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Abstract 
 

  In this paper, it is obtained the image on the cotangent bundle of the 
basic tensor fields (i.e. functions, vector fields and 1-forms) on the tangent 
bundle of a Lagrange manifold which is obtained by vertical, complete and 
horizontal lifts under the Legendre transformation.  
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1. Introduction 
 
The papers about the differential geometry the tangent and cotangent bundle 
have been attracted by geometricians since 1950. Owing to the development 
about these subjects some concepts (i.e. motion and relativity)  of mechanics 
and physics have become more understandable.  
As known, a Lagrangian mechanical system is given by a manifold, i.e. 
configuration space and function on its tangent bundle, i.e. the Lagrangian. A 
curve in configuration space is describes a motion. This curve is obtained by 
solving the Euler Lagrange equations (see [1], [ 2 ]). 
The principle relativity, as expressed in Newton's first law of motion is based 
on the idea of uniform motion in a straight line. A straight line is known as the 
shortest path between two points, but how can we determine which of the 
infinitely many paths from any given point to another is the shortest? The 
answer of this question is related with solving the Euler Lagrange  
equations (see[9 ]). 
In literature, the tensor fields on the tangent bundle and the cotangent bundle of 
a lagrange manifold are obtained by two different method. First method is 
lifting the tensor fields in a lagrange manifold and the other is the property of 
 -duality of between the Lagrange and Hamilton manifolds. 
Yano and Ishihara [8 ] have made  extensive studies about vertical, complete 
and horizontal lifts from a manifold to its tangent bundle or its 
cotangent bundle. 
Crampin [ 3 ], [ 4 ] defined vertical, complete and horizontal lifts from a 
Lagrange manifold to its tangent bundle. 
Miron [ 5 ] obtained the images on the cotangent bundle of the general 
differential geometric objects on the tangent bundle of a Lagrange manifold 
under the Legendre transformation. 
Oproiu and Papaghiuc [ 7 ] found the imagines of the vertical and horizontal 
base and dual base vector fields on the tangent bundle of a Lagrange manifold 
under the Legendre transformation. 
 
This paper examines the image on the cotangent bundle of the functions, vector 
fields and 1-forms on the tangent bundle of a Lagrange manifold which is 
obtained by vertical, complete and horizontal lifts under the Legendre 
transformation. In addition the components of this basic tensor fields on the 
cotangent bundle of a Lagrange manifold are calculate. 
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2. The tangent and cotangent bundle of a Lagrange manifold 
 
Let M  be an n-dimensional differentiable manifold, TM  be an 2n-
dimensional differentiable manifold called the tangent bundle of M  and 

MTM :  be a natural projection. If ),...,,,( 21 nxxxU is a local chart on  
M the  ),...,,,...,,),(( 21211 nn yyyxxxU    is defined on  TM   where  

nyyy ,..., 21   are vector space coordinate with respect to the natural local frame  
nxxx 






 ,...,, 21   defined by the local chart  ),...,,,( 21 nxxxU  . Let the 

differentiable function  RTML :   called Lagrangian be expressed by 
jiV

ij
ii yyyxgyxL ),()(

2
1),(                                 (1) 

where  ),()( yxg V
ij   is the vertical lift of  )(xg ij   on  M  . Since the Hessian of 

the function  L   with respect to  iy    

nji
yy
Lxgyxg jiij

V
ij ,...,1, ,)(),()(

2





                    (2) 

is nondegenerate every all points  MU    and  L   is regular when  )(xg ij   is 
non singular. A lagrange manifold is a pair  ),( LM   formed by differentiable 
n-dimensional manifold  M   and a regular Lagrangian  ),( yxL  . In the rest of 
the paper,  M   is considered to be a Lagrange manifold. The curves on 
Lagrange manifold are curves providing Euler Lagrange equations, obtained 
helping by following integral operation. In addition, Euler Lagrange equations 
determinate non linear connection on  TM  . This fact is explained as follows. 
The curve  }),(:),{(: 10 ttttxxxt ii    is an extremal of the functional  

