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ON THE TANGENT SPHERE BUNDLE OF THE PSEUDO HYPERBOLIC TWO
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ABSTRACT. In this study, the Sasaki semi Riemann metric g5 on the tangent sphere bun-
dle with radius ¢ TSH% of the pseudo hyperbolic two space H% in semi Euclidean space
E‘;’ is obtained. Moreover, the connection coefficients of the Levi Civita connection on
the Sasaki semi Riemann manifold (Tngz, ¢%) are found and then the non linear geodesic
equations of (Tngz, ¢%) are obtained. Moreover, the relations between geodesics of le
and TEH% are examined. Finally, the components of the Riemann curvature tensor of
(T.H?,g°) are calculated.
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1. INTRODUCTION

The geometry of the tangent sphere bundle of a manifold is a well known subject for
the scientists related to bundle geometry. But the geometry of the tangent sphere bundle
with a semi Riemann metric is a new subject.

The tangent sphere bundle of n dimensional manifold is defined as the disjoint union
of the tangent vector space created by the unit tangent vectors at all points of this man-
ifold. The first time was considered that the disjoint union of the tangent vector space
created by the unit tangent vectors at all points of a geodesic circle of the unit 2-sphere
gave a sphere and by moving this sphere along the geodesic circle was produced a torus
by Klingenberg and Sasaki in [4]. Moreover, the authors studied on the torus family
which contains produced all torus along each geodesic circle of the unit 2-sphere. The
authors in their study proved that T;S? was a Riemann manifold with constant sectional
curvature. Nagy [5] calculated the components of the Riemann sectional curvature of
tangent sphere bundle T; M of a 2-dimensional Riemann manifold M. Moreover, he ob-
tained that a curve (x(t),y(t)) in the tangent sphere bundle had the geodesic curve if
and only if the geodesic curvature of x(t) with Gaussian curvature of M must have been
a constant rate or the parallel displacement of the vector component y(t) along the curve
x(t) must have drawn a helical curve. Sasaki [8] classified the geodesics on the tangent
sphere bundle of the unit n-sphere S and the hyperbolic n-space H" by using the gen-
eral formula of the Sasaki Riemann metric on T;S" and T; H" and taking regard of this
classification, he obtained three different types geodesics on T;S® and Ty H?. Ayhan [1]
obtained Sasaki Riemann metric of the tangent sphere bundle of the unit 3-sphere by
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using the geodesic polar coordinate of the unit 3-sphere. Furthermore, he calculated the
general geodesic equations of the tangent sphere bundle of the unit 3-sphere. Ayhan [2]
obtained the Sasaki semi Riemann metric ¢° on the tangent sphere bundle with radius ¢,
Te S‘% by using the parametric representation of the unit 2-sphere, S% in three dimensional
semi Euclidean space with index one. Then, he calculated the connection coefficients
of the Levi Civita connection and the coefficients of the Riemann curvature tensor of
(T:S3,¢%) and then found out a non-linear differential equation’s system which gives
geodesics of T,S3.

The aim of this study is to examine the geometry of the tangent sphere bundle with
radius ¢ of a hyperboloid with one sheet in 3-dimensional semi Euclidean space with
index one called pseudo hyperbolic 2-space. Firstly, the Sasaki semi Riemann metric g°
on the tangent sphere bundle with radius ¢ T H? of a pseudo hyperbolic two space H? is
obtained. Then, the connection coefficients of the Levi Civita connection of (Tng, gs)
have been calculated and then a differential equation’s system which gives geodesics of
Tng has been obtained. Moreover, the components of the Riemann curvature tensor of
T.H? are calculated. Finally, the condition providing the surface H? is totally geodesic
submanifold of T,H? is examined and the lifting operation preserved the causal charac-
ters of geodesics from the surface H to T.H7 is considered.

2. THE PSEUDO HYPERBOLIC 2—SPACE

In this section, the parametric representation of the hyperboloid of one sheet in semi
Euclidean space, the induced semi Riemann metric on H 2 the orthonormal base vectors
of the tangent vector space at any point of H?, the Christoffel symbols of H?, a differential
equation’s system, which gives geodesics of H? are considered.

