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Abstract

In this paper, it is obtained the image on the cotangent bundle of the
basic tensor fields (i.e. functions, vector fields and 1-forms) on the tangent
bundle of a Lagrange manifold which is obtained by vertical, complete and
horizontal lifts under the Legendre transformation.
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1. Introduction

The papers about the differential geometry the tangent and cotangent bundle
have been attracted by geometricians since 1950. Owing to the development
about these subjects some concepts (i.e. motion and relativity) of mechanics
and physics have become more understandable.

As known, a Lagrangian mechanical system is given by a manifold, i.e.
configuration space and function on its tangent bundle, i.e. the Lagrangian. A
curve in configuration space is describes a motion. This curve is obtained by
solving the Euler Lagrange equations (see [1], [2 ]).

The principle relativity, as expressed in Newton's first law of motion is based
on the idea of uniform motion in a straight line. A straight line is known as the
shortest path between two points, but how can we determine which of the
infinitely many paths from any given point to another is the shortest? The
answer of this question is related with solving the Euler Lagrange

equations (see[ 9 ]).

In literature, the tensor fields on the tangent bundle and the cotangent bundle of
a lagrange manifold are obtained by two different method. First method is
lifting the tensor fields in a lagrange manifold and the other is the property of

£ _duality of between the Lagrange and Hamilton manifolds.
Yano and Ishihara [ 8] have made extensive studies about vertical, complete
and horizontal lifts from a manifold to its tangent bundle or its

cotangent bundle.

Crampin [3], [4] defined vertical, complete and horizontal lifts from a
Lagrange manifold to its tangent bundle.

Miron [5] obtained the images on the cotangent bundle of the general
differential geometric objects on the tangent bundle of a Lagrange manifold
under the Legendre transformation.

Oproiu and Papaghiuc [ 7 ] found the imagines of the vertical and horizontal
base and dual base vector fields on the tangent bundle of a Lagrange manifold
under the Legendre transformation.

This paper examines the image on the cotangent bundle of the functions, vector
fields and 1-forms on the tangent bundle of a Lagrange manifold which is
obtained by vertical, complete and horizontal lifts under the Legendre
transformation. In addition the components of this basic tensor fields on the
cotangent bundle of a Lagrange manifold are calculate.
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2. The tangent and cotangent bundle of a Lagrange manifold

Let M be an n-dimensional differentiable manifold, 7M be an 2n-
dimensional differentiable manifold called the tangent bundle of M and

t : TM — M be a natural projection. If (U,x',x*,....x")is a local chart on
Mthe (z7'(U),x' or,x*0ot,.,x"o1,y",y*,..p") is defined on TM where
y',¥%,..»" are vector space coordinate with respect to the natural local frame
L, 25,75 defined by the local chart U,x",x*,..,x") . Let the

differentiable function L : TM — R called Lagrangian be expressed by
i 1 i
L(x',y )=§(gl-,-)V(x,y)y y’ (1)

where (g; ) (x,y) is the vertical lift of g,;(x) on M . Since the Hessian of

the function L with respectto y’
2

oy'oy’
is nondegenerate every all points U c M and L isregular when g, (x) is

(g,)" (x,»)=g,(x)= b j = ln )

non singular. A lagrange manifold is a pair (M,L) formed by differentiable
n-dimensional manifold M and a regular Lagrangian L(x,y) . In the rest of

the paper, M is considered to be a Lagrange manifold. The curves on
Lagrange manifold are curves providing Euler Lagrange equations, obtained
helping by following integral operation. In addition, Euler Lagrange equations
determinate non linear connection on 7M . This fact is explained as follows.

The curve y :{(¢,x): x' =x'(¢),t, <t <t,} is an extremal of the functional
&
dt

on the space of curves passing through the points x; = x'(¢,),x, = x'(¢,) ifand

#ly1= LG, yde, ¥ (3)

only if

d(oOL) OL ;odx!
Sl ==, = (4)
dt\ oy ox dt

along the curve y . (4) equations are called Euler Lagrange equations. Using
the composite function differentiation, The Euler Lagrange equations become
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d*x* 0*L dx* oL
S taaai 5 aa -0 )
dt ox"oy' dt Ox
Next operating by g” , the entries of the inverse of the nondegenerate matrix

[g.] , it is obtained

d’x"* i
P +G"(x',y")=0 (6)
where
o ( 0%L oL
G'(x',y)=g" = h=1,., 7
x,y)=g (8}("8}/ 8xl] n (7

