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Abstract: The aim of this study is to obtain images on the cotangent bundle of some tensor fields obtained by means of
vertical, complete and horizontal lifts on the tangent bundle of a Lagrange manifold by using the Legendre transformation.
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1 Introduction

Lifting theory between the tangent and cotangent bundles is one of the important subjects of differential geometry, which has been
studied over the last 60 years.

Lifts on the cotangent bundle of some tensor fields on a differentiable manifold can’t be defined as a complete lifted a one form and
metric with type II+1Il in the cotangent bundle. This situation makes greater the lifting theory in the tangent bundles than lifting theory in
the cotangent bundle. The re-expression idea on the cotangent bundle of general tensor fields on the tangent bundle is not a new idea.
But the re-expression idea in the cotangent bundle of the lifted tensor fields on the tangent bundle is original. The most ideal tool used
for the transformation of the tensor fields between the tangent and cotangent bundle is Legendre transformation.

In literature, the tensor fields on the tangent bundle and the cotangent bundle of a Lagrange manifold are obtained by two different
methods. When one of the methods is lifting the tensor fields in a Lagrange manifold, the other is the £-duality property between the
tangent and cotangent bundles of a Lagrange manifold.

Yano and Ishihara [8] have made extensive studies about vertical, complete and horizontal lifts from a manifold to its tangent bundle
or its cotangent bundle.

Crampin [4] defined vertical, complete and horizontal lifts from a Lagrange manifold to its tangent bundle.

Miron [5] obtained the images on the cotangent bundle of the general differential geometric objects on the tangent bundle of a
Lagrange manifold under the Legendre transformation.

Oproiu and Papaghiuc [7] found the images on the cotangent bundle of the vertical and horizontal base and dual base vector fields on
the tangent bundle of a Lagrange manifold under the Legendre transformation.

Ayhan [3] showed the basic tensor fields as functions, vector fields and one forms obtained by vertical, complete and horizontal lifts
from a Lagrange manifold to its tangent bundle how they were transformed on the cotangent bundle by using the Legendre
transformation.

In this paper, we will examine the images on the cotangent bundle of the tensor fields with type (1,1), (0,2), (2,0) obtained in terms of
vertical, complete and horizontal lifts on the tangent bundle of a Lagrange manifold by using the Legendre transformation. Furthermore,
we will express to the components of these tensor fields with respect to induced local coordinate on the cotangent bundle.

2 The Tangent and Cotangent Bundle of a Lagrange Manifold

Let M be an n-dimensional differentiable manifold, 7M be a 2n-dimensional differentiable manifold called as the tangent bundle
of M and 7 : TM — M be a natural projection. If (U,x",x%,...,x") is a local chart on M. (¢ '(U),x' oz,x*07,.,x"o7,y",y%,..0") is

defined by the

ol ol

19 2 9000
ox'  ox ox"

defined on TM where y',y?,..)" are vector space coordinate with respect to the natural local frame

local chart (U,x',x*,...,x") .
Let the differentiable function L : TM — R called as Lagrangian be expressed by
1

L(x',y") zz(g,-,-)V(x,y)y"y" )



87 International Journal of Physical and Mathematical Sciences Vol 4, No 1 (2013) ISSN: 2010-1791

where ( g[j)V(x, ») isthe vertical lift of g, (x) on M. Since the Hessian of the function L with respect to ¥

2

y oL ..
(g,j)L (xay):g,j(x):Wala] :la"'an (2)

is non degenerate every all points U c M and L is regular when g;(x) is non singular. A Lagrange manifold is a pair (M,L)

formed by differentiable n-dimensional manifold M and a regular Lagrangian L(x,y) . In the rest of the paper, M is considered to

be a Lagrange manifold.
Let the functional
B dx’

¢[7]:{L(x,y)dt, Y= 3)

be the space of curves passing through the points xj = x(¢,)),x] = x'(¢) ). If the curve making minimum of the value of ¢[y] is the

curve y :{(t,x): x' =x'(t),t, <t <1,}, then the curve y is the solution curve of the Euler Lagrange equations defined by

d(oL) oL . dx
—| = |-=== 0, y =—. (4)
dt\ oy Oox dt
Using the composite function differentiation, The Euler Lagrange equations become
2k 2 k
dr 0L dr O, )
dtt  ox'oy' dt  ox'

