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Abstract 

In the present paper, new analytical solutions for the space-time fractional Boussinesq and (2 + 1)-dimensional breaking soliton equations 
are obtained by using the simplified tan ( φ(ξ ) 

2 ) -expansion method. Here, fractional derivatives are defined in the conformable sense. To show 

the correctness of the obtained traveling wave solutions, residual error function is defined. It is observed that the new solutions are very 
close to the exact solutions. The solutions obtained by the presented method have not been reported in former literature. 
© 2020 Shanghai Jiaotong University. Published by Elsevier B.V. 
This is an open access article under the CC BY-NC-ND license ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 

Keywords: Space-time fractional Boussinesq equation; (2 + 1)-dimensional breaking soliton equation; Simplified tan ( φ(ξ ) 
2 ) -expansion method (SITEM); 

Conformable derivative. 
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. Introduction 

Nonlinear partial differential equations (NPDEs) have an 

mportant role in modeling many events in the fields of 
cience such as physics, engineering, mechanics, chemistry 

nd biology. Obtaining the exact solutions of NPDEs is the 
est way to better understand these phenomena. The solu- 
ions of the NPDEs and stability analysis of the solutions 
ave been investigated by many authors (see, for example, 
1–15] ). In general, the solutions of NPDEs have been found 

n the form of traveling wave solutions (see, for example, 
1,3–8,13,14,16–21] ). 

Propagation of long waves on the surface of water with 

 small amplitude in non-dimensional nonlinear lattices 
nd in nonlinear strings are modeled by the Boussinesq 

quation [22] . In the Boussinesq water waves approach, the 
ertical structure of the horizontal and vertical flow velocity 

f the wave is considered. In coastal and ocean engineer- 
ng, Boussinesq-type equations are often used in computer 
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odels for the simulation of water waves in shallow seas 
nd harbours. Mathematical modeling of tsunami wave and 

idal oscillations can be given as an example to the ocean 

ngineering applications of the equation. These models have 
lso applications in engineering such as predicting refraction, 
iffraction, shoaling and harmonic interaction along around 

oastal structures [23] . 
Boussinesq-type equations are nonlinear partial differential 

quations. Solving nonlinear partial differential equations is a 
ore complex problem than solving linear partial differen- 

ial equations. To obtain the solutions of the Boussinesq-type 
quations, researchers have been used some methods such 

s (G 

′ /G ) -expansion method, repeated homogeneous bal- 
nce method, ansatz method, the hyperbolic tangent method 

17,18,20,21,24,25] . Space-time fractional Boussinesq equa- 
ion with the modified Riemann–Liouville has been solved by 

sing the new simplified bilinear method and the exponential 
ational function method in [26,27] . Fourier spectral approx- 
mation method and modified Kudryashov method have been 

pplied to the time fractional Boussinesq equation in [19,28] , 
espectively. 

(2 + 1)-dimensional breaking soliton equation was first 
iven by Calogero and Degasperis [29,30] . (2+1)-dimensional 
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nteraction of a Riemann wave propagating along the y- 
xis with a long wave along and the x-axis is modeled by 

2 + 1)-dimensional breaking soliton equation. Taking y = x, 
nd by integrating the resulting equation in the (2 + 1)- 
imensional breaking soliton equation, the equation is trans- 
ormed to the KdV equation. KdV equation is a mathemati- 
ally modeling the special waves called solitons on shallow 

ater surfaces. The main characteristic feature of the fam- 
ly of these equations is that the spectral parameter which 

sed in the Lax representations possesses so-called break- 
ng behavior [31] . Modified simple equation method, the 
xp-function method, the direct integration and homotopy 

erturbation method, projective Riccati equation expansion 

ethod, the simplest equation method, ansatz method and 

ie group method have been applied to construct the ex- 
ct solutions of the (2 + 1)-dimensional breaking soliton 

quation [32–37] . 
Recently, the improved tan ( 

φ(ξ ) 

2 ) -expansion method 

ITEM) has been studied by several authors [38–40] . In 

41] , ITEM has been simplified and called simplified ITEM 

SITEM). SITEM has been applied to the Kundu–Eckhaus 
quation and conformable space-time fractional coupled 

onopelchenko–Dubrovsky equations for only zero param- 
ter p in [41,42] , respectively. In this paper, SITEM for 
onzero parameter p is applied to the conformable space-time 
ractional Boussinesq and (2 + 1)-dimensional breaking soli- 
on equations. Firstly, using the complex transformation, the 
onformable space-time fractional Boussinesq and (2 + 1)- 
imensional breaking soliton equations are transformed into 

onlinear ordinary differential equations with integer orders. 
olutions of the ordinary differential equations are written in 

he form of series expansion of the function tan ( 
φ(ξ ) 

2 ) with 

nknown coefficients. The unknown coefficients of the series 
xpansion are computed. Therefore, new solutions for each 

odel are obtained. The obtained traveling wave solutions are 
iven by the trigonometric, exponential and rational functions. 
urthermore, the accuracy of the new solutions is presented 

y using residual error function (REF). 