In a Lagrange manifold M there exist the nonlinear connection which depend
on the Lagrangian L . One of them has the coefficients
1oG" |
h iTh
(see [5], [6]). Let VTM be vertical distribution on 7M defined as the
kernel of the tangent mapping 7, : T7TM — TM of the natural projection 7 .
A non linear connection on 7M is defined by a called horizontal distribution
HTM complementaryto VIM in TTM
TTM =VTM ® HTM.
The system of the local vector fields (- i,...,j}) is a local frame of VTM

PP

and (%, ,...,2%) isalocal frame in HTM , where

5)(] B 5)(2 9%

6 0 p O b i
& e g TN )
Thus the system of the local vector fields ﬁl,...,j},é,...,ﬁ) is called local

adapted frame of 77M . The corresponding local dual adapted frame of
IT™ is

',...,00" dx',...dx") ,

where

&" =dy" + Ndx' (10)
Let T°M be the cotangent bundle of the lagrange manifold M and
7 : T*M — M be a natural projection. If (U,x',x*,...,x") is a local chart
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on M it induces a local chart (7~ '(U),q',....q", p,>..,p,) on T"M , where
g =x'or , i=lL.,n and p, , i=l..,n are the coefficients of the
elements in 7°M when they are expressed with the help of (dx‘ ,...,dx”) . Let
VT*M be vertical distribution on 7°M defined as the kernel of the tangent
mapping 7, : TT°M —TM of the natural projection 7 . A non linear
connection on 7°M is defined by a called horizontal distribution HT M
complementary to VT*"M in TT"M
TT°M =VT°M @ HT"M.

The system of the local vector fields (5,25 o

3T,

VI*M and (2,2 ,&1%) is a local frame in HT"M , where

is a local frame of

g,y,...
;,. =£+N,- % N, =pT%. (11)
h
Thus the system of the local vector fields (#;,...,%,é,...,é) is called local

adapted frame of 7T M . The corresponding local dual adapted frame of
TT°M is (9p,,....0p,,dq’ ,...,dq") , where

&p, =dp, — N ,dx’. (12)
The Legendre transformation defined by L is a smooth mapping
Qo :TM >T'M (13)
given in local coordinates induced on TM , T°M , by
q' =x', p, :a—L.,izl,...,n. (14)
oy’

Since L regular, ¢ is a diffecomorphism onto its image. In fact, by the
inverse function theorem, ¢ 1is a local diffeomorphism. Then consider the
Hamiltonian

H(q',p,)=py' —L(x",y") (15)
thought of as functionon T°M .Then ¢~ is given by
x'=q, :a—,izl,...,n, (16)
p;

whenever (g',p,) is in the image of ¢ . From the (2), (14), (15) and (16)
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1t 1s obtained
2

1-  u,. OH
V(g")(q,p)—g"(X)—a 5

iOPy

Jik=1,..,n (17)

whenever (¢',p,)=¢(x',»") Thus, it is seen to be

H(q',p)=g" ()p,p;- (18)
(see[ 7 ).

3. The lifts from a Lagrange Manifold to its cotangent bundle

In this section, firstly the image of the basic base vector fields and basic dual
base 1 -forms on the tangent bundle of a lagrange manifold under the
Legendre transformation is obtained. Then the image of the tensor fields of the
type (0,0), (1,0), (0,1) on the tangent bundle 7M obtained by vertical,
complete and horizontal lifts from the tensor fields on M under the legendre
transformation is found.

Theorem 1 Let M be a Lagrange manifold with a regular Lagrangian
L= (gl.]. )V y'y’ . Let ¢ be Legendre transformation and ¢~ be inverse of

¢ . Then the image of the local base vector fields on TM and T"M wunder
the tangent mappings of qo and @' have local expressions by

Dol =&% ll)qo*(a}) gl,%,
iii) g, (&%) -, W)co* r)=g"%

Proof (i ). Let C”(T"M,R) be ring of differentiable functions from 7"“M
to R .For ¢’,p, eC”(I"M,R) , we get

) oo -
%(g][qj]:g:& (19)

N R e (RN

4

g4
:(agxlf —gthl.Z) yk :(ghk) y rh —Phrh

and

(20)
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By the equalities (19) and (20), the vector field of T°M , ¢, (&) , has the
following local expression
o 0 p O
— |=—+p T — 21
q)*(&xl ] a i ph ij a ( )
Obtained vector field at (21) is local base Vector field, which is span the

horizontal subspace of the tangent space of the cotangent bundle of the
Lagrange manifold. As a consequence, we write

(i]_i
?. 5xi - 5q1' :

