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a b s t r a c t 

In this study, the authors obtained the soliton and periodic wave solutions for time fractional symmetric 

regularized long wave equation (SRLW) and Ostrovsky equation (OE) both arising as a model in ocean 

engineering. For this aim modified extended tanh-function (mETF) is used. While using this method, 

chain rule is employed to turn fractional nonlinear partial differential equation into the nonlinear or- 

dinary differential equation in integer order. Owing to the chain rule, there is no further requirement for 

any normalization or discretization. Beta derivative which involves fractional term is used in considered 

mathematical models. Obtaining the exact solutions of these equations is very important for knowing the 

wave behavior in ocean engineering models. 
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. Introduction 

Fractional calculus can be expressed as a generalized version 

f known calculus. In the beginning, fractionalizing the differen- 

iation and integration seems to be a paradox. But by the time 

he necessity of this process is understood. Fractional calculus has 

either geometrical nor physical explanation. So, a question can 

e asked: “What is the advantage of fractionalizing the differen- 

iation or integration?”. The answer is quite hard but can be ex- 

lained as follows. By taking the global correlation into evaluation 

he historical dependence of the evolution of system analysis can 

e stated easily with fractional calculus. The theoretical mathe- 

atical models coincide with the experimental results when frac- 

ional calculus is used while establishing the model. In addition 

o these, fractional calculus has clearer physical importance and a 

impler representation with a nonlinear model. Due to these ad- 

antages, fractional calculus became a very popular topic nowadays 

16–24] . There are many different definitions of fractional calculus. 

he most popular ones are Grünwald-Letnikov, Riemann-Liouville, 

aputo, Weyl, Hadamard, Atangana-Baleanu, Caputo- Fabrizio, con- 

ormable, etc. that are given in Oldham and Spanier [1] , Miller and 
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oss [2] , Podlubny [3] and Khalil et al. [4] . Each one has many dif-

erent properties. Common property satisfied by all of them is lin- 

arity [1–3] . As a result of such diversity, the following questions 

rise. “What is the advantages of these derivatives over the other 

nes?” or “What is the advantages and disadvantages of these frac- 

ional operators?”. For instance, initial/boundary value problems 

odelled by using the Riemann-Liouville operator must contain its 

onditions in the Riemann-Liouville sense. Caputo annihilated this 

isadvantage by his fractional operator named Caputo fractional 

erivative [3] . In addition to these, the derivative of a constant is 

ot zero when the Riemann-Liouville fractional operator is used. 

espite that, the derivative of constant is zero by using both Ca- 

uto and conformable derivatives. Also, Caputo, Riemann-Liouville, 

rünwald-Letnikov and some other derivatives do not satisfy chain 

ule, the formula of the derivative of the product of two func- 

ions, formula of the derivative of the quotient of two functions, 

he property D 

βD 

α( f ) = D 

β+ α and so on [4] . After then Atangana 

xpressed some basic criteria that fractional derivative operators 

ust provide that need to be satisfied for the operator to be called 

ractional derivative [5] . Also, a new fractional operator that satis- 

es sixteen criteria be called fractional derivative was introduced 

y Atangana in his book called beta derivative with a fractional 

erm [5] . 
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efinition 1. [5] Let a ∈ R and g : [ a, ∞ ] → R be a function. Then

−derivative of gis defined as: 

 

 

D 

β
t g(t) = 

⎧ ⎨ 

⎩ 

lim 

ε→∞ 

g 

(
t + ε 

(
t + 1 

�(β) 

)1 −β
)

−g(t) 

ε f or all t ≥ 0 , β = 0 , 

g(t) f or all t ≥ 0 , 0 < β ≤ 1 

here � the gamma-function 

(ν) = 

∞ ∫ 
0 

t ν−1 e −t dt. 

Atangana has proven some basic theorems by using this 

ew fractional operator. He represented partial β derivative, 

−divergence, β−gradient, β−curl, Clairaut’s theorem for partial 

-derivative, Green’s theorem for β-derivative, Stokes’s theorem 

or β-derivative, etc [5] . He expressed the fractional beta integral 

f a function as follows. 

efinition 2. [5] Let f : [ a, b] → R be a continuous function on

a, b) . The β−integral of the function f is given as follows. 