dt
dxydtyxL

i
iii

t

t

       ,),(][
2

1

                                 (3)                                     

on the space of curves passing through the points  )(),( 1100 txxtxx iiii    if and 
only if  

dt
dxy

x
L

y
L

dt
d i

i
ii 













 ,0                                (4)                                                  

along the curve   . ( 4 ) equations are called Euler Lagrange equations. Using 
the composite function differentiation, The Euler Lagrange equations become 
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yx
L

dt
xdg                             (5)                                               

Next operating by  ihg  , the entries of the inverse of the nondegenerate matrix  
][ ikg  , it is obtained 

0),(2

2

 iih
k

yxG
dt

xd                                      (6)                                                         

where 

nh
x
Ly

yx
LgyxG i

k
ik

hiiih ,...,1   ,),(
2
















                (7)                                       

In a Lagrange manifold  M   there exist the nonlinear connection which depend 
on the Lagrangian  L  . One of them has the coefficients 

 ,
2
1 h

ij
i

j

h
h
j y

y
GN 



                                       (8)                                                         

(see [ 5 ], [6]). Let  VTM   be vertical distribution on  TM   defined as the 
kernel of the tangent mapping  TMTTM  :   of the natural projection    . 
A non linear connection on  TM   is defined by a called horizontal distribution  
HTM   complementary to  VTM   in  TTM    

.HTMVTMTTM   
The system of the local vector fields  ),...,,( 21 nyyy 






   is a local frame of  VTM   

and  ),...,,( 21 nxxx 






   is a local frame in  HTM  , where 

.   , h
ij

ih
jh

h
jjj yN

y
N

xx











                                (9)                                                

Thus the system of the local vector fields  ),...,,,...,( 11 nn xxyy 









   is called local 

adapted frame of  TTM  . The corresponding local dual adapted frame of  
TTM   is   

),...,,,...,( 11 nn dxdxyy   , 
 where 

.jh
j

hh dxNdyy                                            (10)                                                          
Let  MT    be the cotangent bundle of the lagrange manifold  M   and  

MMT :   be a natural projection. If  ),...,,,( 21 nxxxU   is a local chart 
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on  M   it induces a local chart  ),...,,,...,),(( 1
11

n
n ppqqU   on  MT   , where  

ii xq   ,  ni ,...,1   and  ip  ,  ni ,...,1   are the coefficients of the 
elements in  MT    when they are expressed with the help of   ndxdx ,...,1  . Let  

MVT    be vertical distribution on  MT    defined as the kernel of the tangent 
mapping  TMMTT 

 :   of the natural projection    . A non linear 
connection on  MT    is defined by a called horizontal distribution  MHT    
complementary to  MVT    in  MTT     

.MHTMVTMTT    
The system of the local vector fields  ),...,,(

21 nppp 






   is a local frame of  

MVT    and  ),...,,( 21 nqqq 






   is a local frame in  MHT   , where 

.   , i
jhijh

h
jhjj pN

p
N

xq











                            (11)                                     

Thus the system of the local vector fields  ),...,,,...,( 11 nn qqpp 









   is called local 

adapted frame of  MTT   . The corresponding local dual adapted frame of  
MTT    is  ),...,,,...,( 1

1
n

n dqdqpp   , where 
.j

jhhh dxNdpp                                            (12) 
The Legendre transformation defined by  L   is a smooth mapping  

MTTM :                                            (13) 
given in local coordinates induced on  TM ,  MT   , by 

.,...,1 ,  , ni
y
Lpxq ii

ii 



                               (14) 

Since  L   regular,     is a diffeomorphism onto its image. In fact, by the 
inverse function theorem,     is a local diffeomorphism. Then consider the 
Hamiltonian 