(ii ).For q¢’,p, eC”(I"M,R) , we get

0 Y & _
(p{a_yf][q =570 (22)
and
0 0 ( oL 0 _—
q’*(@][ﬁj] = o (ayj]_ By ((gjk) y )— g (23)

(iii ). Let C*(TM,R) be ring of differentiable functions from 7M to R .
For x’/,y' € C*(TM,R) , we get

o (%][xf] _% g (24)

o)) =£(S,T”,)=§(V(g"" Jo)= 20 (" o+ (g7 )2
= &+ 2T} )p, =—¢" p, 15 =—»'T}.
By the equalities (24 ) and (25),the vector field of TM , ¢, ( ) has the
following local expression
- (5%] — Vo 26)
Obtained vector field at (26) is local base vector field, which is span the

horizontal subspace of the tangent space of the tangent bundle of the Lagrange
manifold. As a consequence, we write

and

(25)
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AN
. 57 ) o
(iv).For x/,y" € C*(TM,R) , we get
J
o] (ﬁ][xf] _% 27)
p; op;
and
Jo) ;. ofeH O (v( a ;
o oot _ 9 = ol 28
o, (6;91. [v'] o, | op, 51?1-( (g )pk) g (28)

By the equalities (27) and (28), the vector field of T°M , ¢, (g) , has the

following local expression
-1 a _ i a
§0* (apl - g ay] .

Theorem 2 The image of the local dual base 1 -forms on TM the pullback

mapping of ¢, (qo_] )* , have local expressions by
o) (@) =dd',
i o) @')=g",.

Proof ( i). Since ¢' : T"M —TM is mapping from the cotangent bundle
of a Lagrange manifold to the tangent bundle the pull-back of ¢~ is a map

which is expressed (qo“ )* : T'TM —T'T"M . For the local base vector
fields of T°M , by using the equalities in ( iii ) and ( iv ) of the theorem 1 ,

we get
) (dxl‘)(%] - dxf(co;‘ ( ;,. D ~ ' 29)

and
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. ) 0 . .0
) (dx)| — |=dx'| g” —|=0. 30
)« )[aj] (g o (30)
From the equalities at (29 ) and (30), (qo" )* (dx") has the following local
expression

(0] (@x)=dq'.

(o )"‘(6yi>( ;j]:(sy{@;( ;,. Dzo, G31)

)@ L =5 g2 |= g (32)
ap . oy

J

(@i) . Similarly,

From the equalities at (31) and (32), (¢p™')' (') has the following local
expression

'V =g"®,

3.1 £ -dual lifted functions between the tangent bundle and the cotangent
bundle of the Lagrange manifold

If f is a differentiable function on M then its vertical lift f" and its

complete lift f© can a differentiable functions on 7M.

Definition 3 Let f~ be a function on TM . The pull-back of f~ by ¢,
a function on T"M, is defined by
f=fTep,
or the pull-back of ~ f by ¢ , afunctionon TM , is defined by
ST="feo.
Then the functions ~ f and f~ are dual by Legendre transformation. These
functions is called L _dual functions (see [ 5 ]).
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Theorem 4 Let f' : TM — R be the vertical lift of f to TM and
"f :T"M — R be the vertical lift of [ to T°M. Let ¢ : TM T 'M

be the Legendre transformation and ¢~ be inverse of ¢@. Then the
functions

Tf=rTeeT [T fog.
" and " f are £ -dual functions.

Proof. If a point Pern (U)c T*M has induced coordinates (¢",p,) , and

the image of P under o' is Petr'(U)cTM with induced coordinates
(x",y") , then

"IV S =1 o0 @)= 1" (xp) = 1 (P). (33)

Theorem 5 Let f€ : TM — R , complete lift of f , be a differentiable

function on TM and ¢ ' : T°"M —-TM  be inverse of the Legendre

transformation @ . Then L -dual function of €, “f=f o™ is the

complete lift of [ to T"M which has the local coordinate expression by
“r="(g"a.0)p,

Proof. Let f be a differentiable function on M and f© be a
differentiable function on 7M with the local expression

re=0.0)y
with respect to induced coordinate system

(see [ 8 ]). Then the local coordinate expression of f is seen by
straightforward calculate

f=ropt=(0,s) oo =L (01)

ap; (34)
=" (gij)V(aif)pj =" (gijaif)pj'
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3.2. £ -dual lifted vector fields between the tangent bundle and the
cotangent bundle of the Lagrange manifold

Let X be a vector field on M then X', X, X" respectively the
vertical ,complete and horizontal lifts of X , be vector fields on TM .

Definition 6 Let X~ be a vector field on TM The push-forward of X~ by
@ , a vector fieldon T"M is defined by

X=p,0X g, (35)
and The push-forward of ~X by @', a vector field on TM is defined by
X =g 0" Xop.
The vector fields ~X and X~ are called £ -dual vector fields (see [5]).