If the equation in (5) is operated operating by g”’ , the entries of the inverse of the non degenerate matrix [g, ] , the following

Sik

equation is obtained:

dzxk n Gh(x[ y[) =0 (6)
dtz b b
where
P ( 0°L oL
G' oy =g"| = - | h=lean. @
r=s ok oy P
In a Lagrange manifold A , there exist the nonlinear connections which depend on the Lagrangian L. One of which has the coefficients
y_10G" _ i
([51,16D.

Let VTM be vertical distribution on TM defined as the kernel of the tangent mapping 7, : TTM — TM of the natural projection

7. A non linear connection on TM is defined as horizontal distribution HTM , which complementary to VTM in TTM . Thus we get
TTM =VTM @ HTM.

The system of the local vector fields (efv' ,(;2 ""’e;%) is a local frame of VTM and (ﬁ,&%,,..,ﬁ) is a local frame in HTM
where
O 0 N9 Nhoyirh Q)
&’ ox’ T oyt / Y
Thus the system of the local vector fields % ""’0,(%” ,ﬁ ,...,ﬁ) is called as the local adapted frame of 77M and the local dual

adapted frame of 77M is given by
(s " d")

where
h h h j
" =dy" + Njdx'. (10)

Let T*M be the cotangent bundle of the Lagrange manifold M and 7 : T*M —> M be a natural projection. If (U,x',x%,...,x") is
a local chart on M , it induces a local chart (ﬁ’l(U),ql,...,q",pl,...,p,,) on T"M , where ¢'=x'or ,i=1,.,n and P, i=l.,n
are vector space coordinate with respect to the natural local frame (dxl,...,dx") defined by the local chart (U,q',¢%,...q") . Let VI'M
be vertical distribution on T*M defined as the kernel of the tangent mapping 7z, : TT"M — TM of the natural projection 7 . A non

linear connection on 7*M is defined as the horizontal distribution HT*M , which complementary to ¥T*M in TT*M . Thus we get
TT*°M =VT*"M ® HT*M.
2. 05 ,,,%) is a local frame of VT°M and (

apy 7 0py

The system of the local vector fields ( ""a‘%) is a local frame in HT'M

S5 S5
W

where
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o 0 0 i
@ZE'FNJ'}:%’ N, =pTy. (1)

92 vy (f < ""a%) is called as the local adapted frame of TT*M and the local dual

Thus the system of the local vector fields ( e

adapted frame or briefly local adapted co-frame of TT"M is given by (dp,,....®,.dq",...,dq") , where
Opy =dp, — N ydx’. 12)

The Legendre transformation is defined by ¢ a smooth mapping:

o :TM >T'M (13)
by using the induced local coordinates on TM and T*M as seen in the equation below:
q[ :x[, p[:a—L_,i:],m,n' (14)
o'

Since L regular, ¢ is a diffeomorphism. In fact, ¢ is a local diffeomorphism with respect to the inverse function theorem. Thus, we
can consider the following Hamiltonian

H(q',p)=py - L' »), (15)
which is a differentiable function on T*M . Then ¢fl is given by
x'=q', y[:a—H,izl,---,n, (16)
op;
whenever (q[,p[) is in the image of ¢ . From the (2), (14), (15) and (16) it is obtained
; ; O’H
V| ik ik .
£ N p) = g () =ik = L (17
( Op;0p;
whenever (¢',p,)=@(x',y") Thus, it is seen to be
H(g',p)=g" () p.pi- (18)

(L7D.
3 £-Dual Lifted General Tensor Field

In this section, we considered the tensor fields on the cotangent bundle, which correspond to some tensor fields on the tangent bundle
of a Lagrange manifold and we studied on algebraic operations related with these fields.