. Description of the conformable fractional derivative 
nd its properties 

For a function f : (0, ∞ ) → R, the conformable fractional 
erivative of f of order 0 < α < 1 is given as (see, for ex-
mple, [43] ) 

 

α
t f (t ) = lim 

ε→ 0 

f (t + εt 1 −α ) − f (t ) 

ε 
. 

ome important properties of the conformable fractional 
erivative are as follows: 

 

α
t (a f + bg)(t ) = aT αt f (t ) + bT αt g(t ) , ∀ a, b ∈ R, 

T αt (t μ) = μt μ−α, 

T α( f (g(t )) = t 1 −αg 

′ 
(t ) f 

′ 
(g(t )) . 
t 

229 
. Analytic solutions to the conformable space-time 
ractional Boussinesq equation 

Conformable space-time fractional Boussinesq equation is 
iven by the following formula [18,20] 

T αt T αt u − T βx T βx u − T βx T βx (u 

2 ) + T βx T βx T βx T βx u = 0, (1) 

0 < α ≤ 1 , 0 < β ≤ 1 . 

et us consider the following transformation 

(x, t ) = U (ξ ) , ξ = k 
t α

α
+ m 

x β

β
, (2) 

here k, m are constants. Substituting (2) into Eq. (1) we 
btain the following differential equations 

k 2 − m 

2 ) U 

′′ − m 

2 (U 

2 ) ′′ + m 

4 U 

(4) = 0. (3) 

ntegrating of Eq. (3) with zero constant of integration, we 
ave 

k 2 − m 

2 ) U − m 

2 U 

2 + m 

4 U 

′′ = 0. (4) 

et us suppose that the solution of Eq. (4) can be written in 

he form 

 (ξ ) = 

N ∑ 

k=0 

A k 

[ 
p + tan 

(φ(ξ ) 

2 

)] 
k + 

N ∑ 

k=1 

B k 

[ 
p + tan 

(φ(ξ ) 

2 

)] 
−k . 

(5) 

(ξ ) is the solution of the following ordinary differential equation 

′ (ξ ) = a sin (φ(ξ )) + b cos (φ(ξ )) + c, (6) 

here a, b, c, A k (0 ≤ k ≤ N ) and B k (1 ≤ k ≤ N ) are constants to
e determined. The solution of Eq. (6) is given as follows: 

For b = c, a = 0, 

an 

(
φ

2 

)
= bξ + c 1 − p. 

or b = c, a 	 = 0, 

an 

(
φ

2 

)
= c 1 exp (aξ ) − b 

a 

. 

or b 	 = c, � = a 

2 + b 

2 − c 2 > 0, 

an 

(
φ

2 

)
= 

2 

b − c 

c 1 r 1 exp (r 1 ξ ) + c 2 r 2 exp (r 2 ξ ) 

c 1 exp (r 1 ξ ) + c 2 exp (r 2 ξ ) 
− p. 

or b 	 = c, � = a 

2 + b 

2 − c 2 = 0, 

an 

(
φ

2 

)
= 

a 

b − c 
+ 

2 

b − c 

c 2 
c 1 + c 2 ξ

. 

or b 	 = c, � = a 

2 + b 

2 − c 2 < 0, 

an 

(
φ

2 

)
= 

a 

b − c 
+ 

√ −�

b − c 

−c 1 sin 

(√ −�

2 ξ
)

+ c 2 cos 
(√ −�

2 ξ
)

c 1 cos 
(√ −�

2 ξ
)

+ c 2 sin 

(√ −�

2 ξ
) ,

here c 1 and c 2 are arbitrary constants, r 1 = (a + p(b − c) + 

 

�) / 2 and r 2 = (a + p(b − c) − √ 

�) / 2. 
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Table 1 
REF ( a = 3 , b = 2, c = 1 , c 1 = 20, c 2 = 30, p = 4, m = 0. 2) for the solution 
u 2 (x, t ) in Case 1( � > 0 and b 	 = c). 

x t α β REF 

20 10 0.5 0.75 10 −19 

−20 10 0.75 1 10 −19 

2 3 0.5 0.2 10 −17 

5 5 0.25 0.5 10 −18 

1 1 0.25 0.5 10 −16 

7 8 0.5 0.25 10 −18 

40 40 0.75 0.25 10 −21 

−20 10 0.5 1 10 −20 

t
e
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Substituting Eq. (5) into Eq. (4) and then by balancing 

he highest order derivative term and nonlinear term in result 
quation, the value of N can be determined as 2. Therefore, 
q. (5) reduces to 

 (ξ ) = A 0 + A 1 

[ 
p + tan 

(φ(ξ ) 

2 

)] 
+ A 2 

[ 
p + tan 

(φ(ξ ) 

2 

)] 
2 

+ B 1 

[ 
p + tan 

(φ(ξ ) 

2 

)] 
−1 + B 2 

[ 
p + tan 

(φ(ξ ) 

2 

)] 
−2 . (7) 

ubstituting Eq. (7) into Eq. (4) , collecting all the terms with 

he same power of tan ( 
φ

2 ) , we can obtain a set of algebraic 
quations for the unknowns A 0 , A 1 , B 1 , A 2 , B 2 , k, m: 