 

 

I 
β
t ( f (t)) = 

t ∫ 
0 

(
x + 

1 

�(β) 

)β−1 

f (x ) dx. 

Recently, this new operator attracted great attention. A lot of 

tudies are made using beta derivatives with fractional term. 

In this study the analytical results for the Ostrovsky Equation 

OE) 

D 

β
t D 

2 
x u − D x uD 

β
t D x u + u 

2 D 

β
t u = 0 , 

rising as a model of nonlinear waves in a rotating ocean and the 

nalytical results for (1 + 1)-dimensional symmetric regularized 

ong wave (SRLW) equation 

 

(2 β) 
t u + D 

2 
x u + uD 

β
t D x u + D 

β
t u D x u + D 

(2 β) 
t D 

2 
x u = 0 , 

hat the scientists benefit from while studying physical oceanogra- 

hy, dam breaking problems, river flooding, breakwater construc- 

ion and control, coastal engineering and wave propagation in 

sunami estimation. 

Beta derivative is used as a tool in many studies. For instance, 

afar et al. [6] obtained the exact solutions of the DNA Peyrard–

ishop equation by three distinct methods. Gurefe [7] used the 

udryashov method to obtain the analytical solutions of some non- 

inear fractional partial differential equations with beta derivative. 

ahran and Khater [8] employed modified extended tanh-function 

ethod to Bogoyavlenskii equations with beta fractional deriva- 

ive. Atangana and Alqahtani [9] modlled the spread of river blind- 

ess disease with beta derivative. Sub equation method is applied 

o some optical solitons by Martinez et al. [10] . Also, some other 

orks can be seen in the literature [11–13] . 

Also, recently some studies on the wave profiles analysis of dif- 

erent mathematical models are made. For instance, Varsoliwala 

nd Singh [25] expressed the mathematical modelling of atmo- 

pheric internal waves phenomenon and its solution. Kumar et. al. 

26] obtained the abundant closed-form wave solutions and dy- 

amical structures of soliton solutions to BLMP equation. Fahim 

t. al. [27] studied on wave profile analysis of a couple of (3 + 1)-

imensional nonlinear evolution equations. Kim et. al. [28] stated 

he analytical solution for one-dimensional nonlinear consolidation 

f saturated multi-layered soil. 

To the best of our knowledge, it is firstly seen in the literature 

hat the exact solutions of these equations have been obtained by 

sing beta derivative. 
445 
. Considered method 

In this part a short explanation of the mETF [8] is given. Con- 

ider the following nonlinear partial differential equation: 

 (u, D 

β
t u, D x u, D 

(2 β) 
t u, D xx u, ... ) = 0 , (1)

here D 

(2 β) 
t u means two times sequential beta derivative of func- 

ion u (x, t) . By using the wave transformation χ = kx + 

c ( 1 
�(β) 

+ t ) β

β
,

q. (1 ) turns into a nonlinear ordinary differential equation (NODE) 

s 

 (u, u 

′ , u 

′′ , u 

′′′ , ... ) = 0 . (2)

here the prime shows integer order differentiation of function u 

ith respect to new independent variable χ . In the wave transform 

denotes the harmonic wave frequency and k indicates the wave 

umber. The new step is that the solution we are regarding in the 

orm 

 (φ) = A 0 + 

m ∑ 

j=1 

φ j ( A j + B j φ
−2 j ) . (3) 

here 

′ = b + φ2 . (4) 

he parameter b can be evaluated later and φ = φ(χ ) , φ′ = 

dφ
dχ

. By 

he balancing procedure the parameter m can be evaluated. Putting 

he Eqs. (3) and (4) into Eq. (2) will produce a nonlinear alge- 

raic equation system with respect to A j , B j , b, c, k ( j = 1 , 2 , ..., m )

y vanishing all the coefficients of φ j . By using computer software, 

he values of constants A j , B j , b, k, c ( j = 1 , 2 , ..., m ) can be exam-

ned. Considering these values and the following solution cases for 

q. (4) 

Case 1. When b < 0 Hyperbolic function solution 

(χ ) = −√ −b tanh 

(√ −b χ
)
, 

(χ ) = −√ −b coth 

(√ −b χ
)
. 