Definition 1 Let P~ be a tensor field with type (r, s) on TM. The pull-back of P~ by @', a tensor field with type (r, s) on T*M, is
defined by

PPyt o ¢*l)¢*(a—aAl) ®..® ¢*(%)® () (@x®)o...0p ) (@),
X ox

where indices A,,...A,,B,,...,B, run over the range (12,}1755) Then ~P and P~ tensor fields are dual by Legendre
transformation. These tensor fields are called as .£-dual tensor fields with type (v, s) ([5]).

3.1 £-Dual Lifted a tensor field with type (1,1) between the tangent and cotangent bundle of the Lagrange manifold

If F is a tensor field with type (1,1) on M then its vertical lift FV, its complete lift FC and its horizontal lift F can a
tensor field with type (1,1) on 7M.

Definition 2 Let F~ be a tensor field with type (1,1) on TM . The pull-back of F~ by ¢ ' , a tensor field with type (1,1) on
T*M, is defined by
p (et oo Zel ')
or the pull-back of “F by ¢ , a tensor field with type (1,1) on TM , is defined by
F~ = (FAB ow)wll(aq%)®¢*(qu)

where FAB eC”(TM,R), ﬁAB eCw(T*M,R) and the indices A, B run over the range (12,}1755) Then “F and F~ tensor fields
are dual by Legendre transformation. These tensor fields are called .£-dual tensor fields with type (1,1) ([5]).
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Theorem 3 If F is a tensor field with type (1,1) on M and the tensor field F" is a vertical lift of F to TM then " F which is £-dual
tensor field of F' is vertical lift of F to T*M.Moreover " F has the local expression by

Vo (Ekgkj)%C@dq[.
J

Proof. Let F be a tensor field of type (1,1) on M and F" , the vertical lift to TM of F, has the local expression by
F=(r) L ear,
1 a)}j

with respect to induced coordinate (x[, y[) of TM ([8]).

The pull back of F” by @', a tensor field of type (1,1) on T°M , is considered by
A4 B 0 I i
VF:((F/) °p l)w*(—J@(w ' fav)
oy’
By using appropriate the equalities in theorem 1 and theorem 2, it is obtained a local components of £-dual vertical lift "F as follow:
g (Ekgkj)i®dq[
op;

The values of £-dual lifted tensor field with type (1,1) " F on £-dual lifted vector fields to T "M are

VF(CX):V (X[F[kg/g‘)ﬁz YFX),
J

VF(HX):V (X[F[kg/g-)%: YFX),
J

where " x =¥ (X'g, /ap,, Cx ="(X)8/84 + p, " (V,X)o/dp, and "X =¥ (X')5 /67

Theorem 4 If F is a tensor field with type (1,1) on M and the tensor field F€ is a complete lift of F to TM then °F which is
defined the push-forward FC by ¢ is complete lift of F to T*M, which has the local expression by

op

with respect to adapted frame and co- frame on T"M

‘Fr (F/')%Cﬁ dq +" (g, Fyg" )i® o+ v, Fg,) m-%® dq’,
) _

J

Proof. Let F be a tensor field of type (1,1) on M and F€, the complete lift to TM of F , has the local expression with respect to
adapted frame and co- frame of TM by

F€ :(E")VéC@dx[ +(F[jy/%®@/ +yk(V,€F[jy/%®dx[ ,
where V, F/ =0,F’ +F'T}, - F/T}. ([8]). The pull back of F© by @', a tensor field of type on T"M , is considered by
°F = ((F/ f owfl)w*(i,-)ca(fp’l )*(dx[)*'((F[j J °¢’71)¢*(i.)®(¢f1 J () (gk”’K(VkF/ J °¢’1)Pm¢’*(i-)®(¢f1 J (@)
o oy’ oy’

By using appropriate the equalities in theorem 1 and theorem 2, it is seen to be the local expression of £-dual complete lift °F as
follow:

Cp_v (Ej)%®dqz+v (gijnmgn[)£®5p[+pmV(gkakEngnj)£®dq['
J J

The values of £-dual lifted tensor field with type (1,1) “F on £-dual lifted vector fields in T M are

RO X (x ‘E"gk,-)ai ="(Fx),
Pj
FEx)="(x'F )ﬁ w0 e, (X e, )%_ =" (),
R x)= (xE )é + (g9, g, X )i =<0 - F ()

J
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where y :3/(M)— 3. (TM) and y(VX)= yk(vkxh)Vﬁ.