3 A 2 b 

2 m 

4 − 2A 

2 
2 m 

2 − 6 A 2 bcm 

4 + 3 A 2 c 
2 m 

4 = 0, 

14pA 2 b 

2 m 

4 − . . . 

olving the algebraic equations in the Mathematica, we can 

btain the solutions of the Eq. (1) in the form of Eq. (7) . 
To show the correctness of the obtained solutions, we de- 

ne residual error function (REF) as follows 

E F (x) = T αt T αt u − T βx T βx u − T βx T βx (u 

2 ) + T βx T βx T βx T βx u, 

 < α ≤ 1 , 0 < β ≤ 1 . (8) 

ote that the smallness of the REF shows that the approxi- 
ate solution is close to the exact solution. Therefore, REF 

an be used to measure correctness of the approximate solu- 
ion. 

Case 1: A 0 = 

3 
2 (b − c) m 

2 (−b − c + 2ap + bp 

2 − cp 

2 ) ,

 1 = −3(b − c) m 

2 (a + bp − cp) , A 2 = 

3 
2 (b − c) 2 m 

2 , B 1 = 

, B 2 = 0, ξ = ±√ 

m 

2 − m 

4 � t α

α
+ m 

x β

β
: 

For � > 0 and b 	 = c, (m ∈ (−1 / 
√ 

�, 1 / 
√ 

�)) 

 1 , 2 (x, t ) = 

3 

2 

(b − c) m 

2 (−b − c + 2ap + bp 

2 − cp 

2 ) 

− 6 m 

2 (a + bp − cp) 
[ c 1 r 1 exp (r 1 ξ ) + c 2 r 2 exp (r 2 ξ ) 

c 1 exp (r 1 ξ ) + c 2 exp (r 2 ξ ) 

] 

+ 6 m 

2 
[ c 1 r 1 exp (r 1 ξ ) + c 2 r 2 exp (r 2 ξ ) 

c 1 exp (r 1 ξ ) + c 2 exp (r 2 ξ ) 

] 
2 . (9) 

or the parameters a = 3 , b = 2, c = 1 , c 1 = 20, c 2 = 30, p =
, m = 0. 2 and some values of the x, t, α, β, the values of the
EF are given in Table 1 . 

For � = 0 and b 	 = c, 
230 
 3 , 4 (x, t ) = 

3 

2 

(b − c) m 

2 (−b − c + 2ap + bp 

2 − cp 

2 ) 

− 3 m 

2 (a + p(b − c)) 
[ 

p(b − c) + a + 2 

c 2 
c 1 + c 2 ξ

] 

+ 

3 

2 

m 

2 
[ 

p(b − c) + a + 2 

c 2 
c 1 + c 2 ξ

] 
2 . (10) 

EF for � = 0 and b 	 = c is computed as zero by using the 
ymbolic toolbox in Matlab Programming for arbitrary pa- 
ameters. 

For � < 0 and b 	 = c, 

 5 , 6 (x, t ) = 

3 

2 

(b − c) m 

2 (−b − c + 2ap + bp 

2 − cp 

2 ) 

− 3 m 

2 (a + bp − cp) 
[
p(b − c) + a 

+ 

√ −�
−c 1 sin 

(√ −�

2 ξ
)

+ c 2 cos 
(√ −�

2 ξ
)

c 1 cos 
(√ −�

2 ξ
)

+ c 2 sin 

(√ −�

2 ξ
)

⎤ 

⎦ 

+ 

3 

2 

m 

2 
[
p(b − c) + a 

+ 

√ −�
−c 1 sin 

(√ −�

2 ξ
)

+ c 2 cos 
(√ −�

2 ξ
)

c 1 cos 
(√ −�

2 ξ
)

+ c 2 sin 

(√ −�

2 ξ
)

⎤ 

⎦ 

2 . 

(11) 

EF for � < 0 and b 	 = c is calculated as zero by using the 
ymbolic toolbox in Matlab Programming for arbitrary pa- 
ameters. 

Case 2: A 0 = 

1 
2 m 

2 (2a 

2 − b 

2 + c 2 + 6 abp − 6 acp + 3 b 

2 p 

2 

6 bcp 

2 + 3 c 2 p 

2 ) , A 1 = −3(b − c) m 

2 (a + bp − cp) , A 2 = 

3 
2 (b − c) 2 m 

2 , B 1 = 0, B 2 = 0, ξ = ±√ 

m 

2 + m 

4 � t α

α
+ m 

x β

β
: 

For � > 0 and b 	 = c, 

 7 , 8 (x, t ) = 

1 

2 

m 

2 (2a 

2 − b 

2 + c 2 + 6 abp 

− 6 acp + 3 b 

2 p 

2 − 6 bcp 

2 + 3 c 2 p 

2 ) 

−6 m 

2 (a + bp − cp) 

[
c 1 r 1 exp (r 1 ξ ) + c 2 r 2 exp (r 2 ξ ) 

c 1 exp (r 1 ξ ) + c 2 exp (r 2 ξ ) 

]

+6 m 

2 

[
c 1 r 1 exp (r 1 ξ ) + c 2 r 2 exp (r 2 ξ ) 

c 1 exp (r 1 ξ ) + c 2 exp (r 2 ξ ) 

]
2 . (12) 

or the parameters a = 3 , b = 6 , c = 5 , c 1 = 2, c 2 = 3 , p =
 / 2, m = 1 / 4 and some values of the x, t, α, β, the values
f the REF are given in Table 2 . 