),(),( iii
ii

i yxLyppqH                                 (15) 
thought of as function on  MT   . Then  1   is given by 

,,...,1 ,  , ni
p
Hyqx

i

iii 



                               (16) 

whenever  ),( i
i pq   is in the image of    . From the ( 2 ), (14 ), (15 ) and (16 ) 
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it is obtained 

    nki
pp

Hxgpqg
ki

ikikV ,...,1, ,)(),(
2





                       (17) 

 
whenever  ),(),( ii

i
i yxpq     Thus, it is seen to be 

.)(),( ki
ik

i
i ppxgpqH                                       (18) 

(see [ 7  ]). 
 
3. The lifts from a Lagrange Manifold to its cotangent bundle 
 
In this section, firstly the image of the basic base  vector fields and basic dual 
base  1 -forms on the tangent bundle of a lagrange manifold under the 
Legendre transformation is obtained. Then the image of the tensor fields of the 
type (0,0), (1,0), (0,1) on the tangent bundle  TM   obtained by vertical, 
complete and horizontal lifts from the tensor fields on  M    under the legendre 
transformation is found. 
 
 Theorem 1 Let  M   be a Lagrange manifold with a regular Lagrangian  

  jiV
ij yygL   . Let     be Legendre transformation and  1   be inverse of  

  . Then the image of the local base vector fields on  TM   and  MT    under 
the tangent mappings of     and  1   have local expressions by 

   
    . ), )

, ), )
11

j
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ii

j
iii

y
ij

pxq

pijyqx

giviii
giii







































 

 
 Proof ( i  ). Let  ),( RMTC    be ring of differentiable functions from  MT    
to  R  . For  ),(, RMTCpq j

j   , we get 

j
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j
j

i x
xq
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 ][                                       (19) 

and 
          

    .           
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By the equalities (19 ) and ( 20 ), the vector field of  MT   ,   ix
  , has the 

following local expression 

.
j

h
ijhii p

p
qx 















 
                                    (21) 

Obtained vector field at ( 21 ) is local base vector field, which is span the 
horizontal subspace of the tangent space of the cotangent bundle of the 
Lagrange manifold. As a consequence, we write 

.ii qx 





 







  

( ii  ). For  ),(, RMTCpq j
j   , we get 

0][ 














 i

j
j

i y
xq

y
                                       (22) 

and 

   . ][ ij
kV

jkijiji gyg
yy

L
y

p
y






























                 (23) 

 
( iii  ). Let  ),( RTMC    be ring of differentiable functions from  TM   to  R  . 
For  ),(, RTMCyx ij   , we get 

j
ii

j
j

i q
qx

q








 







 ][1                                       (24) 

and 
           

  .          

][1

j
ih

hj
ihk

hk
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k
ih
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x
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q
pjkV
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jkV

qk
jkV

qp
H

q
j

q
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gpgpgy

i

jk

i
k

ii
j

ii











 














     (25)                                         

By the equalities ( 24 ) and ( 25 ),the vector field of  TM  ,   ix
 1

  , has the 
following local expression 

.1
j

j
ih

h
ii y

y
xq 















 


                                   (26) 

Obtained vector field at ( 26 ) is local base vector field, which is span the 
horizontal subspace of the tangent space of the tangent bundle of the Lagrange 
manifold. As a consequence, we write 
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.1
ii xq 





 







  

 
( iv  ). For  ),(, RTMCyx ij   , we get 

0][1 















i

j
j

i p
qx

p
                                       (27) 

 
and 

   .][1 ij
k

jkV

iji

j

i

gpg
pp

H
p

y
p

































                  (28) 

By the equalities ( 27 ) and ( 28 ), the vector field of  MT   ,   
ip




1  , has the 
following local expression 

.1
j

ij

i y
g

p 













  

 
 Theorem 2 The image of the local dual base  1 -forms on  TM   the pullback 
mapping of  1 ,   1  , have local expressions by 

 
  .)( )

