen
subset

UVixV] c G,
y*g: Uv‘xvj _ Rmb+nb x Rm5€+nS€ x Rm50+n50,
pri9: R™™ x R 5 R™0™0 — R™ x R™e x R™,
(16)

%y €Uy, where x and y are each edge; for instance, edge
x is the combination of vertex X, €Viyand x;, € V.

n(x) =m0 (y) = p=pr{ Y (¥ () = pri? (7 ()
(17)

(x, y, u) = (xb + X, F X, Yot Vst Y Up t U+ ”sn)’

The coordinate u corresponds to an oriented edge e that
can be written as 1(e) =x for the initial vertex. For x, y
vertexes, u = (x,y) ==y —x =u, that is, u is also a di-
rectional line segment (geometrically a vector) from x to y
which is corresponding to an edge. In graph theory, this

If this proposition is true, then y*9 is called a supergraph
adapted coordinate system.

The representation of this in graph theory is edge lines
that can be orientable to the vertex from which they started,
namely, point x. Since the first jets are identical to tangent
vectors, the same identification is made for the first jets.
Then, TG* = Jn*9. Thence, the necessary jet bundle to install
time-dependent mechanical systems for supergraphs on the
supergraph bundle (G*,n*9, M*) will be (Jn*9,n*9, M*).
Therefore, the coordinates of a graph jet bundle are
expressed as follows, considering the coordinate systems we
have given above:

xeM',yeG L uen". (18)

coordinate corresponds to the derivative coordinate for the
jet bundle. According to the derivative coordinate definition,
u component can be expressed as follows, but for the graph
manifold structure, the explanations given next to it will be
taken into consideration:

0

a—yb = u,: it corresponds to the e (x;, y;,) edges which are the combination of x; and y, vertexes,
Xb

9y, . . L

Fk it corresponds to the e(xS s Vs ) edges which are the combination of x, and y, vertexes, (19)
X, 2 ARER A 2

9y

ox

So

Here, as we explained in the bundle definition, the
derivative of the body part with respect to the body part, the
derivative of the soul even part with respect to the soul even
part, and the derivative of the soul odd part with respect to
the soul odd part will be taken. Mixed derivatives cannot
be taken between parts. The components of edge coordi-
nates (derivative coordinates) should also be expressed in
this way. For example, when we get the following
map, ﬁ3b$ sV VL,V (5) x V4 (7) — U (R™ x R™ x R™)
where domain is the edge e(x, + x, +x, , ¥, ), a coordi-
nate of the graph jet bundle w1ll ‘take the form
(o + x5, + x5 Vs, » TXp > =X, F (¥, = %) )-

U
x y b u, ug,

Definition 5. T (V, E) be a graph with finite vertex set V and
edge set E. Given an oriented edge e, that can be written as
1(e) = x for the initial vertex. Star (x) = {e[it(e)n = qx} is the

¢ = u,:itcorresponds to the e(xsg, yso) edges which are the combination of x; and y, vertexes.

tangent space of the graph manifold at a point x. Elements of
this space are called tangent vectors [6].

Geometrically, a tangent vector is a vector that is
tangent to a curve or surface at a given point. Tangent
vectors are described in the differential geometry of
curves in the context of curves in R". More generally,
tangent vectors are elements of a tangent space of a
differentiable manifold. Consider a fixed point X and a
moving point P on a curve. As point P moves toward X,
the vector from X to P approaches the tangent vector at X
(Figure 3). The line that contains the tangent vector is the
tangent line. In this work, we will denote the tangent
space of the graph manifold, that is, the set Star (x) with
TS. Additionally, a tangent vector v, on the manifold M
is a map v,: C® (M) — R (p € M). We have special
tangent vectors {(9/0x*)(p), 1<k<3} (called the partial
derivatives) (a/axk)| : C® (M) — R, (a/axk)| (f)=

O(f o™ /auk)lg(p) ((U @) local coordinate system for



M at p). {(0/0x*) (p)} tangent vectors system is the base
for the tangent manifold TM.