For � = 0 and b 	 = c, 

u 9 , 10 (x, t ) = 

1 

2 

m 

2 (2a 

2 − b 

2 + c 2 + 6 abp 

− 6 acp + 3 b 

2 p 

2 − 6 bcp 

2 + 3 c 2 p 

2 ) 

− 3 m 

2 (a + bp − cp) 

[
p(b − c) + a + 2 

c 2 
c 1 + c 2 ξ

]

+ 

3 

2 

m 

2 

[
p(b − c) + a + 2 

c 2 
c 1 + c 2 ξ

]
2 . (13) 

EF for � = 0 and b 	 = c is computed as zero by using the 
ymbolic toolbox in Matlab Programming for arbitrary pa- 
ameters. 
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Table 2 
REF ( a = 3 , b = 6 , c = 5 , c 1 = 2, c 2 = 3 , p = 1 / 2, m = 1 / 4) for the solution 
u 8 (x, t ) in Case 2 ( � > 0 and b 	 = c). 

x t α β REF 

10 10 0.5 0.5 10 −21 

10 20 0.5 0.25 10 −24 

20 30 0.75 0.5 10 −30 

−20 30 0.75 1 10 −16 

4 5 0.5 0.25 10 −18 

1 1 0.75 0.5 10 −16 

7 8 0.75 0.5 10 −20 

40 40 0.5 0.5 10 −28 

 

 

) 

R
s
r

 

A
+
c

u

R  

s
r

u

R  

s
r

u

Table 3 
REF ( a = 3 , b = 6 , c = 5 , c 1 = 2, c 2 = 3 , p = 2, m = 1 / 

√ 

2�) for the solu- 
tion u 18 (x, t ) in Case 3( � > 0 and b 	 = c). 

x t α β REF 

−1 1 0.5 1 10 −17 

1 1 0.5 0.75 10 −17 

4 5 0.5 0.5 10 −19 

10 20 0.5 0.25 10 −22 

20 30 0.25 0.75 10 −21 

7 8 0.75 0.5 0 
40 40 0.25 0.5 10 −22 

−5 5 0.25 1 10 −16 

Table 4 
REF (x = 20, t = 30, α = 0. 25 , β = 0. 75) for the solution u 20 (x, t ) in Case 
3( � = 0 and b 	 = c). 

a b c c 1 c 2 p m REF 

3 4 5 2 3 2 4 0 
6 8 10 2 3 2 4 0 
8 15 17 2 3 2 4 0 
7 24 25 2 3 2 4 0 
5 12 13 2 3 2 4 0 
4 8 

√ 

80 2 3 2 4 10 −16 

7 8 
√ 

113 2 3 2 4 10 −16 

10 80 
√ 

6500 2 3 2 4 10 −15 

F  

2  

o

u

F  

v  

g

For � < 0 and b 	 = c, (m ∈ (−1 / 
√ −�, 1 / 

√ −�)) 

u 11 , 12 (x, t ) = 

1 

2 

m 

2 (2a 

2 − b 

2 + c 2 + 6 abp − 6 acp + 3 b 

2 p 

2 

+ 

√ −�
−c 1 sin ( 

√ −�

2 ξ ) + c 2 cos ( 
√ −�

2 ξ ) 

c 1 cos 
(√ −�

2 ξ
)

+ c 2 sin 

(√ −�

2 ξ
)
⎤ 

⎦ 

− 6 bcp 

2 + 3 c 2 p 

2 ) − 3 m 

2 (a + bp − cp) 

[
p(b − c) + a + 

3 

2 

m 

2

×
⎡ 

⎣ p(b −c) + a + 

√ −�
−c 1 sin 

(√ −�

2 ξ
)

+ c 2 cos 
(√ −�

2 ξ
)

c 1 cos 
(√ −�

2 ξ
)

+ c 2 sin 

(√ −�

2 ξ
)

⎤ 

⎦ 

2 .

(14

EF for � < 0 and b 	 = c is computed as zero by using the 
ymbolic toolbox in Matlab Programming for arbitrary pa- 
ameters. 