Case 2. When b = 0 Rational function solution 

(χ ) = 

1 

χ
. 

Case 3. When b > 0 Hyperbolic function solution 

(χ ) = 

√ 

b tan 

(√ 

b χ
)
, 

(χ ) = −
√ 

b cot 
(√ 

b χ
)
. 

After than putting the values of A j , B j , b, k, cand the above 

entioned cases in Eq. (3) respectively concludes the exact solu- 

ions for Eq. (1) . 

. Applications of considered method 

In this section, the exact solutions for OE equation [15] and 

RLW equation [14] is obtained by using mETF where D 

β
t u means 

eta derivative of unknown function u (x, t) with fractional term. 

.1. Solutions for SRLW equation 

Consider the (1 + 1) dimensional SRLW equation 

 

(2 β) 
t u + D 

2 
x u + uD 

β
t D x u + D 

β
t u D x u + D 

(2 β) 
t D 

2 
x u = 0 . (5)

Using the chain rule [5] and the transformation χ = kx + 

c ( 1 
�(β) 

+ t ) β

β
for beta derivative concludes the following differential 

quation 

 k 2 c 2 + ku ) u 

′′ + kc (u 

′ ) 2 + k 2 c 2 u 

(ı v ) = 0 (6) 
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Fig. 1. Graphical representation of the u 1 (x, t) for β = 0 . 8 , c = 0 . 5 , k = 0 . 8 , b = 

−1 . 

Fig. 2. Graphical simulation of the soliton solution of u 2 (x, t) for β = 0 . 5 , c = 

0 . 5 , k = 0 . 8 , b = −1 . 5 . 

Fig. 3. Graphical representation of the solution u 3 (x, t) for β = 0 . 3 , c = 0 . 5 , k = 

0 . 8 , b = 4 . 

3

u

k

d

k

w

W  
here u dependent variable and χ is new independent variable. 

ith the help of the balancing procedure in Eq. (6) m = 2 is ob-

ained. Hence the auxiliary solution of the equation can be orga- 

ized as 

(χ ) = a 0 + a 1 φ(χ ) + a 2 φ
2 (χ ) + a 3 ( φ(χ ) ) 

−1 + a 4 ( φ(χ ) ) 
−2 

. 

(7) 

Subrogating the Eq. (7) into Eq. (6) and regarding Eq. (4) lead 

o an equation involving the function φ(χ ) and its powers. Van- 

shing all the coefficients of the powers yields an equation system 

ith respect to variables b, k, c, a 0 , a 1 , a 2 , a 3 , a 4 . Solving this sys-

em with the aid of symbolic computer software, following solu- 

ion sets yields. 

Set 1: 

 0 = 

−8 b c 2 k 2 − c 2 − k 2 

ck 
, a 1 = 0 , a 2 = 0 , a 3 = 0 , a 4 = −12 b 2 ck. 

Set 2: 

 0 = 

−8 b c 2 k 2 − c 2 − k 2 

ck 
, a 1 = 0 , a 2 = −12 ck, a 3 = 0 , a 4 = −12 b 2 ck. 

Substituting the solution sets in Eq. (7) , the solution cases for 

q. (4) and wave transformation the exact solutions for SRLW 

quation can be evaluated as follows 

Solutions For Set 1. 