The base for the graph tangent manifold TM is denoted
in the same way, and this vector system is denoted as
{(0/0x,), (a10x, ), (3/0x )}

A vector bundle is a special class of fiber bundle in which
the fiber is a vector space V. If (E, f, B) is a bundle with fiber
R", to be a vector bundle, all of the fibers f~! (x) (x € B) need
to have a coherent vector space structure. Also, a vector bundle
is a total space E along with a surjective map f: E— Btoa
base manifold B. Any fiber f~! (x) is a vector space isomorphic
to V. So, each point x of the manifold M corresponds to a
vector. In graph theory, it is an orientable graph for each x;
vertex, formed by vectors accepted as edges between these
vertices. For example, in Figure 2, the system of edges formed
between for a finite number of some paths x and y vertices on
the graph manifold becomes a vector bundle.

While defining the geometric structures in Section 3 in
graph theory, we will make use of the definitions and ex-
planations given in this section.

3. Lagrangian Mechanical Systems for
Superspace with Superjet Bundle and
Supergraph Bundle

In this section, we will first obtain Lagrangian mechanical
systems with superjet bundle structure. Thus, we will have
time-dependent Lagrange energy equations in superspace.

J =(dx;, +%;, ;) x

iy

This tensor field is named as super almost tangent
structure and provides the condition

> =0. (22)

0o 9 0 . 0
e= — +

o, o, or, | iox,

iy

If we calculate the J-directional derivative J (&) of the
semispray ¢, we can obtain the Liouville vector field V:

V= ()= 28, 0t 2k 02k O
- - ibaxib isZaxiS isoaxis . (24)
PRI 2 o .. 2

ot,, at ot, 5 Bx ox

(dx + X; dt)

% 2
Ye0x;
15

lse
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Then we will construct these geometric structures for
supergraph bundle. We will compare the time-dependent
Lagrangian energy equation obtained from the solution of
the mechanical system for graph bundle coordinates with the
previous equation. Thus, the Lagrangian energy equation
will be obtained for the graph bundle.

Definition 6. Let ] be a tensor field of type first-order co-
variant and first-order contravariant such that
J: TJ'E*) — T(J'E*) by

() a5,
(o)
(e )
(5

; . 3 . 9
Bt ~ gk, seax soax'

We will write this tensor field in coordinates as follows:

J

Q

(20)

><
v
A
"\_/
N~
/N
3}
#o
~_—
Il
L

9% (21)

Definition 7. A semispray in superspace is a vector field over
the total manifold E* and defined as follows:

0 0 0 0

X'7+£-7_+8%—8 - 23
ls"axi lbaxih seaxl‘ S"axi ( )
So Se So

To set up and solve the Lagrangian mechanical system, we
have to create Poincaré—Cartan 1-form and Poincaré-Cartan
2-form in superspace. Firstly, we must write the differential
operator d with supercoordinate system as follows:

a.a.a.a

© Ok ek, ok, e 0x a,:

So

(25)

So
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Xb,s5e.50

—— ’xb,sa

FIGURE 2: Figure of a graph manifold: vertexes and edges.

Now let us form the Poincaré-Cartan 1-form «; first,

oL, L, oL, oL, oL, oL,
=d;L+Ldt =x;, — dt, + x; —= dt, —x; —= dt, + —dx; +=—=dx; —=—2dx; +L,dt, +L,dt
= Tig, 0T M, T T Mgy, Co oy, T oy, T Tay, T TS TR
By differentiating Poincaré-Cartan 1-form, we get
Poincaré-Cartan 2-form as follows:
Q, =dd,L+dLAdt =(dx; Adt,) L, |, 9L, oL,
= = X: X: —_—
L WUV ot,0x,  ox, 0%, Ox,
(d & > oL, 9L, 0L, <d. @ ) L, 9L, oL,
+(dx; A —+ X; —+— | +{dx; A —+ X; —t —
el TS Ot 0x;  'e0x; 0X;  Ox; Bl T Ot 0x;  '«Ox; 0%;  Ox;

. . 9L, oL, . ., 0L, 0L, . L,
+ (dxih/\dth)(xihm‘l'ﬁ +<dxise/\dt5e) Xisem‘l'a +<dxisu/\dtso> xisoW+
asz ast azLS
b (g ndy)( S5t ) (di ade (5ot ) (dk ade )| 5ot )
( xlb xlb)(axibaxib> xlSe xlse <axi5 axis xlSo xlsu axis axis
Theorem 1. The Euler-Lagrange energy equation in super-
space will be obtained as follows:
'L, oL, . oL, oL, . oL,  OL, .
. + X £+ X o . ——x —=—x. —2=0.
Yidr,ox, 0L 0%, Ol 0%, hox, dx, | wox,