Case 3: A 0 = 

3 
2 (b − c) m 

2 (−b − c + 2ap + bp 

2 − cp 

2 ) ,

 1 = 0, A 2 = 0, B 1 = −3 m 

2 (−ab − ac + 2a 

2 p − b 

2 p + c 2 p 

 3 abp 

2 − 3 acp 

2 + b 

2 p 

3 − 2bcp 

3 + c 2 p 

3 ) , B 2 = 

3 
2 m 

2 (−b −
 + 2ap + bp 

2 − cp 

2 ) 2 , ξ = ±√ 

m 

2 − m 

4 � t α

α
+ m 

x β

β
: 

For b = c, a = 0, 

 13 , 14 (x, t ) = 6 b 

2 m 

2 (bξ + c 1 ) 
−2 . (15) 

EF for b = c, a = 0 is computed as zero by using the
ymbolic toolbox in Matlab Programming for arbitrary pa- 
ameters. 

For b = c, a 	 = 0, 

 15 , 16 (x, t ) = −3 m 

2 (−2ac + 2a 

2 p) 

(
p + c 1 exp (aξ ) − b 

a 

)−1 

+ 3 / 2m 

2 (2c − 2ap) 2 
(

p + c 1 exp (aξ ) − b 

a 

)−2 

. 

(16) 

EF for b = c, a 	 = 0 is computed as zero by using the
ymbolic toolbox in Matlab Programming for arbitrary pa- 
ameters. 

For � > 0 and b 	 = c, (m ∈ (−1 / 
√ 

�, 1 / 
√ 

�)) 

 17 , 18 (x, t ) = 

3 

2 

(b − c) m 

2 (−b − c + 2ap + bp 

2 − cp 

2 ) 

− 3 m 

2 (−ab − ac + 2a 

2 p − b 

2 p + c 2 p + 3 abp 

2 
231 
− 3 acp 

2 + b 

2 p 

3 − 2bcp 

3 + c 2 p 

3 ) 

×
[

2 

b − c 

c 1 r 1 exp (r 1 ξ ) + c 2 r 2 exp (r 2 ξ ) 

c 1 exp (r 1 ξ ) + c 2 exp (r 2 ξ ) 

]
−1 

+ 

3 

2 

m 

2 (−b − c + 2ap + bp 

2 − cp 

2 ) 2 

×
[

2 

b − c 

c 1 r 1 exp (r 1 ξ ) + c 2 r 2 exp (r 2 ξ ) 

c 1 exp (r 1 ξ ) + c 2 exp (r 2 ξ ) 

]
−2 . 

(17) 

or the parameters a = 3 , b = 6 , c = 5 , c 1 = 2, c 2 = 3 , p =
, m = 1 / 

√ 

2� and some values of the x, t, α, β, the values
f the REF are given in Table 3 . 

For � = 0 and b 	 = c, 

 19 , 20 (x, t ) = 

3 

2 

(b − c) m 

2 (−b − c + 2ap + bp 

2 − cp 

2 ) 

− 3 m 

2 (−ab − ac + 2a 

2 p − b 

2 p + c 2 p + 3 abp 

2 

− 3 acp 

2 + b 

2 p 

3 − 2bcp 

3 + c 2 p 

3 ) 

×
[

p + 

a 

b − c 
+ 

2 

b − c 

c 2 
c 1 + c 2 ξ

]
−1 

+ 

3 

2 

m 

2 (−b − c + 2ap + bp 

2 − cp 

2 ) 2 

×
[

p + 

a 

b − c 
+ 

2 

b − c 

c 2 
c 1 + c 2 ξ

]
−2 . (18) 

or the values x = 20, t = 30, α = 0. 25 , β = 0. 75 and some
alues of the a, b, c, c 1 , c 2 , p, m, the values of the REF are
iven in Table 4 . 

For � < 0 and b 	 = c, 

u 21 , 22 (x, t ) = 

3 

2 
(b − c) m 

2 (−b − c + 2ap + bp 2 − cp 2 ) 

− 3 m 

2 (−ab − ac + 2a 2 p − b 2 p + c 2 p + 3 abp 2 
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Table 5 
REF for the solution u 22 (x, t ) in Case 3( � < 0 and b 	 = c). 

a b c c 1 c 2 p m REF 

1 2 3 2 3 2 4 0 
7 6 11 2 3 2 4 0 
6 12 14 2 3 2 4 0 
5 3 20 2 3 2 4 0 
1 9 10 2 3 2 4 0 
3 6 9 2 3 2 4 0 
7 25 30 2 3 2 4 0 
−1 −5 8 2 3 2 4 0 
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S
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−

u

u

 

ξ

u

F

R
t
p

− 3 acp 2 + b 2 p 3 − 2bcp 3 + c 2 p 3 ) 

×
⎡ 

⎣ p + 

a 

b − c 
+ 

√ −�

b − c 

−c 1 sin 
(√ −�

2 ξ
)

+ c 2 cos 
(√ −�

2 ξ
)

c 1 cos 
(√ −�

2 ξ
)

+ c 2 sin 
(√ −�

2 ξ
)

⎤ 

⎦ 

−1 

+ 

3 

2 
m 

2 (−b − c + 2ap + bp 2 − cp 2 ) 2 

×
⎡ 

⎣ p + 

a 

b − c 
+ 

√ −�

b − c 

−c 1 sin 
(√ −�

2 ξ
)

+ c 2 cos 
(√ −�

2 ξ
)

c 1 cos 
(√ −�

2 ξ
)

+ c 2 sin 
(√ −�

2 ξ
)

⎤ 

⎦ 

−2 . 