 1 (x, t) = 

−8 b c 2 k 2 − c 2 − k 2 

ck 

+ 12 bck coth 
2 

⎛ 

⎜ ⎝ 

√ 

−b 

⎛ 

⎜ ⎝ 

c 

(
1 

�(β) 
+ t 

)β

β
+ kx 

⎞ 

⎟ ⎠ 

⎞ 

⎟ ⎠ 

, 

 2 (x, t) = 

−8 b c 2 k 2 − c 2 − k 2 

ck 
+ 12 bck tanh 

2 

⎛ 

⎜ ⎝ 

√ 

−b 

⎛ 

⎜ ⎝ 

c 

(
1 

�(β) 
+ t 

)β

β
+ kx 

⎞ 

⎟ ⎠ 

⎞ 

⎟ ⎠ 

, 

 3 (x, t) = 

−8 b c 2 k 2 − c 2 − k 2 

ck 
− 12 bck cot 2 

⎛ 

⎜ ⎝ 

√ 

b 

⎛ 

⎜ ⎝ 

c 

(
1 

�(β) 
+ t 

)β

β
+ kx 

⎞ 

⎟ ⎠ 

⎞ 

⎟ ⎠ 

, 

 4 (x, t) = 

−8 b c 2 k 2 − c 2 − k 2 

ck 
− 12 bck tan 2 

⎛ 

⎜ ⎝ 

√ 

b 

⎛ 

⎜ ⎝ 

c 

(
1 

�(β) 
+ t 

)β

β
+ kx 

⎞ 

⎟ ⎠ 

⎞ 

⎟ ⎠ 

. 

Solutions For Set 2. 

 5 (x, t) = 

−8 b c 2 k 2 − c 2 − k 2 

ck 
+ 12 bck coth 

2 

⎛ 

⎜ ⎝ 

√ 

−b 

⎛ 

⎜ ⎝ 

c 

(
1 

�(β) 
+ t 

)β

β
+ kx 

⎞ 

⎟ ⎠ 

⎞ 

⎟ ⎠ 

+ 12 bck tanh 
2 

⎛ 

⎜ ⎝ 

√ 

−b 

⎛ 

⎜ ⎝ 

c 

(
1 

�(β) 
+ t 

)β

β
+ kx 

⎞ 

⎟ ⎠ 

⎞ 

⎟ ⎠ 

, 

 6 (x, t) = 

−8 b c 2 k 2 − c 2 − k 2 

ck 
− 12 bck cot 2 

⎛ 

⎜ ⎝ 

√ 

b 

⎛ 

⎜ ⎝ 

c 

(
1 

�(β) 
+ t 

)β

β
+ kx 

⎞ 

⎟ ⎠ 

⎞ 

⎟ ⎠ 

− 12 bck tan 2 

⎛ 

⎜ ⎝ 

√ 

b 

⎛ 

⎜ ⎝ 

c 

(
1 

�(β) 
+ t 

)β

β
+ kx 

⎞ 

⎟ ⎠ 

⎞ 

⎟ ⎠ 

, 

Let us give the graphical representations for the above- 

entioned equations. 

Figs. 1 and 2 indicate the soliton solution and Figs. 3 and 4 rep-

esent the periodic wave solution of the SRLW equation. 
446 
.2. Solutions for OE Equation 

Regard the OE as 

D 

β
t D 

2 
x u − D x uD 

β
t D x u + u 

2 D 

β
t u = 0 (8) 

Using the chain rule [5] and the transformation χ = 

 ( x − c ( 1 
�(β) 

+ t ) β

β
) , for beta derivative concludes the following 

ifferential equation 

 

2 (uu 

′′′ − u 

′′ u 

′ ) + u 

2 u 

′ = 0 (9) 

here u dependent variable and χ is new independent variable. 

ith the help of the balancing procedure in Eq. (8) m = 2 is ob-
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Fig. 4. 3D graphics of the periodic wave solution of u 3 (x, t) for β = 0 . 5 , c = 2 , k = 

5 , b = 2 . 

Fig. 5. 3D graphical simulation for double soliton solution of u 1 (x, t) for β = 

0 . 9 , c = 0 . 001 , k = 1 , b = 1 . 

Fig. 6. Graphical representation of the cuspon solution of u 1 (x, t) for β = 0 . 9 , c = 

0 . 001 , k = 1 , b = 1 . 
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ained. Hence the auxiliary solution of the equation can be orga- 

ized as 

(χ ) = a 0 + a 1 φ(χ ) + a 2 φ
2 (χ ) + a 3 ( φ(χ ) ) 

−1 + a 4 ( φ(χ ) ) 
−2 

. 