Definition 2.1. Let <, > be non degenerate, symmetric, bilinear form in semi Euclidean space
E3 defined by
< U,V >= —U101 + UV7 + U373, (1)
for any vectors u,v € E3J. H? is a surface in E3 given by
H? = {u=(x1,x2,x3) :<u,u>= —1,u€EiJ’}. )

H2 is called as the hyperboloid of one sheet in semi Euclidean space or the pseudo hyperbolic 2-
space. H? is represented by hyperboloid of two sheet in Euclidean space given by the following
equation:
—xf 4+ x5+ 2% =1, ©))
with respect to rectangular coordinate system. The parametric representation of Hr are given by
x1 = cosha,
Xp = sinhacos®f, (4)
x3 = sinhasin 6,
and a curve on the surface H? is described by
c:t—c(t) = (a(t),0(t)), )

where (a,0) is called as the generalized coordinates of Hz.
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In order to find the arc length parameter of any curve on pseudo hyperbolic 2-space for
to <t < t1, the covariant derivations of x1, x», x3 are used as follow:
dx1 = sinh ada,
dxp = cosha cos fda — sinh a sin 646, (6)
dx3 = cosh asinfda + sinh a cos 646.

Definition 2.2. In semi Euclidean space E3, the arc length parameter between different two point
with infinitesimal distance on the surface H% (i.e. (x1,x2,x3) and (x1 + dxq, x2 + dxp, x3 + dx3))
is calculated by

ds? =< (dxy,dx,dx3), (dx1,dx;, dxs >

— (1)’ + (dx2)” + (dxs)?. @
By using the (6), we get
ds? = (da)* + sinh? a (d6) (8)
and also the matrix representation of this equation has the following components:
1 0 .
Qik < 0 sinh?z ),for i,k e{1,2}, )

where g is called as the induced metric on H? from E5. The inverse of g has the following

matrix representation:
; 1 0
g ( 0 1 ) . (10)
sinh®

Assuming that e; (a, ) is any point on H? given by

e1(a,0) = (cosha,sinhacos 6, sinh asin 0) (11)
with respect to standard orthonormal base of E3. Since a curve on the surface H7 is de-
scribed by ¢ : t — ¢(t) = (a(t),0(t)), the unit tangent vector of a—curves and §—curves
passing through the point e; (a,8) must be expressed by

d 1 9
fz—a and f3—7sinha%. (12)

In addition, the unit tangent vectors f, and f3 has the following local expression:
f2(a,0) = (sinha, coshacosb,coshasinf),

f3(a,0) = (0, —sin6, cosb), (13)

with respect to standard orthonormal base of ES. Thus {e1, f», f3} is another orthonormal
base of E3.

Theorem 2.1. Let H? be pseudo hyperbolic 2-space. If T, H3 is a tangent vector space at any
point e1(a,0) on H?, g is semi Riemann metric on Hi defined by

g: T,H}xT,H} — IR (14)
(XY) = g(XY)
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Proof. Let X = af, +bf3, Y = cfo +dfs and Z = pf, + qf3 be the tangent vectors at any
point on H? where {fa, f3} is orthonormal base of T, H?. Forall X, Y, Z € T,,S? and g,
B € IR, we get

gaX+BY,Z) = glalafo+bfs]+Blcfa+dfs],[pfa+qfs])
= ag(X,Z) + Bg(Y,Z2).

Similarly we get ¢(X,aY + BZ) = ag(X,Y) + Bg(X,Z). Thus g is bilinear transforma-
tion. Furthermore g must be symmetric map because the following equation is hold:

§(X,Y) = glafo+bfs,cfr+dfs)
= <Y, X).

Finally, g is a non degenerate map such that
g(X,Y)=0+<=Y =0 forall X € T, H?.

Since g is non degenerate, symmetric, bilinear form, ¢ must be a semi Riemann metric
on the surface H?.

Theorem 2.2. Let H? be pseudo hyperbolic 2-space. Let {e1, f2, f3} be an another orthonormal
base in E3 and f>, f3 be the base vectors of the tangent space T, Hz at a point ey of H; given by
the equations (11), (12) and (13). e is the time like and f, and f3 the space like unit vectors of
3.