(19) 

or the arbitrary values x, t, α, β and for some parameters 
, b, c, c 1 , c 2 , p, m, the computation of values REF are given
n Table 5 . In the Table, the values of the REF equal to the
ero. 

. Analytic solutions to the conformable space-time 
ractional (2 + 1)-dimensional breaking soliton equation 

Conformable space-time fractional (2 + 1)-dimensional 
reaking soliton equation is presented in the following form 

32,33] 

T βx T βx T βx T θy u − 2T θy uT βx T βx u − 4T βx uT βx T θy u + T βx T αt u = 0, 

0 < α ≤ 1 , 0 < β ≤ 1 , 0 < θ ≤ 1 . (20) 

sing the following transformation 

(x, y, t ) = U (ξ ) , ξ = k 
t α

α
+ m 

x β

β
+ n 

y θ

θ
, (21) 

here k, m and n are constants, for Eq. (20) , we have the 
ollowing differential equation 

 

3 nU 

(4) − 6 m 

2 nU 

′ U 

′′ + kmU 

′′ = 0. (22) 

ntegrating of Eq. (22) with zero constant of integration, we 
rite 

 

3 nU 

′′′ − 3 m 

2 n(U 

′ ) 2 + kmU 

′ = 0. (23) 

et us suppose that the solution of Eq. (23) can be written 

s Eq. (5) . Substituting Eq. (5) into Eq. (23) and then by 

alancing the highest order derivative term and nonlinear term 

n result equation, the value of N can be determined as 1. 
herefore, Eq. (5) reduces to 
232 
U (ξ ) = A 0 + A 1 

[ 
p + tan 

(φ(ξ ) 

2 

)] 
+ B 1 

[ 
p + tan 

(φ(ξ ) 

2 

)] 
−1 . 

(24) 

ubstituting Eq. (24) into Eq. (23) , collecting all the terms 
ith the same power of tan ( 

φ

2 ) , we can obtain a set of alge-
raic equations for the unknowns A 0 , A 1 , B 1 , k, m, n: 

6 nA 

2 
1 bcm 

2 − 3 nA 

2 
1 b 

2 m 

2 − 3 nA 

2 
1 c 

2 m 

2 − 3 nA 1 b 

3 m 

3 

+9 nA 1 b 

2 cm 

3 − 9 nA 1 b.c 
2 m 

3 + 3 nA 1 c 
3 m 

3 = 0, 

24npA 

2 
1 bcm 

2 − . . . 

olving the algebraic equations in the Mathematica, we can 

btain the solutions of the Eq. (20) in the form of Eq. (24) . 
For the conformable space-time fractional (2 + 1)- 

imensional breaking soliton equation, we define residual er- 
or function (REF) as follows 

RE F (x) = T βx T βx T βx T θy u − 2T θy uT βx T βx u − 4T βx uT βx T θy u 

+ T βx T αt u, 0 < α ≤ 1 , 0 < β ≤ 1 , 0 < θ ≤ 1 . (25) 

Case 1: A 0 = A 0 , A 1 = −m(b − c) , B 1 = − m�
b−c , p =

a 
b−c , ξ = (−4m 

2 n� t α

α
+ m 

x β

β
+ n 

y θ

θ
) : 

For � > 0 and b 	 = c, 

 1 (x, y, t ) = A 0 − 2m 

[
c 1 r 1 exp (r 1 ξ ) + c 2 r 2 exp (r 2 ξ ) 

c 1 exp (r 1 ξ ) + c 2 exp (r 2 ξ ) 

]

− m�

2 

[
c 1 r 1 exp (r 1 ξ ) + c 2 r 2 exp (r 2 ξ ) 

c 1 exp (r 1 ξ ) + c 2 exp (r 2 ξ ) 

]
−1 . (26) 

For � < 0 and b 	 = c, 

 2 (x, y, t ) = A 0 − m 

√ −�

⎡ 

⎣ 

−c 1 sin 
(√ −�

2 ξ
)

+ c 2 cos 
(√ −�

2 ξ
)

c 1 cos 
(√ −�

2 ξ
)

+ c 2 sin 
(√ −�

2 ξ
)

⎤ 

⎦ 

− m�√ −�

⎡ 

⎣ 

−c 1 sin 
(√ −�

2 ξ
)

+ c 2 cos 
(√ −�

2 ξ
)

c 1 cos 
(√ −�

2 ξ
)

+ c 2 sin 
(√ −�

2 ξ
)

⎤ 

⎦ 

−1 . 