Theorem 5 If F is a tensor field with type (1,1) on M and the tensor field F¥ is a horizontal lift of F to TM then ¥ F which is
defined the push-forward F by @ is horizontal lift of F to T*M, which has the local expression by

J
with respect to adapted frame and co- frame on T M

Proof. Let F be a tensor field of type (1,1) on M and F' | the horizontal lift to TM of F, has the local expression with respect to
adapted frame and co- frame of 7TM by

NS . N
H Vv iV m _ni
F="\F/)—®dq + ik —® p;,
) et} o

([8]). The pull back of F¥ by ¢!, atensor field of type on 7" M , is considered by

iV - S Y ( 7. j - 0 Y (i
HF:((F/) o l)w*(y)iﬁ(w  (ax )+((F/Y°rp l)w*($)®(¢ ()
By using appropriate the equalities in theorem 1 and theorem 2, it is seen to be the local expression of £-dual horizontal lift AF as
follow:

) . ;)
HF =" Ej —® dql +V g 'anmgm _®5p1
) o ure)
The values of £-dual lifted tensor field with type (1,1) # F on £-dual lifted vector fields in T M are
; 0
TR X (KR gy = (FX)
op;
R WO 9 X = -0 ()
J
" pt )= (xE )= Ex)
5q]

3.2 £-dual lifted tensor field with type (0,2) between the tangent bundle and the cotangent bundle of the Lagrange manifold

If G is a tensor field with type (0,2) on M then G",G°, 6", respectively the vertical, complete and horizontal lifts of G , must
tensor fields with type (0,2) on TM .

Definition 6 Let G~ be a tensor field with type (0,2)on TM The pull back of G~ by ¢, a tensor field with type (0,2)on T*M
is defined by

"G = (¢fl )*G~
and the pull back of ~G by ¢ , atensor field on TM is defined by

G = ¢*(~G)
The tensor fields ~G and G~ are called £-dual tensor fields ([5]).

Theorem 7 If G is a tensor field with type (0,2) on M and the tensor field G' is the vertical lift of G to TM then "G
which is defined the pull back G” by ¢ is the vertical lift of G to T*M, which has the local expression by

"G (g,)dq' ®dq’,
with respect to adapted co-frame on T*M .
Proof. Let G be a tensor field of type (0,2) on M and G”, the vertical lift to TM of G , has the local expression by
G =(g,) ¥ ®ax’,
with respect to induced coordinate (x[,y[) of TM ([8]). The pull back of G by ¢!, a tensor field of type (0,2) on T'M , is

considered by
"=l 6" )=(a,} oo o Tar 0l ')
By using appropriate the equalities in theorem 1 and theorem 2, it is obtained a local components of £-dual vertical lift d G as follow:
Vo= ="(g, Mg ®dg’
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The values of £-dual lifted tensor field with type (0,2) ' G on £-dual lifted vector fields in T"M are
"e"x/ ' n=0, "6c(x =0, "6("x/"1)=0,

GEXLCY)= VG(%,%) X ="(g,) () ") = (G(x.Y)),

VG(CX,II Y):Vc(é’é) V(Xi) V(Yj):l/(gij)l/(Xi) V(Yj):l/ (G(X,Y)),
5 O

LG X, y) =" G( ) (X)) ="(g,) () )= (Gx,))

&' &’

Theorem 8 If G is a tensor field with type (0,2) on M and the tensor field G€ is the complete lift of G to TM then °G
which is defined the pull back GC by @' are the complete lift of G to T*M, which has the local expression by
G=p, "(¢" ) (V,2,)dd ®dq’ +28p, ®dg’

with respect to adapted co-frame on T*M .