Proof. Since the value of the unit vectors e1, f and f3 given by (11) and (13) under the
semi Euclidean metric <, > in E3 have the following expression:

<eje1 >=— cosh? g + sinh? a cos? § + sinh? asinZ§ = —1,
< fo, o >=— sinh? a 4 cosh? a cos? 6 + cosh? asin® 6 = 1,
< f3,f3 >=sin’f +cos’ 0 = 1,

e; must be the time like unit vector and f,, f3 must be the space like unit vectors, respec-
tively. If we consider the unit tangent vectors f, and f3 given by (12), we must use the
induced metric on H? from EJ given by (9). As a consequence of this fact, we get

s(f fo) = (1 0)<(1) sin(1)12a><(l)>:1’
g(f3,f3)=(0 Smlha)((l) Sin?,{zﬂ)( 9 >:1.

sinha
Thus, f, and f3 are the space like unit vectors.

Theorem 2.3. Let H7 be pseudo hyperbolic 2-space and {e1, f2, f3} be an another orthonormal
base of E3. The covariant derivations of these unit-orthogonal vectors are given by

dey, = daf, 4 sinh adbfs,
dfy = daey + cosh adbfs,
dfs = sinhadfe; — coshadff,.

Proof. We use the covariant derivations of orthonormal vectors ey, f2, f3 in order to exam-
ine the change of the base vectors on different two points with infinitesimal distance on

79



Ismet Ayhan

H? (i.e. (e1, f2, f3) and (e1 +dey, fo +dfs, f3 +df3)). The covariant derivatives of these
vectors are calculated by using the partial derivation as follow:

deq aaeld + ?,;;1619 =daf, + sinhadff;,
dfy = % 381;2 d0 = dae; + coshadbfs,

dfs = %dﬂ + 9fs d9 = sinh adfe; — cosh ado f;.

Theorem 2.4. Let (H?,g) be a semi Riemann manifold. Let D be Levi Civita connection of
(H3,g) and cpf-‘]-; i,j,k € {1,2} be Christoffel symbols with respect to the semi Riemann metric
g. Then the non-zero the Christoffel symbols of (H?,g) have the following components:

¢3, = —sinhacosha, ¢, = cotha,
where cpff]. = <p}‘ifor alli,j, k € {1,2}.

Proof. On the semi Riemann manifold (H%, g), there is a unique connection D such that
D is torsion free and compatible with semi Riemann metric g. This connection is called
as Levi Civita connection and characterized by the Kozsul formula:

2¢ (Djy,00,0¢) = 048 (09, 99) + g (09, 0a) — 9pg (da, 0g) +
_g ([aa/ae] 189) +g ([89189] /aa) +g([a(~),aa] /ae) ’

where 9, a 2 = d1,and 9y = ae = 0. Since D is symmetric, [d,, dp] must be zero. If we
get Dy, dg = 4)128 + (])1289, from Kozsul formula, it is obtained by

1
p1, = Eglm (018m2 + 9282m — Om&12) =0,

1
Gb%z = igzm (019m2 + 9282m — Omg12) = cotha,

where m € {1,2}. The other Christoffel symbols can be obtained by using the similar
method.

Theorem 2.5. Let (H?,g) be semi Riemann manifold and ¢ : t € R — c(t) = (a(t),0(t)) €
H? be a curve on the pseudo Hyperbolic 2-space H?. ¢ is a geodesic if and only if the following
differential equation’s system has been provided:

a — sinha coshaf? = 0, (15)
6 + 2 cothaad = 0. (16)

Proof. c(t) = (a(t),0(t)) is geodesic if and only if D:¢ must be zero. Since ¢ is equal to
(19, + 099, De¢ is equal to Dy, (40, + 69p) + Dy, (49, + 69g). For De¢ = 0,

D = (ﬁ — sinh a cosh a92> d, + <9 + 2 coth a[zé) dg

it is seen that the claim of the theorem is correct, easily.
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Definition 2.3. Let the line element of H? be

ds®> = i% + sinh? af?* = . (17)
The curve c : t € R — c(t) = (a(t),0(t)) € H? providing the equations in (2.17) is called
as the time like, the light like or the space like curve providing that e = —1,e = Qore = 1,

respectively.