(27) 

Case 2: A 0 = A 0 , A 1 = −m(b − c) , B 1 = 0, p = − a 
b−c ,

= (−m 

2 n� t α

α
+ m 

x β

β
+ n 

y θ

θ
) : 

For � > 0 and b 	 = c, 

 3 (x, y, t ) = A 0 − 2m 

[
c 1 r 1 exp (r 1 ξ ) + c 2 r 2 exp (r 2 ξ ) 

c 1 exp (r 1 ξ ) + c 2 exp (r 2 ξ ) 

]
. (28) 

or � < 0 and b 	 = c, 

u 4 (x, y, t ) = A 0 − m 

√ −�

⎡ 

⎣ 

−c 1 sin 
(√ −�

2 ξ
)

+ c 2 cos 
(√ −�

2 ξ
)

c 1 cos 
(√ −�

2 ξ
)

+ c 2 sin 
(√ −�

2 ξ
)

⎤ 

⎦ . 

(29) 

EFs in the Case 1 and Case 2 are computed as zero by using 

he symbolic toolbox in Matlab Programming for arbitrary 

arameters. 
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Fig. 1. 3D plot for the obtained traveling wave solution u 2 (x, t ) in Eq. (9) . 

Fig. 2. 2D plot for the obtained traveling wave solution u 2 (x, 1) in Eq. (9) . 
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Fig. 3. 3D plot for the obtained traveling wave solution u 4 (x, t ) in Eq. (10) . 

Fig. 4. 2D plot for the obtained traveling wave solution u 4 (x, 1) in Eq. (10) . 

Fig. 5. 3D plot for the obtained traveling wave solution u 6 (x, t ) in Eq. (11) . 
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. Results and discussion 

Traveling waves have a great importance in solitary wave 
heory. Three of traveling waves are the solitary waves, the pe- 
iodic waves and the kink waves [44] . The solitary waves are 
ocalized traveling waves and asymptotically zero at large dis- 
ances. The kink waves rise or descend from one asymptotic 
tate to another. Periodic waves are waves with a repeating 

ontinuous pattern. In this paper, we have established the trav- 
ling wave solutions of the conformable space-time fractional 
oussinesq and (2 + 1)-dimensional breaking soliton equa- 

ions. These solutions are expressed in terms of the trigono- 
etric, exponential and rational functions involving arbitrary 

arameters. For the special values of the parameters, physi- 
al behaviors of the obtained solutions are given in Figs. 1 –
6 . Figs. 1 and 2 show solitary wave solutions of Eq. (1) .
ig. 1 is 3D plot of the traveling wave solution u 2 (x, t ) 

n Eq. (9) for α = 0. 75 , β = 1 , m = −0. 2, a = 0. 5 , b =
. 5 , c = 0. 1 , c 1 = 2, c 2 = 1 and p = 0. 02. Fig. 2 demon-
trates the same solution with 2D plot for −40 ≤ x ≤ 40 at 
 = 1 . Figs. 3 and 4 are 3D and 2D plots of the singular soli-
on of the solution u 4 (x, t ) in Eq. (10) for α = 0. 75 , β =
233 
 , m = −0. 2, a = 3 , b = 4, c = 5 , c 1 = 1 , c 2 = 1 and
p = 1 , respectively. Figs. 5 and 6 are periodic wave solutions 
f Eq. (1) . In these figures, 3D and 2D plots of the traveling 

ave solution u 6 (x, t ) in Eq. (11) are given for α = 0. 5 , β =
. 5 , m = 0. 5 , a = 1 , b = 2, c = 5 , c 1 = 5 , c 2 = 2 and

p = 1 , respectively. We see that the wave amplitudes go to 

nfinity and the wavelengths increase when x approaches to 

nfinity. Figs. 7 and 8 are 3D and 2D plots of the solitary wave 
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Fig. 6. 2D plot for the obtained traveling wave solution u 6 (x, 1) in Eq. (11) . 

Fig. 7. 3D plot for the obtained traveling wave solution u 18 (x, t ) in Eq. (17) . 

Fig. 8. 2D plot for the obtained traveling wave solution u 18 (x, 1) in Eq. (17) . 
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t
x
f
t

Fig. 9. 3D plot for the obtained traveling wave solution u 1 (x, 1 , t ) in 
Eq. (26) . 

Fig. 10. 2D plot for the obtained traveling wave solution u 1 (x, 1 , 1) in 
Eq. (26) . 
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t
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t
a
f

olution u 18 (x, t ) in Eq. (17) for α = 0. 5 , β = 1 , m = 

1 
2 
√ 

�
,

 = 3 , b = 6 , c = 5 , c 1 = 2, c 2 = 3 and p = 2, respec-
ively. Note that 3D graph gives the action of u in the space 

at time t and illustrates the change of amplitude and shape 
or each obtained solitary wave solutions. 2D graph shows 
he action of u in space x at fixed time t = 1 . 
234 
The solutions u 1 (x, y, t ) , u 2 (x, y, t ) , u 3 (x, y, t ) and
 4 (x, y, t ) of the Eq. (20) are simulated as traveling wave 
olutions for various values of the physical parameters in 

igs. 9 –16 . Figs. 9 and 10 are 3D and 2D plots of
he solitary wave solutions u 1 (x, 1 , t ) and u 1 (x, 1 , 1) in
q. (26) for α = 0. 75 , β = 1 , θ = 0. 25 , m = 2, n =
. 05 , a = 3 , b = 1 , c = 2, c 1 = −1 , c 2 = 1 and A 0 =
, respectively. Figs. 11 and 12 are 3D and 2D plots of 
he periodic wave solutions u 2 (x, 1 , t ) and u 2 (x, 1 , 1) in
q. (27) for α = 0. 75 , β = 1 , θ = 0. 25 , m = 0. 05 , n =
1 , a = 1 , b = 0. 2, c = 3 , c 1 = 2, c 2 = 2 and A 0 =
, respectively. Figs. 13 and 14 are 3D and 2D plots of 
he anti-kink wave solutions u 3 (x, 1 , t ) and u 3 (x, 1 , 1) in
q. (28) for α = 0. 75 , β = 1 , θ = 0. 5 , m = 0. 1 , n = −0. 5 ,