Proof. Let G be a tensor field of type (0,2) on M and G" | the complete lift to TM of G , has the local expression by
G = yk (ng[j)de[ ®dx’ + Z(g[j)V@/[ ®dx’,

with respect to adapted co-frame on 7°M ([8]). The pull back of G¢ by @', a tensor field of type (0,2) on 7'M , is considered by

G=(p)(6°)= pile"v.g,) e o @ olo !l J+2dle, ) e o @@l T (av)

By using appropriate the equalities in theorem 1 and theorem 2, it is obtained a local components of £-dual complete lift ©G as follow:
G=p " (g" ) V., Mg ©dg’ +20p, © dg’

The values of £-dual lifted tensor field with type (0,2) G on £-dual lifted vector fields in 7" M are

‘¢"x,)v)=0, 6"x° 1" (Gx, ), ‘Gx =" (Gx.1),

CGEX )= "(gy) @ X) 0p =lp TAGEA ), S X 1) =" (9,g,) (X)), =7 [ (VG T)))

X1 ="V,gy) ) O+ (g) XD 0,7+ () (7, XD YO )p, = (G )

Theorem 9 If G is a tensor field with type (0,2) on M and the tensor field G" is the horizontal lift of G to TM then "G
which is defined the pull back G by @' are the horizontal lift of G to T*M, which has the local expression by
" G=2 @[ ® dqj s

with respect to adapted co-frame on T*M .

Proof. Let G be a tensor field of type (0,2) on M and G, the complete lift to TM of G , has the local expression by
G" =2lg,) &' ®ax’,
with respect to induced coordinate (x[,y[) of TM ([8]). The pull back of G by ¢ ', a tensor field of type (0,2) on T'M , is

considered by
6=l (6")=(e,) <o fo @)@l T lax')

By using appropriate the equalities in theorem 1 and theorem 2, it is obtained a local components of £-dual vertical lift /G as follow:
fG=28p, ®dq’

The values of £-dual lifted tensor field with type (0,2) # G on £-dual lifted vector fields in T M are

"o"x,) =0, "6("x, 1)=" (Gx.,1), "6 x,"1)=" (GX.Y)),

16X 1) = "(g,) VXD () =p7 GV D) G X vy =0.

"GNV = (g) XDV, 0,4 (g,) 7,60 (), =C (G 1)o7 ] (VG 1)
3.3 £ -dual lifted tensor field with type (2,0) between the tangent bundle and the cotangent bundle of the Lagrange manifold
Let H be atensor field with type (2,0)on M then H”, HS, H™ be tensor fields with type (2,0) on TM .

Definition 10 Lezr H~ be a tensor field with type (2,0) on TM. The pull-back H~ by ¢ is defined by
“H=p'(i)
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and the pull-back “H by ¢ ' is defined by
=" (n)
The tensor fields “H and H~ are called £-dual tensor field with type (2,0) (/5]).

Theorem 11 If H' is the vertical lift to TM of a tensor field with type (2,0) H on M then " H , pull-back of H' by ¢
is the vertical lift of H to T*M which has the local expression by

0 0
Vi = e, g _)_®_
(g/a & o0, op,

t J

with respect to adapted frame on T*M .

Proof. Let H be a tensor field of type (2,0) on M and H” | the vertical lift to TM of H , has the local expression by
0 0

o' oy’ ’
with respect to adapted frame of 7M ([8]). The pull back of H” by ¢, a tensor field of type (2,0) on T°M , is considered by

H" :(HU

. i _ 0 0
VH=' (0 )= (H") o) @ e (S
o oy’
By using appropriate the equalities in theorem 1 and theorem 2, it is obtained a local components of £-dual complete lift " H as follow:
0 0
v v K
H="\g,H gl')_®_'
( ’ op; apj

The values of £-dual lifted tensor field with type (2,0) ” H on £-dual lifted one forms in T"M are
VH(VHaVU):Oa VH(VHaCU):Oa VH(VHaHU):Oa

"HCO m="H( 0 =" 1 X )= T(HEG.),

where 0= (0 )dq',C0=" (270,)0p,+ (V,0) (") pdq and "0=" (70,)ep,.

Theorem 12 [f HC is the complete lift to TM of a tensor field with type (2,0) H on M then “H , pull-back of HS by ¢ is

the complete lift of H to T*M which has the local expression by

“H= V(g/ng[)%@%*' V(gszkj)%Q@%*' V(gthkH[h)pk a_[%@a

with respect to dual adapted frame on T'M , where V,{H”’ = akah +H”'1",£, +H”F,Z.