9
—L.dt,.
(26)
(27)
oL,
o,
(28)
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Proof. Euler-Lagrange energy is obtained by solving the  concepts we have defined above according to the super-
dynamical equation i, Q; = Q; (¢) = 0. Thus, let us set up  coordinate system in superspace:
and solve this dynamical equation using the geometric

'L, . oL, oL, . 9L, o’L, . 0L, oL oL,
Q = . e e 4
10 ( or,0%,  ax,0x, ox, " Wox,0x, )0 T\ Tar0x, Tk, 0%, Tox, T %, ok, |

o’L, . 9L, oL, E)ZLSO ;
*\arox,  Vidx o, ox, 0% 0%, )

So So

’L ’L L ’L L
+<x,ab_(x.)zab-'abxéah ah)dtb

“3,0%, ox, 0%, ox, X 0%, 0
. L, 4.\ PL, . oL o’L, . oL, a,
\ Miar, ox, (%) O, 0%, edw, | nChG, 0, a T (29)
L, N\ L . oL, 82 . oL, 4
i3t % +( )8x ox, " hax, T 5ax ok, a gz, |4
oL, oL, . oL, oL, oL, . L, \,.
+<x"bax ox, " ox, “axox, )T\ ag ok, Tox, Mok ok, )T

. oL, oL, . 0L Iy
H X o= s X o |dx
“00x; 0X; 0% ©0X; 0X; %

1 So

By equalizing equation (29) to zero, then the following
equations are obtained:

(1) - OL 0 (o, Y, 2 (3 0h)
0%, ox, \ "ox, ') ox, \ "0x,)

, oL, o (. oL, . o (. oL,
@ ot 05, "o, \Thax, T ) Pax,
, oL, 2 (. oL, s o (. oL,
ot on, o, \hdm, T | Tk, | Gdx,

@ L, . 0 SCLO WP ) P
Yide, 0%, vox \hox, v) T ax, \Tox, P

5 L, . 0 oL, L o (. oL, L .
D%, 5 o, T Fax, \ Moz, T ) T Sas | Mag, T )T (30)

2

] L, o0 (0, o (.o,
6= %i5 o, o o \ Mg, oigg, \ Mg, T

So
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FIGURE 3: Tangent vector: the vector from X to P.

Equation (30) is a system of nonlinear equations. For the
solution of this nonlinear equation system, some special
conditions are required. Among the different assumptions
made, the most appropriate conditions for the general so-
lution of the Lagrangian energy equation are determined as
follows:

&, = 7%
&, = X, (31)
Si = _xi

—%, (D =% (2)+ % (3)+ () +(5) = (6)— %, (N-%_(8)+ % (9)=0,

Unlike the conditions we present for the solution here, the
signs between the body, even, and odd coordinates are
opposite. The necessity of working by taking a sign change

2 2
asz a Ls a LSU

X; — + X; —+ X 5
“ot,0x; Ot Ox; o0t 0X;
b e Se o So

This equation is called the Euler-Lagrange energy
equation in superspace.

Now, we will form the mechanical system with super-
graph bundle coordinates. When doing this, we will use the
bundle structure, coordinate system, and properties for
supergraph bundle that we obtained in Section 2. Here, just
differently, we have to work with time because we are
studying to obtain the time-dependent Lagrangian energy
equation. Actually, the coordinate u corresponds to an edge
between x and y vertexes, u = (x, ). On this edge, which we
can think of geometrically as a vector from x to y, the moving
particle performs this motion in a time interval . So

0
J = (dy, + uydx,) x a_u,, +(dyse + usedxse) X

The semispray with supergraph bundle coordinate is
given by

11

We have seen that the general structure of the Lagrange
equation shows similarities in different spaces in our pre-
vious articles. For this reason, the minus sign here has been
accepted in order to create the similarity with the general
energy equation, and another reason for this comes from the
concept of parity in superspace. As a result of our study, it
can be said that the choice of derivative coordinates on the
coordinate system of the base manifold will be the most
appropriate choice for the solution. These conditions are
written in equation (30). Then, a common solution of all
these equations is sought. This solution cannot be deter-
mined at random. For all equations, a linear relation is
determined that will give the most appropriate solution to
the standard structure of the energy equation. Among the
many linear relations that can be formed for solution, the
most accurate relation as shown in the following equation is
taken:

(32)

originating from parity in the odd part in the superspace is
seen in our study. When the above solution is made, the
following equation is obtained:

oL

0x;
Se

_x
"“ox;

S, S,

e

aL” 0 33
0 (33)

0

— X — X
i, i,

physically time will be a natural parameter in the 3-di-
mensional supergraph bundle that we are working with. The
coordinates of the supergraph bundle are the same as (19),
and only the time relation will be considered. Since only the
explication of the edge coordinate is different in bundle
coordinates, it will be sufficient to get the geometric
structures that form the mechanical system that we have
obtained in the first part of Section 3 according to the graph
bundle coordinates for the graph bundle because the proofs
are similar.

The super almost tangent structure for supergraph
bundle is as follows:

i —(dysu + usudxsu) X

EY (34)

Se
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_ 9,9 9 ., 0
~ Ox,, ox, 0x

€

If we calculate the J-directional derivative J (&) of the
semispray €, we can obtain the Liouville vector field V:

V—](s)—Zui+ 2u i—2u i
SO Ty, ey, Ty, (36)
2 X 0
'L, 'L,

uba + usza - MSOE +

oL,
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0 0 0 0

G ——tE—— —&—
"oy,  ou, *o0u,
e o

(35)

Theorem 2. Euler-Lagrange energy equation in superspace
with supergraph bundle coordinate will be obtained as follows:

oL, oL, oL

S,

u +u +u - Uy U~ U, =
Y9x,0u,  “Ox, Ou,  “*Ox, Ou, By, 0y,  “dy,
e e o o e o

Proof. We know that the Euler-Lagrange energy can be
obtained by solving the dynamical equation
i, = Q; (e) =0. To solve this dynamic equation with

0. (37)

graph bundle coordinates, in the proof of Theorem 1, it is
sufficient to make the following arrangement in coordinates:

(t,x;, %) = (tb’ Eoots Xis Xi 5 X 5 Xj> X 5 X ) =(x, y, u) = (xb’xse’xso’ Yo Vs Vsy “b»”s;“so) (38)

Since equation (29) will be obtained in the same way as
the graph bundle coordinates, a system similar to system
(30) is obtained. When system (30) is solved under
conditions,

by the linear relation which is similar to the linear relation
we presented in the proof of Theorem 1,

sib = —ub,
é,-SE = -u, (39)
éi% =-u,,
—uy (1) =y, (2) + 1y (3)+ (@) +(5) = (6) — w, (7) —uy, (8) + 1, (9) =0, (40)

time-dependent Euler-Lagrange energy equation (37) is
obtained.

Equation (37) can be written more simply depending on
the supergraph bundle coordinates, so that

u 782[4 —ua—L—O
0x Ou oy

EACAN
“oul\ox ”ay"

Equation (41) represents again the Lagrangian energy
equation on the supergraph bundle.

We will give an example to investigate the geometric and
physical results of this study. O

(41)

Example 1. In this example, we will define a logarithmic
spiral curve in superspace and obtain the energy equation for

a particle moving on it (Figure 4). The reason we prefer the
logarithmic spiral curve is the equiangular spiral has a lot
longer history in the science of mathematics. For example, a
hawk follows a logarithmic spiral as it approaches its prey
from the air. Tropical hurricanes take the form of a loga-
rithmic spiral.

The logarithmic spiral is given by (t,a(t)e"
cos 6,a(t) e?®sin ) in parametric form.

Its parametric representation is given by (here f is time
parameter, r is the distance from the origin, and 0 is the angle
from the x-axis)

)6

x(0) =r(0)cos 6 = ae” cos 6, )
y(6) = r(6)cos 6 = ae” sin 6.

The coordinate system of the jet bundle structure for the
superlogarithmic spiral curve is expressed as
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FIGURE 4: Motion of a particle on a logarithmic spiral. (a) General view of the movement and (b) the direction of the movement according to

the body, soul even, and soul odd parts.