 = 5 , b = 5 , c = 1 , c 1 = 0. 5 , c 2 = 2 and A 0 = 1 , respec-
ively. Figs. 15 and 16 are 3D and 2D plots of the periodic 
ave solutions u 4 (x, 1 , t ) and u 4 (x, 1 , 1) in Eq. (29) for α =
. 75 , β = 1 , θ = 0. 25 , m = 0. 1 , n = −0. 5 , a = 1 , b =
, c = 5 , c 1 = 2, c 2 = 2 and A 0 = 1 , respectively. Note
hat 3D graph gives the action of u in the spaces x and y
t time t and illustrates the change of amplitude and shape 
or each obtained solitary wave solutions. 2D graph shows 
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Fig. 11. 3D plot for the obtained traveling wave solution u 2 (x, 1 , t ) in 
Eq. (27) . 

Fig. 12. 2D plot for the obtained traveling wave solution u 2 (x, 1 , 1) in 
Eq. (27) . 

Fig. 13. 3D plot for the obtained traveling wave solution u 3 (x, 1 , t ) in 
Eq. (28) . 

Fig. 14. 2D plot for the obtained traveling wave solution u 3 (x, 1 , 1) of 
Eq. (28) . 

Fig. 15. 3D plot for the obtained traveling wave solution u 4 (x, 1 , t ) of 
Eq. (29) . 
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235 
he action of u in the space x at fixed y = 1 and t = 1 . All
raphics in figures are drawn by the aid of Mathematica 10. 

The accuracy of the obtained solutions is shown by us- 
ng REF. For the solutions u 2 (x, t ) , u 8 (x, t ) and u 18 (x, t ) in
q. (9) , Eq. (12) and Eq. (17) , the some values of the REF
re given in Table 1, Table 2 and Table 3 , respectively. It is
bserved that the maximum values of the REFs are 10 

−16 . 
his means that the obtained solutions are close to the exact 
olutions. For the solutions in Eqs. (10) , (11), (13), (14), (15), 
16), (26), (27), (28) and (29) , REFs are equal to zero for the 
rbitrary parameters. These results are obtained by using the 
ymbolic toolbox in Matlab. Therefore, the obtained solutions 
re the exact solution. For the solution u 20 (x, t ) in Eq. (18) ,
he some values of the REF are given in Table 4 . Note that 
or the integer values of the parameters a, b, c, REF is zero. 
or the arbitrary values x, t, α, β and for special parameters 
, b, c, c 1 , c 2 , p, m, REF of the solution u 22 (x) in Eq. (19) is
iven in Table 5 . Note that all values of the REF are equal 
o the zero. 

Generally speaking, the selection of the parameters is im- 
ortant in the calculation of REF. As can be seen from the 
ables 1 –5 , it is possible to obtain the exact solution for some 
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Fig. 16. 2D plot for the obtained traveling wave solution u 4 (x, 1 , 1) of 
Eq. (29) . 
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alues of the parameter, while it is possible to obtain the so- 
utions close to the exact solutions for others. 

. Conclusion 

In this paper, we have derived many traveling wave so- 
utions of the conformable space-time fractional Boussinesq 

nd (2 + 1)-dimensional breaking soliton equations. These so- 
utions are expressed in terms of rational, trigonometric and 

xponential functions involving arbitrary parameters. When 

hese parameters are special values, physical behaviors of 
hese solutions are presented in Figs. 1 –16. Furthermore, REF 

as been defined to check the accuracy of the solutions. The 
omputation of the REF for the conformable space-time frac- 
ional Boussinesq equation shows that some of the results are 
lose to the exact solution, while others are the exact solu- 
ion depending on the specific selection of the parameters. 
he solutions of the conformable space-time fractional (2 + 

)-dimensional breaking soliton equation are the exact solu- 
ions for the arbitrary parameters. This is because the REF is 
lways calculated as zero regardless of the choice of param- 
ters. 

In this article, SITEM method is applied to the con- 
ormable space-time fractional Boussinesq and (2 + 1)- 
imensional breaking soliton equations. To our knowledge, 
ITEM has not been studied extensively in the literature. Note 

hat the obtained solutions are new and have not been reported 

n former literature. SITEM can be also applied to the oth- 
rs fractional or nonfractional, nonlinear PDEs equations with 

onstant coefficients. 
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