Proof. Let H be a tensor field of type (2,0)on M and HS =H" + y(VH), the complete lift to TM of H , has the local expression by
i®i+(HUYi®i_+yk(kaUYi®i,
x' oy’ o' & o' oy

with respect to adapted frame of 7M ([8]). The pull back of HS by ¢, a tensor field of type (2,0) on 7" M , is considered by

CH=¢ ()= - w*)w(é)@ mﬁ) w((m) o w’l)w*(é) ® @(é) (1) o w’l)gkhw*(§)® w*(%)-

H = (HU

By using appropriate the equalities in theorem 1 and theorem 2, it is obtained a local components of £-dual complete lift “H as follow:

‘H= V(gijk[)%®%+ V(gk[ij)%®%+ V(gthkH[h)pk %@%

The values of £-dual lifted tensor field with type (2,0) “H on £-dual lifted one forms in T"M are
“H"6)m=0, “H("0 m="(H@O.m), “H"6"m="(H®O.mM),
“H( 0" )= (H(©O.7)- HE 0,/(Vn)),
CHEO. )= (HEO.M), “H" 0. =0 ] (r(VH @)
where 0= (0 )aq', C0="(¢"0)p,+" (V0 (&")pdg and " 0=" (760,)p,.

Theorem 13 If H is the horizontal lift to TM of a tensor field with type (2,0) H on M then " H , pull-back of H" by ¢

is the complete lift of H to T*M which has the local expression by

HH:V(gijk[)%®£+V(gk[H/g)éégé,

Jj i
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with respect to dual adapted frame on T*M .

Proof. Let H be a tensor field of type (2,0) on M and H" , the horizontal lift to TM of H , has the local expression by
o =) Lol () Lol
&' oy’ oy o’
with respect to adapted frame of TM ([8]). The pull back of H¥ by ¢, a tensor field of type (2,0) on T"M , is considered by
. " _ ) 0 i _ 0 o
"H =g (57 )= (857 ] oo 02 @0. )+ (H) o9 o @ 0
X oy’ oy o’

By using appropriate the equalities in theorem 1 and theorem 2, it is obtained a local components of £-dual complete lift “H as follow:

CH= V(g,g.Hk[ )i 00 4 V(g,dej )i ®i_ + V(gthkH[h )pk S0
oq apj op; &g’ op; apj
The values of £-dual lifted tensor field with type (2,0) 2 H on £-dual lifted one forms in 7°M are
" o) n)=0,

"HC0 =" H( 0 =" H(C 0" ny="(H(0.7)),
CHEOL = (HO.N), “H 0" m=(g™ ] ((VH@.7)).

ACKNOWLEDGMENT
This study was presented at X. Geometry Symposium organized by Balikesir University

REFERENCES.

[1] Abraham R., Marsden J. E., Foundations of mechanics, W. A. Benjamin Inc., New York, 1967.

[2] Arnold V. 1., Mathematical methods of Classical mechanics, Springer-Verlag, Berlin, 1989.

[3] Ayhan L, Lifts from a Lagrange manifold to its cotangent bundle, Algebras Groups and Geometries, 27(2010), 229-246.

[4] Crampin M. On the differential geometry of the Euler- Lagrange equations and the invers problem of Lagrangian dynamics, J. Phys. A, 14, 2567-2575, 1981.
[5] Miron R., The geometry of higher-order Hamilton spaces Applications to Hamiltonian mechanics, Kluwer Academic Publishers, Dordrecht, 2003.

[6] Oproiu V., 4 pseudo-Riemannian structure in Lagrange geometry, An. Stiint. Univ. Al. I. Cuza lasi, N. Ser., Sect. Ia 33, 239-254, 1987.

[7] Oproiu V., Papaghiuc N., On differential geometry of the Legendre transformation, Rend. Sem. Sc. Univ. Cagliari, 57, 1, 35-49, 1987.

[8] Yano K., Ishihara S., Tangent and Cotangent Bundles, Marcel Decker, Inc., New York, 1973.


https://www.researchgate.net/publication/372310005