In the rest of the paper, the curve c will be assumed as a geodesic of H2. To find a general
equation characterizing the time like, the light like or the space like geodesics on H?, we
get

da\? 2 42
<d€9> + sinh” af” = e. (18)
from (2.17). If we solve the differential equation in (2.16), we get
{;Z(9)+2cotha9}tz:0:>9:kcsch2ava:O, (19)

and the value 6 = kcsc h?a put in the equation (2.18), the general equation characteriz-

ing the time like, the light like and the space like geodesics on H? are obtained as follows:
da Vesinh*a — k2 sinh? a 20)
do k '

Theorem 2.6. The time like geodesics of pseudo hyperbolic 2-space H? are given by the following

generalized and rectangular coordinates of H?

V14 k%csch?a+ kcotha = cosf —isin8,
2
(xz— \/X%+x§+k2—kx1> +x%=0.

Proof. The one parameter curve family obtained by putting ¢ = —1 in (20) defines a
lot of planes. The time like geodesics of pseudo hyperbolic 2-space H? are cross-section
curves between the planes and the surface H?. The following curve on H? is given by an
example to the time like geodesic:

and

512 -1 312 +1.
=t

fork = 1.
Theorem 2.7. The light like geodesics on pseudo hyperbolic space H? are given by the following

generalized or rectangular coordinates of H? :
cscha — cotha = cos0 +isinf, (x1 —x — 1)2 +x%=0.

Proof. The one parameter curve family obtained by putting ¢ = 0 in (20) defines two
planes. The light like geodesics of pseudo hyperbolic 2-space H? are cross-section curves
between the planes and the surface H. The following curve on H? is given by an exam-
ple to the light like geodesic:

c(t) = (t,t,0).
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Theorem 2.8. The space like geodesics on pseudo hyperbolic 2- space H? are given by the follow-
ing generalized or rectangular coordinates of H? :

V1 —k?csch?a

V1+k?
Proof. The one parameter curve family obtained by putting ¢ = 1 in (20) defines sur-
faces. The space like geodesics of pseudo hyperbolic 2-space H? are cross-section curves

between these surfaces and the surface H?. The following curve on H? is given by an
example to the space like geodesic:

c(t) = (V2VE2 +1,VE2 +1,t)

=sinf, x5 = K*(x3 4+ 1).

fork=1.

3. THE TANGENT SPHERE BUNDLE WITH RADIUS € OF PSEUDO HYPERBOLIC TWO
SPACE

This section consists of some subjects as the representation by the local coordinate func-
tion of any point on T.H?, the orthonormal base at any point of Tngz, the covariant
derivations of this orthonormal base elements, Sasaki semi Riemann metric gs on TEH%,
the adapted base and adapted dual base on TSH% with respect to gs . Furthermore, in
this section contains the subjects as the connection coefficients of the Levi Civita connec-
tion of Sasaki semi Riemann manifold (T.H?, ¢°), a differential equation’s system, which
give geodesics on (Tg H%, gs). Finally, the coefficients of the Riemann curvature tensor of
(T:H?,¢°) are calculated.

Definition 3.1. T.H? = U 2(u € T, H? : g(u,u) = &) is the disjoint union of the
Veq(a,0)€H;

tangent vector spaces including all unit tangent vectors at every point of H2. Thus, T.H? is the
total space of time like, light like and space like vectors with respect to the induced metric g from
standart semi Euclidean metric in E3 and T,H? is called as the tangent sphere bundle with radius
¢ of H2.