(t, a(t)e’ ™ cos 6, a (1)’ sin 6, ateb(t)g cos fab, " cos 6, ateh(t)e sin Gabteh(t)e sin 6)

by (£)6 b, (18

tyts b ap(t)e cos 0,a (t)e

a, (t) e sin Ba; (1) e’ sin 6, atbeb” 09 cos 0 + abbtbehh(t)‘9 cos 0, atsgeb%

b, ()0

Gy € N b (0

cos 0+a, b, e

b, (£)0

b, ()0
a,, ¢ (1)

sin 0 +ab,e

Firstly, we write the Lagrangian energy equation with
these superbundle coordinates. With logarithmic spiral
bundle coordinates, if we write and solve equation (33) that
we have obtained in Section 3, we obtain Lagrangian energy
equations of the particle:

oL, . 'L, . oL, or, oL, oL,
r r T, —ty—— -r, —%
ot ory, t‘eatsuarts' o ot, or, bor, or, fo or,,

(44)

=0.

Here, the Lagrangian energy function is represented as
L=L(r,t) = L (r, t,) + L, (r, 1, ) + Ly (r,t,).  (45)

Similar to other spaces, the general equation of La-
grangian energy is the same in superspace even in different
motion models.

For the solution of this Lagrangian energy equation, we
can take the following assumptions:

oL,
b _ ),

o, °

oL,

yso = Asp (46)
oL,

ot, %

We reorganize equation (44) with these assumptions:

r %—% +r %—aLS" +r %_ai -0
" arfb arb e arm arse o arm arsz) o

(47)

cos Gasa (t)e

cos Oa,e

sin 6,a,, e

b, (18 by (1)0

cos 0,a,(t)e sin 0,

09 cos 6+ asebtseeb% 10 cos 6, (43)

b, (06 b, (1)0

sin 0+ ayb,e sin 6,

b, (1)0

b0 gin 6 + as by, e

sin 6

Since the radius cannot be equal to zero,

o\, 0L,
o _-y,
ory, O,
oA, oL, 0
ar, or, " (48)
0k, 0L,
i —"—
or,  org

If these equations are solved, we can obtain the
following:

rycy + k
L, ="t
lntb
roc, +k,
L — € e E,
Se Int, (49)
roc, +k,
LS - o o U)
o Int,
where ¢,,¢,, ¢, kyk,,k, are constants. Also, the La-

grangian energy function is given by

—_ rb (9) Cb + kb + rse (6) Cse + kSe + rsu (6) Cso + ksu
B Int, Int, Int, '

e 0

(50)

L

We can write this equation for a superpoint briefly as
follows: L = (r.c + k/Int), (¢, k is constant)

_a(t)eb(t)‘(:'f'k (51)

L
Int
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It is seen that energy depends on radius and time.

Now we write and solve the Lagrangian energy equation
with supergraph bundle coordinates.

It is best to determine the turning points of the
movement on this curve with graph points because using
graph points helps to determine the most appropriate
movement according to the increase or decrease in the
curvature value of the curve. g, is the starting point and a,, is
the destination point (Figure 5). This segmentation can be
taken with the preferred number of points in accordance
with the movement. Figure 5 shows the vertex points
through which the moving particle passes and the rela-
tionship between the arc length and the length between these
points.

In Figure 5, the interpretation of the movement formed
by graph points according to the parts is shown. The position
of the vertex and edges according to the body, soul odd, and
soul even parts for the movement on the logarithmic spiral
with supergraph coordinates is shown in more detail in
Figure 5. While building this, we used the 8 transformations

Journal of Mathematics

we defined for the differentiable structure of the graph
manifold. At the starting point, we assume that the move-
ment starts from the body part. At the next points, move-
ment will take form between these vertex points, depending
on whether the number is an even supernumber or an odd
supernumber (that is, it can only have soul even or soul odd
part, or it can have body and soul even or body and soul odd
part) or every part (from body, soul even, and soul odd
parts). The energy value will also be calculated according to
the occurrence of the movement.

Graph bundle coordinates according to the parameter-
ization in (54) are given by

(x,(6), %, (6), %, (6), ,(0), y, (6, v, (6),u, (6), u, (6),u, (6)).