,)( )
1

1

j
iji

ii

pgyii

dqdxi












 

 
 Proof ( i ). Since  TMMT  :1   is mapping from the cotangent bundle 
of a Lagrange manifold to the tangent bundle the pull-back of  1   is a map 

which is expressed    MTTTMT  :1  . For the local base vector 
fields of  MT   , by using the equalities in ( iii  ) and ( iv  ) of the theorem  1 , 
we get 

  i
jj

i
j

i

q
dx

q
dx 








 























 


 11 )(                            (29) 

and 
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   .0)(1 
























k
jki

j

i

y
gdx

p
dx                          (30) 

From the equalities at ( 29 ) and (30 ),    )(1 idx   has the following local 
expression 

  .)(1 ii dqdx 
  

 ii  . Similarly,  

  0)( 11 























 



j

i
j

i

q
y

q
y








 ,                          (31) 

  jk
k

jki

j

i g
y

gy
p

y 






















  )(1                           (32) 

From the equalities at (31) and (32 ),    )(1 iy
   has the following local 

expression 
  .)(1

j
iji pgy  

  
 
 3.1   -dual lifted functions between the tangent bundle and the cotangent 
bundle of the Lagrange manifold 
 
If  f   is a differentiable function on  M   then its vertical lift  Vf   and its 
complete lift  Cf   can a differentiable functions on  .TM   
 
 Definition 3  Let  f   be a function on  TM  . The pull-back of  f   by  1  , 
a function on  ,MT   is defined by 

,1  ff  
or the pull-back of  f   by    , a function on  TM  , is defined by 

.ff    
Then the functions  f   and  f   are dual by Legendre transformation. These 
functions is called    -dual functions  (see [ 5  ]). 
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 Theorem 4  Let  RTMf V :    be the vertical lift of  f   to  TM   and  
RMTfV :   be the vertical lift of  f   to  .MT    Let  MTTM :   

be the Legendre  transformation and  1   be inverse of   .  Then the 
functions  

.,1   ffff VVVV    
 Vf   and  fV   are    -dual functions. 
 

 Proof. If a point  MTUP 


 )(1   has induced coordinates  ),( h
h pq  , and 

the image of  


P   under  1   is  TMUP   )(1   with induced coordinates  
),( hh yx  , then  

).(),( ),(),()( 1 PfyxfpqfpqfPf VVVVV  


           (33) 
 
 Theorem 5  Let  RTMf C :   , complete lift of  f  , be a differentiable 
function on  TM   and  TMMT  :1   be inverse of the Legendre  
transformation    . Then    -dual function of  Cf  ,  1 CC ff  ,is the 
complete lift of  f   to  MT    which has the local coordinate expression by  

  .ji
ijVC pfgf   

 
 Proof. Let  f   be a differentiable function on  M   and  Cf   be a 
differentiable function on  TM   with the local expression 

  iV
i

C yff   
with respect to induced coordinate system  
(see [ 8  ]). Then the local coordinate expression of  Cf   is seen by 
straightforward calculate 

    

      .         

 . 11

ji
ijV

ji
VijV

i
V

i

V
i

iCC

pfgpfg

f
p
Hfyff







   
                  (34) 
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3.2.   -dual lifted vector fields between the tangent bundle and the 
cotangent bundle of the Lagrange manifold 
 
Let  X   be a vector field on  M   then  VX , CX ,  HX , respectively the 
vertical ,complete and horizontal lifts of  X  , be vector fields on  TM . 
 
 Definition 6  Let  X   be a vector field on  TM  The push-forward of  X   by  
  , a vector field on  MT    is defined by 

,1


    XX                                          (35) 
and The push-forward of  X   by  1  , a vector field on  TM   is defined by 

.1   XX 


   
The vector fields  X   and  X   are called    -dual vector fields (see [ 5 ]). 
 