Since H% has 2 dimensional manifold structure, TEH% should be 3 dimensional manifold
structure. Let 77 : TEH% — H% be a canonical projection map and e, be an element of TSH%
at the point e (a,6) of H?. If we denote the angle between f, and e, by w, then (4,6, w)
can be considered as local coordinates for e, in nfl(H%). Therefore, ¢; and e3 have the
following local expression:

e(a,0,w) = coswfy +sinwfz,

e3(a,0,w) = —sinwf, + coswfs, (21)
where e3 is an element of TeH% at the point e;(a, 6) of H%

Theorem 3.1. Let T,H? be the tangent sphere bundle with radius e of pseudo hyperbolic 2-space
H3. If ey, e5 have been considered as the tangent vectors at a point e1(a,0) on H given by the
equations (3.1) then ey and ez are the space like unit vectors.
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Proof. The value of the unit tangent vectors e, and e3 given by (3.1) under the semi
Euclidean metric in E3 are obtained as follows:
< ey ep >=costw < fa, fo > +sin?w < fa, fa>=1,
< ese3 >=sin’w < f2, fa > +cos?w < fa, fa>=1.
Thus, e; and e3 are the space like unit vectors.
Theorem 3.2. Let T.H? be the tangent sphere bundle with radius e of pseudo hyperbolic 2-space

and ey, ez, e3 be unit-orthogonal elements of TSH%. The covariant derivations of these elements
are given by

de; = (cos wda + sinh a sin wdf) e; + (— sinwda + sinh a cos wdb) e3,

dey = (cos wda + sinhasinwdf) e; + (dw + cosh adf) es,

des = (— sinwda + sinh a cos wdf) e; — (dw + cosh adb) e;.
Proof. We use the covariant derivations of ey, e, e3 in order to examine the change of the
base vectors on different two points with infinitesimal distance on TSH% (i.e. (e1,€2,€3)

and (e; + dey, e + dep, e3 + des)). The covariant derivatives of e, ez, e3 are obtained by
helping the partial derivation, easily.

Definition 3.2. The I1-forms providing the equation w; =< de,e; >, for
i,j € {1,2,3} are called as the connection I-forms on the cotangent space

T(*e] &) T, H} where wj; is given by
171 = Wiy = —Wy1 = coswda + sinh a sin wd#,
;72 = w3 = —ws; = — sinwda + sinh a cos wd#, (22)
173 = W3 = —w3p = dw + coshadf.

Theorem 3.3. In semi Euclidean space ES, the line element between infinitely close two point on
T.H? is given by

do* = (da)* — (d6)* — 2 cosh adfdw — (dw)?>. (23)
Proof. In semi Euclidean space E2, let {e1, e, e3} be the orthonormal base at any point
ex € 1 ({e1}) on TlH% and {ej +deq, ez + dey, e3 + des} be the orthonormal base at

another point to be infinitely close point to e;. The infinitesimal length between this two
point is obtained as follows:

do? =< dey,dey > — < dey, e5 >>
=" At At =P AP
= (da)* — (d6)* — 2 cosh adfdw — (dw)?*.

Definition 3.3. do? : (g%) is called as a metric structure on the manifold T,H?. Moreover,
{n', % n®} is called as an adapted dual base on the cotangent space T(*e1 )TSH% with respect to

€2

¢5. If the tangent vectors &;;i € {1,2,3} providing the following equation:

7@ =g e —ea={ 1 T TN @
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1,C2,C3} is called as adapted base of the tangent space T T.H? with respect to the metric
P 8 P (e1,2) 1 P
structure g° where &; i € {1,2,3} is defined by

d sinw 9

. 0
&1 = cosw— + — cothasinw—,

da ' sinha of dw
. d cosw 0 d
G2 = —sinw_ 4 ——— — — cothacos ws -, (25)
0
3 =75

Theorem 3.4. Let T.H? be the tangent sphere bundle with radius ¢ of pseudo hyperbolic 2-space.
If T(ELEZ)T,SH% is a tangent vector space at any point on T;H?, ¢° is semi Riemann metric on
T.H? where g° is defined by
ST T.H? x T, T.H? — IR.
4 (e1,e0) Lt (e1,e0) tetty
(%.7) - g (%7) (26)

Proof. Let ;( = x'&, lN/ = yj(;‘]- and 2 = ZK¢y for i,j,k € {1,2,3} be the tangent vectors at
any point (eq,e2) of TSH% where {¢1,¢2, {3} is a orthonormal base of T(el,ez)TgH%. For all