(52)

Since we will work with the graph space structure, we
have said before that we will take the time as a natural
coordinating of the physical structure. So, we can write the
coordinate structure in more detail as follows:

(t a(t) @ o5 6, a(t)e 9 gin 6, a(t)eb(t sin 6 —a(t) "M cog 9)

=(tpot,, t, ()€™ cos 6,a, (£)e" " cos B,a, (t)e™ " cos 6, a, (t)e” " sin 6,)

(53)
a, (t) e M0 gin fay (t)eb 00 in 0, age b (10 i 6 — a (t)ebb(t)e cos 0,a,, e b, ()6
sin 0 — a,, (t)ebfe(t)e cos 0, Ay, b0 gin g — a, (t)eb 09 cos 6.
We rewrite equation (37) according to these coordinates
and solve it similarly to the solution of the equation we have
obtained with the superbundle coordinates:
1 o L, o°L, o’L, oL, oL, oL,
l-cot O)|ry—+r,—=+r =0. 54
cos 0| Yor,or, ww @m = )bm “Or, o, (>4)

When the Lagrangian energy function is calculated from
this equation, the following energy equation is obtained:

L c@r,® e(O)r, (1) £(O)r, ()
L—%[e cpthy+e e etk +et e c50+k50].

(55)

Here, £(6) = cos 6 — cot Ocosech.
We can write this equation for a superpoint briefly as
follows:

L=¢"Yc+k (c kisconstant),

56
L= L 038 g 50

~e(0)

When we think of equations (56) and (51) without the
constants, we will see an exponential map formed between
these equations. This is a transformation that we interpret as

a vector flow in differential geometry. Namely, X is a tangent
vector and Py is a flow of X.

exp : TPM — M,
exp (tX) = Dx (b).

(57)

The geometrical interpretation of this is that instead of
calculating the energy value with superbundle coordinates,
when we calculate the energy on the parts of each vertex
point and take it as the linear sum of the energy values we
find, the energy value we will find as the result of equation
(56) and the energy value we will calculate with (50)
equation will correspond to the same Lagrangian energy.
Since the derivative coordinate corresponds to the edge
coordinate, as it physically corresponds to the path between
two vertexes for movement, it will be sufficient to calculate
the energy formed between each vertex depending on the
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F1GURrE 5: The position of coupling the vertex and edges according
to the body, soul 0odd, and soul even parts for the logarithmic spiral.

edge coordinate on these points. The exponential map states
that the energy of the moving particle passing through these
vertexes can be calculated with a vector flow corresponding
to derivative coordinates between each vertex.

€(0) =0 in equation (56) is a result that affects the
physical explanation of the motion. If 6 = (71/2), the orbit is

e (0)
+

4, Conclusion and Discussion

In this study, firstly Lagrangian energy equations in
superspace have been obtained by defining necessary geo-
metric structures. It is advantageous to use bundle structures
for proofs in the presence of time-dependent Lagrangian
energy because the solution of mechanical systems is more
convenient with bundle structures. In this study, the bundle
structure was established in the superspace, and the time-
dependent energy equation was calculated with these
superbundle coordinates. On the other hand, graph theory is
the most suitable method for planning a movement that
completes a path as soon as possible. For this reason, we
formed the graph manifold structure in superspace and
formed a supergraph bundle with supergraph manifolds. We
have figured thirty-one topological maps that constitute the
differential structure of the graph manifold. It is known that
supercoordinates consist of body, soul even, and soul odd
parts. We adapted this coordinate structure to graph theory
and examined it. In addition, we proved the jet bundle
required for time-dependent mechanical systems and the
derivative coordinate with graphs and interpreted geomet-
rically. Thus, we have obtained the time-dependent La-
grangian energy equation with the supergraph bundle. We
compared the energy equation obtained with the superjet
bundle with the energy equation obtained with the super-
graph bundle. In addition, we show the application of our
study on an example and give the physical explication. We
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(xlb’ xlsu)

(le) (x(wb)

(XSII’ > xSsn)

FIGURE 6: An example of different orientations that can occur
between six points for the movement.

circular (if 8 = (7/2), this corresponds to a Fibonacci spiral,
which is not the curve we prefer to study in this example). In
this case, there is no slipping and deviation in motion; it goes
completely linear. If 0 < 6 < (77/2), the rotation will be less for
the orbit more closed. If (71/2) <6<, since the movement
occurs at a great angle, there will be more turns.