(10) 

Subrogating Eq. (10) into Eq. (9) and regarding Eq. (4) leads to 

n equation involving the function φ(χ ) and its powers. Vanish- 

ng all the coefficients of the powers yields an equation system 

ith respect to variables b, k, c, a 0 , a 1 , a 2 , a 3 , a 4 . Solving this system

ith the aid of symbolic computer software, following solution set 

ields. 

Set 1: 

 0 = −12 b k 2 , a 1 = 0 , a 2 = −6 k 2 , a 3 = 0 , a 4 = −6 b 2 k 2 . 
447 
Substituting the solution set in Eq. (10) , the solution cases for 

q. (4) and wave transformation the exact solutions for OE equa- 

ion can be evaluated as follows: 

Solutions For Set 1. 

 1 (x, t) = 6 b k 2 coth 

2 

( √ 

−b k 

( 

x −
c 
(

1 
�(β) 

+ t 
)β

β

) ) 

+ 6 b k 2 tanh 

2 

( √ 

−b k 

( 

x −
c 
(

1 
�(β) 

+ t 
)β

β

) ) 

− 12 b k 2 , 

 2 (x, t) = −6 b k 2 cot 2 

( √ 

b k 

( 

x −
c 
(

1 
�(β) 

+ t 
)β

β

) ) 

− 6 b k 2 tan 

2 

( √ 

b k 

( 

x −
c 
(

1 
�(β) 

+ t 
)β

β

) ) 

− 12 b k 2 . 

The graphical representations for obtained results can be given 

s follows. 

In Fig. 5 double soliton solution is obtained. When the Fig. 6 is 

onsidered it is seen that a cuspon solution is obtained. 

. Conclusion 

In this article, the periodic wave solutions and soliton solu- 

ions for OE and SRLW equations are obtained. Both of these equa- 

ions are arising as a mathematical model in ocean engineering. 

ur work reported here is a first step towards understanding the 

tructural and physical behaviour of ocean models. We hope that 

ur work will be very useful in better understanding the wave oc- 

urring at coastal and harbor regions of the oceans. We believe 

ur manuscript is very timely and will interest the broad range of 

cientists working on ocean engineering models. A soliton or soli- 

ary wave is a self-reinforcing wave packet that continues its shape 

hile it propagates at a constant velocity. Solitons are caused by 

 cancellation of nonlinear and dispersive effects in the medium. 

olitons are the solutions of an extensive class of weakly nonlin- 

ar dispersive partial differential equations describing physical and 

ngineering systems. A periodic travelling wave is a periodic func- 

ion of one-dimensional space that moves with constant speed. 

onsequently, it is a special type of spatiotemporal oscillation that 

s a periodic function of both space and time. Periodic travelling 

aves play a fundamental role in many mathematical equations, 

ncluding self-oscillatory systems, excitable systems and reaction- 

iffusion–advection systems. 

unding 

The author(s) received no specific funding for this study. 

eclaration of Competing Interest 

A uthors declare that they have no conflicts of interest to report 

egarding the present study. 

eferences 

[1] K. Oldham , J. Spanier , The fractional calculus, theory and applications of dif-

ferentiation and integration of arbitrary order, Academic Press, 1974 . 
[2] K.S. Miller , B. Ross , An introduction to the fractional calculus and fractional 

differential equations, A Wiley-Interscience Publication, 1993 . 

[3] I. Podlubny , Fractional differential equations, Academic Press, 1999 . 
[4] R. Khalil , M. Al Horani , A. Yousef , M. Sababheh , J. Comput. Appl. Math. 264

(2014) 65–70 . 
[5] A. Atangana , Derivative with a new parameter: theory, methods and applica- 

tions, Academic Press, 2015 . 

http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0001
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0001
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0001
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0002
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0002
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0002
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0003
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0003
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0004
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0004
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0004
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0004
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0004
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0005
http://refhub.elsevier.com/S2468-0133(21)00097-8/sbref0005
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