~ ~ ~

XY, Z € T(%EZ)TgH% and any &, B € IR, we get

$@X+pY,2) = g{a[¥e] +B[VE]},7E)

mation. Since the follow equality is hold
g(XY) = gy =y'xe =g (Y, X).
¢° must be symmetric map. Finally, g° is a non degenerate map because ¢° provides
S(XY)=0<=Y=0 forallX € T,,H%

Since g° is non degenerate, symmetric, bilinear form, g° is a semi Riemann metric on the
tangent sphere bundle with radius & T.H?. ¢° is called as the Sasaki semi Riemann metric
on TSH%. Moreover (TSH%, gs) is also called as the Sasaki semi Riemann manifold.

Theorem 3.5. Let T,H? be the tangent sphere bundle with radius e of pseudo hyperbolic 2-space
and {1, G2, C3} be a orthonormal base of T(e1,ez) Tng with respect to Sasaki semi Riemann metric

gs . Then &1, Cp are the space like unit vectors, ¢3 is a the time like unit vector and % {&1+ 3},
3 {82+ 83}, 5 {61 — Ga) are the light like vectors.
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Proof. The image of the unit tangent vectors ¢; and ¢, ¢3 given by (3.5) under the Sasaki
semi Riemann metric g5 are

0 9 sin? w 0 9
S S~
§5(81,81) = oS wgt (5, 5) — S (g, 1)
sin? w 0 d o 0
_ Sinh2acoshag (89 5w —) 4 coth? a sin® wg (aw @)
=1,
and
0 d cos’w 5,9 9
<CZ’€2> —Sll’l wg (a aa> sinhzag (%'%)
cos? w 0 o 0 0
R coshag® (89 % —) 4 coth? a cos® wg (8w %)
=1,

Jd d

S S

= ¢5()—) = —1.
80583 = (o)

As a consequence g°(&3,¢3) = —1and ¢°(¢1,&1) = £°(82, &) = 1, & is a the time like
unit vectors and ¢1, §2 are the space like unit vectors with respect to gs . Furthermore, it is
seen that % {&1+E3}, % {&+¢3}, %[2 {1 — G2} are the light like vectors with respect
to ¢°, easily.

Sasaki semi Riemann metric ¢° on the tangent sphere bundle with radius ¢ of pseudo
hyperbolic 2-space has the following matrix representation:

1 0 0
Sap:| O -1 —cosha | fora,pe{1,23}. (27)
0 —cosha -1
The inverse matrix of g,p is given by
1 0 0
g0 csch’a —cschacotha | . (28)
0 —cschacotha csc h?a

Theorem 3.6. Let (T H2,¢%) be Sasaki semi Riemann manifold. Let V be Levi Civita con-
nection of (T.H?,g%) and Tlgio B,y € {1,2,3} be coefficients of the Christoffel symbols with
related to V. Then the non-zero the Christoffel symbols of (T.H?,g°) are given by

1“%3 = % sinha,
2, = cotha, T%, = —3cscha, (29)
1%, = —lcscha, T3, = 1cotha,

where T}y =T}, forall o, B,y € {1,2,3}.

Proof. On the Sasaki semi Riemann manifold (T.H?,¢°) there is a unique connection V
such that V is torsion free and compatible with semi Riemann metric ¢°. This connection
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is called as Levi Civita connection and characterized by the Kozsul formula:
28° (Va,00,0) = a8° (99, 90) + 008" (30, 0a) — 0g” (9, 3p) +
- gs ([aﬂ/ag] /aw) + gs ([GQIaw] /aﬂ) + gs ([aw/aa] 189) 7

where 9, = % = 01,09 = a% = 0y and 9, = % = 03. Since V is symmetric,
[0a,90] , [0, 9w] , [0w, 2] must be zero. If we get V0, = T1,01 + I7,02 + 5,03, from
Kozsul formula, Christoffel symbols are obtained as follows:

1
I, = Eglk (018k2 + 9281k — 9kg12) =0,

—_

1
I, = §8zk (018k2 + 9281k — 9kg12) = 5 cotha,

N

1 1
1““;’2 = Egsk (0182 + 0281k — %kg12) = ) csc ha,

where k € {1,2,3}. Other Christoffel symbols can be obtained by using the similar
method.

