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Abstract

Teleparallel gravity models, in which the curvature and the nonmetricity of spacetime are both set
zero, are widely studied in the literature. We work a different teleparallel theory, in which the curvature
and the torsion of spacetime are both constrained to zero, but the nonmetricity is nonzero. After
reformulating the general relativity in this spacetime we find a solution and investigate its singularity
structure.

1. Introduction

Einstein’s general relativity provides an elegant (pseudo-) Riemannian formulation of gravitation in
the absence of matter. In the variational approach, Einstein’s field equations are obtained by considering
variations of the Einstein-Hilbert action with respect to the metric and its associated Levi-Civita connection
of spacetime. That is, the absence of matter means that the connection is metric compatible and torsion free,
a situation which is natural but not always convenient. A number of developments in physics in recent years
suggest the possibility that the treatment of spacetime might involve more than a Riemannian structure [1].

Theories of gravity based on the geometry of distant parallelism [2]-[6] are commonly considered as
the closest alternative to general relativity (GR) theory. Teleparallel gravity models possess a number of
attractive features both from geometrical and physical viewpoints. Teleparallelism naturally arises within
the framework of the gauge theory of the group of general coordinate transformations which underlies
GR. Accordingly, the energy-momentum current represents the matter source in the field equations of the
teleparallel gravity.

Since gauge theories seem important for the description of fundamental interactions it appears natural
to exploit any gauge structure present in theories of gravity. Different authors, however, adopt different
criteria in order to determine what properties a theory should possess in order for it to qualify as a gauge
theory. We take the gravitational gauge group to be the local Lorentz group [7].

In this paper we will study a gravity model in a spacetime whose curvature and torsion are both zero,
but the nonmetricity is nonzero. There is a few works in the literature about gravity models in this kind of
spacetimes: the so-called symmetric teleparallel gravity [8].
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2. Mathematical Preliminaries

Spacetime is denoted by the triple { M, g, V} where M is a 4-dimensional differentiable manifold, equipped
with a Lorentzian metric g, which is a second rank, covariant, symmetric, non-degenerate tensor; and V is a
linear connection which defines parallel transport of vectors (or more generally tensors and spinors). With
an orthonormal basis {X,},

g:nabea(g)eb ) avbv"':07172737 (1)

where 1., = (—, +, +, +) is the Minkowski metric and {e”} is the orthonormal co-frame. The local orthonor-
mal frame {X,} is dual to the co-frame {e}, where

eb(Xa) = (SZ . (2)
The manifold M is oriented with the volume 4-form
*1=e"Aet ne? Aed, (3)

where * denotes the Hodge map. It is convenient to employ in the following the graded interior operator

1X, = -
tae® =00 (4)

In addition, the connection V is specified by a set of connection 1-forms A%. In the gauge approach to
gravity ne,, e%, A% are interpreted as the generalized gauge potentials, while the corresponding field
strengths; the nonmetricity 1-forms, torsion 2-forms and curvature 2-forms are defined through the Cartan
structure equations

2Qab = _Dnab = Nab + Nba » (5)
T% := De®=de"+ A% ANe, (6)
R% := DA% :=dA% + A% NAYS, (7)

where d and D denote the exterior derivative and the covariant exterior derivative, respectively. These field
strengths satisfy the Bianchi identities*

1

DQab = §(Rab + Rba) (8)
DT* = R%Ae (9)
DR% = 0. (10)

The linear connection 1-forms can be decomposed uniquely as follows [9],[10]:
A% =wh + K% +q% +Q%, (11)
where w% are the Levi-Civita connection 1-forms that satisfy
de” +wyAe? =0, (12)
K% are the contortion 1-forms such that

4 Neb =T (13)

*Since Qb = %Dnab # 0, we pay special attention in lowering and raising an index in front of the covariant exterior
derivative.