For example, as shown in Figure 6, the first point has only
the body part, the second point has body and soul even parts,
the third point has only soul even part, the fourth point has
soul even and soul odd parts, and the fifth point has body, soul
even, and soul odd parts. The last point has only the body part
like the beginning. Then the Lagrangian energy generated by
these six points is calculated by the following equation:

1 [ee(g)alb (t)eb1e® + (ee(e)azb (£)eb2n ® + eE(G)uzse (t)ebzse ® ) + (ee(G)a3se (t)eb3‘e ® ) + (es(e)ahlz (t)eb‘“e ® _ 68(9)6{450 (t)eb‘“o(t) >

(58)

(es(o)a.‘;b (t)eh5b(t) + 65(9)“552 (t)ebS.te () B 65(9)“55[, (t)estn(l)) + es(g)aéb(t)ebsh(t) ]C N k‘

showed the vertex and edges on the figure and showed how
to write an energy equation with these coordinates.
The following conclusions can be drawn from this study:

(1) For Lagrangian equations obtained by using jet
bundles in superspace, the negative definition in
coordinates comes from odd parity. Although all
obtained geometric structures for superspace con-
tain this negative term, the resulting Lagrange energy
equation is independent of this term. This is an
interesting result because the negative term is ex-
pected to affect the result due to odd parity. But when
working with supergraph bundles, odd parity affects
the direction. The negative term is not used in the
equations of geometric structures. It is explained by
orientation on graph.

(2) The general form of the Lagrange energy equation is
shown by equation (6). It can be expressed as
(0*L/ot 9g;) — (dL/9g;) = 0.

Lagrangian energy equation calculated in superspace
is shown in (33). This equation can be written for
shortness as (9°L/0t 9x;) — (OL/dx;) = 0 (if x; #0).
Lagrangian energy equation calculated with super-
graph bundle is shown in (37). This equation can be
written as (9/0u) (0L/0x) — (OL/0y) =0 (if u+0)

In our previous work [11], we showed that the La-
grangian energy equation obtained in complex space
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is similar to its general form in Euclid space. In this
study, it is seen that the Lagrangian energy equations
obtained in superspace are also similar to the general
equation. The energy equation in superspace can be
projected by equations in Euclidean space or even
complex space. The given example supports this
subject.

(3) When working with the supergraph bundle, the
derivative coordinate corresponds to the edge co-
ordinate, making it easier to calculate the obtained
energy equation. Equation (58) is an example of this.
This can be seen in the given example. Supergraph
manifolds obtained by proving the differential
structure will be beneficial for the studies. This study
is informative of the combination of graph theory
with differential geometry.

(4) Here, it is possible to associate the movement on the
curve with the vertexes by using edges to calculate
the arc length. (Aa,/Aa,)=---= (Aa;/Aa;,_)) =s
(arc length), Aa; = a; —a;_;.

If a; and a;_, are vertexes, the length Aa; =e; cor-
responds to an edge.

(5) In this article, while the physical interpretation of
Lagrangian equations is made, the effect of the parts
of coordinates in superspace on this motion is
shown. This matter is shown in the figures. This
study could lead to further research. One of the
interesting conclusions of this study is if the moving
object continues to move without stopping at a
certain speed, the energy becomes stable after a
certain time. This is compatible with the nature of
Lagrangian energy.

(6) As a result of given examples, we can see that La-
grangian energy value increases and approaches a
fixed value based on time. Obviously, the stabiliza-
tion of superenergy is analogous to the speed of light.
In addition, as shown in the example, it is useful to
use graph points to determine the most suitable path
when calculating the energy of a moving particle.
Thus, we can evaluate the energy for each vertex
separately and examine even an infinite motion as if
it is finite.

Data Availability

Data analyzed in this study were a re-analysis of existing
data, which are openly available at locations cited in the
reference section. Further documentation about data pro-
cessing is available at [Journal of Mathematic] at doi.org/
10.1155/2021/5528123.

Additional Points

Summary. Our study focuses on obtaining the Lagrangian
energy equations in superspace with superjet bundle co-
ordinates. Therefore, the solution method is completely
different. In addition, it is more advantageous to work with
bundles in mechanics. In our study, these differences are

Journal of Mathematics

interpreted with given examples. In the examples, we will use
the graph theory to determine the optimal motion, velocity,
and energy of the particle, due to graph points. These as-
sumptions will be useful for similar studies (https://1drv.ms/
b/s!Ah4SvAdAINDmggMghTVu-a7Pk-9C).
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