 Theorem 7  If  X   is a vector field on  M   and the vector field  VX   is the 
vertical lift of  X   to  TM   then  XV   which is defined the push-forward  VX   
by     is the vertical lift of  X  to ,MT    which has the local expression by 

  ,
j

ij
iVV

p
gXX




  

with respect to adapted frame on  MT   . 

 Proof.  Let  


P   be a point in open neighborhood  )(1 U   of  MT    with the 
induced coordinate  ),( i

i pq  . There is a point  P   on  TM   providing equality 

of  


 PP)(  . To obtain the component of  XV  , if we put  VX   instead of  
X   at the composition operation in ( 33  ), we get 

 
 .)(

)()( 1

PX
PXPX

V

VV
















   

Moreover, we have 

    0)())(())(())(( 






PfXPfXPfXPfX VVVVVVVV       (36) 

and for all points  


P   and  P   providing equality of  


 PP)(  , we get 
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  ))(()()()()(                        

))(())()(()()()(

1














PXfPXfPXf

PfXPfXPfXPfX

VVV

CVCVCVCV








   (37) 

Since the vector field  XV   is provide identities at ( 36  ) and ( 37  ), it is called 
the vertical lift of  X   to  MT   . As to components of the  XV  , we can 
straightforward calculate as follows 

  ..)(
j

ij
iV

i
ViV

p
gX

y
XX















   

 
 Theorem 8 If  CX   is the complete lift of a vector field  X   on  M   to  TM   
then  XC  , the push-forward of  CX   by    , is the complete lift of  X   to  

MT    which has the local expression by 

j

i
j

V
ii

iVC

p
Xp

q
XX




 )(.)(

  

with respect to adapted frame on  MT   , where  i
jk

k
x
Xi

j XX j

i



  . 

 Proof.  For all  MTUP 


 )(1   and all  TMUUP   ))(()( 111   
, we get  

 
 .)(

)()( 1

PX
PXPX

C

CC
















   

Moreover, we have 

  
 

  ))(()()()()(                    

))()(())(())((

1














PXfPXfPXf

PfPXPfXPfX

VVV

VCVCVC








           (38) 

and for all points  


P   and  P   providing equality of  


 PP)(  , we get 

    
  ).)(()()(())((                    

))()(()()()(

1














PXfPXfPfX

PfXPfXPfX

CCCC

CCCCCC








       (39) 

Since the vector field  XC   is provide identities at ( 38  ) and ( 39  ), it is called 
the complete lift of  X   to  MT   . By using (16 ), (18 ), ( 29 ), (30 ) and ( 33  ), 
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we can straightforward calculate as follows 

 


























P
i

jVi
j

P
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Vi
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y
PyPX

x
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p

Xp
q

XPX
j

i
j

V
ii

iVC


  

Since this equality is true all  P   and  


P   providing equality of  


 PP)(   , 
The components of  XC   is seen to be correct. 
 
 Definition 9  Let  X   is a vector field on  M   with the components  

ix
iXX

  and the vector field  HX   is the horizontal lift of  X   to  TM   then  

XH   which is defined the push-forward  HX   by     is called the horizontal 
lift of  X   to  MT    such that 

 ,)( XXX CH     
where 

).()(: 1 TMM r
s

r
s   

 
 )( X   has the local expression by 

i
jVi

j y
yXX




 ..)()(  

with respect to adapted frame on  TM  . The image of  )( X   under the     
is 

    ..)(
j

i
j

V
i p

XpX



                                  (40) 

Thus, by helping the components of  XC   in theorem 8 and ( 40 ), the 
horizontal lift of  X   to  MT     XH   has the local expression by  

i
iVH

q
XX


)(  

with respect to adapted frame on  MT   . 
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 Theorem 10 If  HX   is the horizontal lift of a vector field  X   on  M   to  
TM   then  XH  , the push-forward of  HX   by    , is the horizontal lift of  X   
to  MT    which has the local expression by 

i
iVH

q
XX


)(  

with respect to adapted frame on  MT   . 