ADAK, SERT

and ¢% are the anti-symmetric tensor 1-forms defined by
Gab = —(2aQpc) A €€+ (15Qac) N e (14)
In the above decomposition, the symmetric part is
Aab) = Quabs (15)
while the anti-symmetric part is
Afap) = wWab + Kap + qab - (16)

It is cumbersome to take into account all components of nonmetricity in gravitational models. Therefore we
will be content with dealing only with certain irreducible parts of it to gain physical insight. The irreducible
decompositions of nonmetricity invariant under the Lorentz group are summarily given below [10]. The
nonmetricity 1-forms Qg5 can be split into their trace-free Q,, and the trace parts as

Qab = Gab + inava (17)

where the Weyl 1-form Q = Q% and *°Q,, = 0. Let us define

Ay = Zaaab , A= Age?,
_ 1
O, = *(Qpher), 0:=e"ANO, , Q,:= @ = 520 (18)
as to use them in the decomposition of Q. as
Qab = (1)Qab + (2)Qab + (S)Qab + (4)Qab7 (19)
where
1
(2)Qab = g*(ea A Qb +ep A Qa) (20)
2 1
®Qup = §(Aaeb + Apeq — 577abA) (21)
1
(4)Qab = ZnabQ (22)
(1)Qab = Qab - (2)Qab - (S)Qab - (4)Qab . (23)

We have 1,0Q% = 1,IQ™ =0, nyMQ™ = 1y, DQ™ = 9y @ Q0 = 0.,
ea AN DQY® =0 and z(a(2)ch).

3. Symmetric Teleparallel Gravity

In the symmetric teleparallel gravity (STPG) [8], we have the two geometrical constraints:

R% = dA%+AYANAS =0 (24)

T¢ = de*+ A% Ne’=0. (25)
These equations mean that there is a distant parallelism, but the angles and lengths may change during a
parallel transport.

In the literature there are many works on teleparallel gravity models [2]-[6] in which constraints are given
as

R%=0 , Q%=0. (26)
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One trivial solution to (26) is 14 = (—, +,+,+) and A% = 0. Then the orthonormal co-frame {e®} is left
over as the only dynamical variable. We call such a choice a Weitzenbok gauge. This gauge can not be a
solution to STPG because of equations (24) and (25), since when we set 1., = (—, +, +, +) and A% = 0 this
gives rise identically to e* = dz®: the so-called Minkowski gauge [8].

Now we give a brief outline of GR. GR is written in (pseudo-) Riemannian spacetime in which torsion
and nonmetricity are both zero, i.e., the connection is Levi-Civita. The Einstein equation can be written in
the form

1
Gy = —§Rbc(w) A" (ea Nep Nee) = KTq, (27)
or, alternatively,
G, := (Ric), — §Rea = K" Ta, (28)

where G, is the Einstein tensor 3-form, R (w) is the Riemannian curvature 2-form, (Ric), = 5 R%(w) is the
Ricci curvature 1-form, R = 1,(Ric)? is scalar curvature, 7, is energy-momentum 3-form and  is a coupling
constant.

For the symmetric teleparallel equivalent of Einstein equation, we first decompose non-Riemannian cur-
vature 2-form (7) via (11) as follows: with K% = 0,

R%(A) = R%(w) + D(w)(g% + Q%) + (¢° + Q%) A (¢% + Q%), (29)

where D(w) is the covariant exterior derivative with the Levi-Civita connection. After setting R%(A) = 0
we obtain the symmetric teleparallel equivalent of (27) as

Ga = 5[DW)q" +ai N g™ + QL A QY A" (ea Ney Aec) = KTa - (30)

N~

3.1. Spherical symmetric solution to the model

We now proceed to attempt to find a solution to the STPG model. As usual in the study of exact solutions,
we have two steps. The first one is to choose the convenient local coordinates and make corresponding ansatz
for the dynamical fields. The second step concerns providing the invariants of the resulting geometry. While
the choice of an ansatz helps to solve the field equations easily, the invariant description provides the correct
understanding of the physical contents of a solution.