Theorem 3.7. Let (T.H;g°) be Sasaki semi  Riemann  manifold — and
c:t€R — c(t) = (a(t),0(t),w(t)) be a curve on the tangent sphere bundle with radius
e T.H3. ¢ is geodesic if and only if the following second order differential equation’s system must
be provided:

a+ sinhafw = 0,
0 + coth aa® — csc haaw = 0, (30)

> — cschaaf + cot haaw = 0.

Proof. c(t) = (a(t),0(t), w(t)) is geodesic if and only if V¢ must be zero. Since ¢ is equal
to 49, + 009 + W, Ve is equal to

Vet =V, (04 + 009 + W) + Vi, (894 + 699 + @dy) +
+Vwaw (ﬂaa + 989 + waw) .

Therefore we get

. /1 1
V€ = ad, + ab <2 cothadg — 5 csc ha8w>
. 1 1 ;
+ aw (—2 cschadg + 5 coth a8w> + 609+
(1 1 S
+ af <2 cothady — 5 csc ha) dw + Bw sinh ad, +

+ aw (—; csc hadg + % coth aaw> + Wdp.

If we organize V¢,
Vet = (Zi + sinh aéciz) d; + <9 + coth aaf — csc haézd;) dg

+ <w — cschaaf + cot haiza')) 0w
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it can be seen that the claim of the theorem is true.

Theorem 3.8. The non-zero components of the Riemann curvature tensor of the semi Riemann
manifold (T.H?, g°) are given by

1 _ 1 1 _ 1 1 _ 1 1 _ 1
R3y = —gcosha Ryy = —jcosha, R3p =—7, Ryp =1,

I | 2 _ 1 2 1 2 1 2 _ _1
Ry = —gcosha, Ry =—3, Rip=173 Riyp=1 Ripmp=-1
3 _1 p3 _ 1 3 _ 1 3 _ 1 3 _
Ryp =7 R3s=—gcosha, Ryjz=3 Ryy=-7 Rin =0,

where R”m = —Rgvﬁfor a, B,y € {1,2,3}.

o

Proof. Let FZ/@/ a, B,y € {1,2,3} be the Christoffel symbols of the semi Riemann mani-
fold (TEH%,gS) and RZM'
tensor. By using the known formula of the Riemann curvature tensor

) o
Rlg, = 0pThy — 0y Thg + Tsela — T5 Tag,

a,B,v € {1,2,3} be the components of the Riemann curvature

and the Christoffel symbols of (T:H?,¢°) in (3.9), it is seen that the claim of the theorem
is correct, easily.

4. MAIN RESULT

In this section, the obtained data in second and third section are summarized. Further-
more, two theorem with related to the relations between geodesics of H? and T.H? are
given. Finaly, the particular examples of the time like, the light like and the space like
geodesics on the surface H are given and the relation between these geodesics and
geodesics of T,H? are given.

In the second section, we obtained a differential equation’s system which gives geodesic
of the surface H? as follows:

4 —sinhacoshaf® = 0,

é+2cothaa9 = 0,

and the general equation characterizing the time like, the light like and the space like
geodesics on H? are obtained as follows:

da \/S sinh* g — k2 sinh? a
6 k '
Furthermore, the time like geodesic equations are cross-section curves of the pseudo
hyperbolic space H? with the following surfaces given by generalized coordinates (a, 0)

and cartesian coordinates (x1, X2, x3), respectively as follows:

vV 1+ k?csch?a + kcotha = cosf —isinf,

2
<x2—\/x§+x§+k2—kx1> +x%=0.
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The following curve on H? can be given by an example to the time like geodesic:

562 -1 3t2+1.,
() =t~ =)

fork =1.
The light like geodesic equations are cross-section curves of the pseudo hyperbolic space
H? with the following surfaces given by generalized coordinates (4,60) and cartesian
coordinates (x1, x2, x3), respectively as follows:

cscha — cotha = cosf +isinf, (x; —x; —1)* 413 = 0.
The following curve on H% can be given by an example to the light like geodesic:

c(t) = (t,t,10).