Proof.  For all  MTUP 


 )(1   and all  TMUUP   ))(()( 111   
, we get 

 
).()(

)()(


















P
q

X

PXPX

i
iV

HH





 

Since this equality is true all  P   and  


P   providing equality of  


 PP)(  , the 
components of  XH   is seen to be correct. 
 
3.3   -dual lifted one forms between the tangent bundle and the cotangent 
bundle of the Lagrange manifold 
 
Let     be an one form on  M   then  V , C ,  H   be one forms on  TM . 
 
 Definition 11 Let     be a one form on  TM  . The pull-back     by  1   is 
defined by 

  ,11                                            (41) 
and the pull-back     by     is defined by 

.                                                 (42) 
The one forms     and     are called   
   dual one forms (see  [ 5 ]). 
 
 Theorem 12 If  V   is the vertical lift to  TM   of a one form     on  M   then  
V  , pull-back of  V   by  1   is the vertical lift of     to  MT    which has 

the local expression by  
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  iiVV dq   
with respect to dual adapted frame on  MT   . 
 

 Proof. Let  


P   be a point in open neighborhood  )(1 U   of  MT    with the 
induced coordinate  ),( i

i pq  . There is a point  P   on  TM   providing equality 

of  


 PP)(  . To obtain the component of  V  , if we put  V   instead of     
at the composition operation in ( 41 ), we get 

  
   .)(

)()(
1

11

P

PP
V

VV













   

Moreover, we have 

       0)()))((())(())(( 11  





PXPXPXPX VVVVVVVV    (43) 

and for all points  


P   and  P  providing equality of  


 PP)(  , we get 

      
     ))(()()())((            

)))((( )()()(

1

11














PXPXPX

PXPXPX

VVCV

CVCVCV
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Since the one form  V   is provide identities at    ( 43 ) and ( 44 ), it is called the 
vertical lift of     to  MT   . As to components of the  V  , we can 
straightforward calculate as follows 
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 Theorem 13 If  C   is the complete lift of a one form     on  M   to  TM   
then  C  , the pull-back of  C   by  1  , is the complete lift of     to  MT    
which has the local expression by 
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with respect to dual adapted frame on  MT  , where  k
jikxij j
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 Proof. For all  MTUP 
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Moreover, we have 
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and for all points  


P   and  P   providing equality of  


 PP)(  , we get 
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Since the one form  C   is provide identities at    ( 45 ) and ( 46 ), it is called 
the complete lift of     to  MT   . By using the theorem 2, we can 
straightforward calculate coordinate expression of  C   as follows 
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Since this equality is true all  P   and  


P   providing equality of  


 PP)(  , the 
components of  C   is seen to be correct . 
 
 Definition 14 Let     is a one form on  M   with the components  i

idx   
and the one form  H   is the horizontal lift of     to  TM   then  H   which is 
defined the pull-back  H   by  1   is called the horizontal lift of     to  MT    
such that 

   ,)(1  
CH  

where 
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).()(: 1 TMM r
s
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 )(     has the local expression by 

ijV
ij dxy ..)()(    

with respect to adapted frame on  TM  . The image of  )(     under the  

 1   is 
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   (47) 

Thus by helping the components of  C   in theorem 13 and ( 47 ), the 
horizontal lift of     to  MT     H   has the local expression by 

ij
ijVH pg  )(  

with respect to dual adapted frame on  MT  . 
 
 Theorem 15 If  H   is the horizontal lift of a one form     on  M   to  TM   
then  H  , the pull-back of  H   by  1  , is the horizontal lift of     to  MT    
which has the local expression by 

ij
ijVH pg  )(  

with respect to adapted frame on  MT   . 
 
 Proof. By using the theorem 2, we get 
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Since this equality is true all  P   and  


P   providing equality of  


 PP)(  , the 
components of  H   is seen to be correct. 
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