Since metric and connection are independent quantities in non-Riemannian spacetimes, we have to predict
separately appropriate candidates for them. Therefore we first write a line element in order to determine
the metric. We naturally start dealing with the case of spherical symmetry for realistic simplicity:

g =—F2dt* + G?dr® + r?d6? + r?sin® 0dp? , (31)
where F'= F(r) and G = G(r). A convenient choice for a tetrad reads
e =Fdt, e'=Gdr, € =rdf, e*=rsinfdy. (32)

In addition, for the non-Riemannian connection, we choose

1 1 t 0
Mz = —Aoi=—=€®, Aig=—Agi = —=€%, Apg=—Agy = —— %,
r r r
F’ 1 1 1 1
Moo = ——e', App=-(1—2)e, Ap==-(1—-=)e!
00 FGe ) 11 r( G)e ) 22 r( G)e )
1 1
Ags = ;(1_5)61» others =0 . (33)
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These gauge configurations (32) and (33) satisfy the constraint equations R%(A) =0, T%A) =0. One
can certainly perform a local Lorentz transformation

e® — L%’ | A% — LacAéL_ldb + L%dL™ (34)

which yields the Minkowski gauge A% = 0. This may mean that we propose a set of connection components in
a special frame and coordinate which seems contrary to the spirit of relativity theory. However in physically
natural situations we can choose a reference and coordinate system at our best convenience.

We deduce from equations (32)—(33)

wor = —Fleo w ——162 w ——163 w ——COtee?’
00 = THEC, Wi2T Tom€ Wiz s —oEet, Wy = ——
o 11, 11, 11,
Qoo Fge Gu=pl-gle, Qu=-Fe, Qu=1-7e
F’ 1.1 1.1
go1 = ﬁeo’ qi2 = ;(5 —1)e?, qz= ;(a —1)e®, others=0. (35)

When we put (35) into (30) we obtain, with 7, = 0,
(dg" + 2w’ A g7 + ¢ N g¢) N (ea Ney Nee) =0, (36)

whose components read explicitly

Zeroth component [2(65—;), — %} el Ne?2 Aed =0 (37)
First component — [T%Féz — (r;;(;"’l:| O Ne2 ned =0 (38)
Second component [(F,FGél), + rlfc;g + (GT;),} enetned =0 (39)
Third component - [(F,FGél), + Tlfé;g + (GT;),} eOAetne? =0. (40)

Then from (37) and (38)
G(r) = 1/F(r), (41)

and from (39) and (40)

F*r) = 1- g , (42)

where C' is a constant.

In order to have a correct understanding of the resulting solution, we need to construct invariants of the
Riemannian curvature and nonmetricity. Although the total curvature is identically zero in the teleparallel
gravity, the Riemannian curvature of the Levi-Civita connection is nontrivial:

01, (F'G7Y) 19 02, I o 03, v _ ' 39
R (w)—iFG e , R (w)_—TFG2e , R (w)_—rFG2e ,
G—l / G—l ’ 1 1
R12(w) — ( TG) 621 , RlS(w) — ( TG) 631 , R23(w) — T_2(1 _ @)632 ) (43)

Thus the quadratic invariant of the Riemannian curvature reads

e - B[EEI] (Y €] L (- )] )
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and the spacetime geometry is naturally characterized by the quadratic invariant of the nonmetricity
F'\? 1 1\1°
A* ab 312(1—-= ]
Qu 1@ {(m) 3l (1-g)]

- {4r3(f2_0)_?;_?_746_2[1_0_%)]1/2}*1' 1)

These two quadratic invariants provide the sufficient tools for understanding the contents of the classical

solutions.

4. Discussion

In this paper we have studied a gravity model in the spacetime only with nonmetricty. A similar analysis,
the so-called symmetric teleparallel gravity (STPG), was performed in [8]. The main motivation for studying
STPG is to determine the place and significance of the symmetric teleparallel GR-equivalent model since the
GR-equivalent models are satisfactorily supported by observations. Thus we hope to gain physical insights
to nonmetricity. Important observation is that the Riemannian curvature invariant (44) is singular at r = 0,
but regular at the zero (r = C) of the metric function F(r), which means that we have a horizon here. The
resulting geometry then describes the well known Schwarzschild black hole at » = 0 with the horizon at
r = C. Since we are dealing with symmetric teleparallel gravity, it is necessary also to analyze the behavior
of nonmetricity. As seen from (45), the nonmetricity invariant diverges not only at the origin » = 0, but also
at the Schwarzschild horizon r = C. The horizon is a regular surface from the viewpoint of the Riemannian
geometry, but it is singular from the viewpoint of symmetric teleparallel gravity. We intend to clarify the
geometrical and physical meaning of the singularities in STPG by investigating matter coupling to STPG
in a separate paper.
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