The space like geodesic equations are found with respect to generalized coordinates
(a,0) and cartesian coordinates (x1, X2, x3), respectively as follows:

V1 —k?csch?a
V1+k?

The following curve on H? can be given by an example to the space like geodesic:

o(t) = (V2VE+1,VE+1,1),

=sinf, x5 = K2 (x5 4+ 1).

fork =1.

In the third section, we calculated the line element on the tangent sphere bundle with ra-
dius ¢ T.H? of the pseudo hyperbolic 2-space H7 with respect to the induced coordinates
(a,0,w) as follows:

do? = (da)z - (d@)2 — 2coshadfdw — (dw)2 ,

and we found out the connection coefficients of the Levi Civita connection of the semi
Riemann manifold (T.H?, g°) as follows:

I}, = }sinha,

%2, =1cotha, T2,=—lcscha
=73 L3 =73 /

I’%Z = —% csc ha, 1"?3 = %coth a.

Furthermore, we calculated the general geodesic equations of the semi Riemann mani-
fold (T.H?,¢°) as follows:

a + sinhafw = 0,
0 + coth aaf — csc haaw = 0,

(0 — csc haab + cot haaw = 0.

If we consider with together two differential equation’s systems which give geodesics
on the surface H? and its tangent sphere bundle with radius ¢ T.H? we can obtain the
following two theorem:

Theorem 4.1. Let (a,0) is generalized coordinates of H3 and (a, 0, w) is the local coordinates of
T.H?. The surface H? is totally geodesic sub-manifold of the tangent sphere bundle with radius ¢
T.H? if and only if & is equal to — cosh aé.
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Proof. If we put —coshaf instead of & in the differential equations system given by
(29) we can get the following the differential equations system:

a — sinh a cosh a (9)2 =0,

é+2cothac'z9 =0.
@ + coshah = 0

The solution curves of the above differential equations system give the horizontal geodesics
of T;H?, which are obtained by parallel translations of the unit vectors passing through
geodesics given by (15) and (16) on the surface H?. Since lifted curves with parallel
vector field of each geodesic of the surface H7 are also a geodesics of T.H; . If we put
—coshaf the instead of @ in the Sasaki Riemann metric on TgH%, we obtain the following
equation:

do? = (da)* — (d6)* +2cosha (d0)* — cosh® a (d6)?
= (da)* +sinh®a (d6)?

Thus, we see that the time like, the light like, and the space like geodesics of the pseudo
hyperbolic 2-space H? is the time like, the light like, and the space like geodesics of the
tangent sphere bundle T.H?. The surface H? is also submanifold of T.H? (see [7]), the
surface H? is totally geodesic submanifold of T, H?.

Theorem 4.2. The horizontal lifting operation from the surface H? to T,H7 preserves the causal
characters of geodesics.

Proof. Assuming that C : t — C(t) = (a(t),0(t), w(t)) is a horizontal geodesic curve and
c:t — c(t) = (a(t),0(t)) is natural projection to the surface H with 710 C = ¢ where
7 : T.H? — H? is a canonical projection. Since ¢°(X!, XH) = ¢(X, X) for X# = C(t)
and X = ¢(t) When a geodesic on the surface H? is the time like or the space like or the
light like geodesic, the horizontal lifted to T.H? of this geodesic must be respectively the
time like or the space like or the light like geodesic. Thus, horizontal lifting operation
from the surface H? to T.H? preserves the causal characters of geodesics.

In the third section, we get the non-zero components of the Riemann curvature tensor of
the semi Riemann manifold (T, H?, ¢°) as follows:

1 _ 1 1 _ 1 1 _ 1 1 _ 1
R3y = —gcosha Ryy = —jcosha, R3p =—7, Ryp =1,

2 1 2 _ 1 2 1 2 1 2 _1
Ry = —gcosha, R =—3, Rip=173 Ripn=37 Ripm=-1
3 _ 1 p3 _ 1 3 _ 1 3 _ 1 3
Ry, =7 Ry = —gcosha, Ryj;=137, Ryy=-—3 Ry =0
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