Theorem 7 If X is a vector field on M and the vector field X' is the
vertical lift of X to TM then " X which is defined the push-forward X"
by @ is the vertical lift of X to T°M, which has the local expression by

0

"x =" (Xig..)g,
J

g

with respect to adapted frame on T M .

Proof. Let P be a point in open neighborhood 7' (U) of T°M with the
induced coordinate (g',p,) . There is a point P on TM providing equality

of @(P)=P . To obtain the component of X , if we put X’ instead of

X~ at the composition operation in ( 33 ), we get
YX(P)=(p, 0 X" o kP)
=o.(x"(P)
Moreover, we have
"XC NP =(p. o XN NP =X fop)P)=X"(F)P)=0  (36)
and for all points P and P providing equality of ¢(P)= P , we get



— 240 —
" X(C )P =((p. o X7 XENXPY = XV (€ Fop)(P) = X7 (£€)P)

= (X (P =((x)" o0 kP) =" (X/)(P)
Since the vector field " X is provide identities at ( 36 ) and ( 37 ), it is called

the vertical lift of X to T M . As to components of the "X , we can
straightforward calculate as follows

, 0 , 0
"X=0,|(X) —|=" X'g, |—.

(37)

Theorem 8 If X is the complete lift of a vector field X on M to TM

then X | the push-forward of X by ¢ , is the complete lift of X to
T*M which has the local expression by

‘x=" (Xi)i,+pl..V(V .Xi)i

5q1 J a ;

with respect to adapted frame on T"M , where V X' = % + X' .

Proof. Forall Pez'(U)cT*M andall Per ' (U)no (z ' (U)c TM
, we get
“X(P)=(p.o X o0 )P)
= p.(x“(P)

Moreover, we have

X )P =(p. o XX )P = X () fo0)P)

N 3 (38)
= (X (P)= (X)) o9 kP) =" (XF)(P)
and for all points P and P providing equality of ¢(P)= P , we get
R GEICXR S W0 RS SO RO .

= X (SUP) = (XN 207 kP) = (X1 )(P).
Since the vector field “X is provide identities at ( 38 ) and ( 39 ), it is called
the complete lift of X to T°M .Byusing (16), (18), (29), (30)and ( 33 ),
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we can straightforward calculate as follows

“X(P)=p.(X(P))

2

+(V,-Xf>V(P>.yf(P>%

P

i i
—CD*{(X) (P)(le-

op

€ X(P) = V(Xi)ii+pi.V(Vin)i (P).

o )
Since this equality is true all P and P providing equality of ¢(P)= P ,
The components of “X is seen to be correct.

Definition 9 Let X is a vector field on M  with the components
X :Xia%. and the vector field X" is the horizontal lift of X to TM then

"X which is defined the push-forward X" by ¢ is called the horizontal

liftof X to T°M such that
"X =X =0.(r(VX))

where
y 1 I(M) > I (TM).

y(VX) has the local expression by
N
y(VX) = (V, X)) ) 2
oy
with respect to adapted frame on 7M . The image of y(VX) under the ¢,

1S

0.(y(VX)=p,/ (v X' )5- (40)

J
Thus, by helping the components of X in theorem 8 and (40), the
horizontal lift of X to T°M "X has the local expression by
HX :V (Xl)il
&

with respect to adapted frame on 7°M .
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Theorem 10 If X" is the horizontal lift of a vector field X on M to
TM then " X | the push-forward of X" by ¢, is the horizontal lift of X

to T°M which has the local expression by
H X :V (Xl)il
&q

with respect to adapted frame on T M .

Proof. Forall Pex'(U)cT'M andall Per ' (U)no ' (z"'(U)) = TM
, we get

" X(P)= . (X"(P))

Voviy O T
= X')— |(P).
(( )&]1]()

Since this equality is true all P and P providing equality of ¢(P)= P , the
components of “ X is seen to be correct.

3.3 £ -dual lifted one forms between the tangent bundle and the cotangent
bundle of the Lagrange manifold

Let @ beanone formon M then 68", 0¢, 6" be one formson TM .

Definition 11 Let 0~ be a one form on TM . The pull-back 0~ by @' is

defined by
0=(p"f 07097, (41)
and the pull-back ~0 by ¢ is defined by
0" =@ " 0. (42)

The one forms ~0 and 0~ are called
£ = dual one forms (see [5]).

Theorem 12 If 0" is the vertical lift to TM of a one form 6 on M then
"0 , pull-back of 0" by @' is the vertical lift of 6 to T"M which has
the local expression by
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Vo =¥ (91' )dqi
with respect to dual adapted frame on T M .

Proof. Let P bea point in open neighborhood 7' (U) of T°M with the
induced coordinate (g',p,) . There is a point P on TM providing equality

of @(P)=P . To obtain the component of "6 , if we put 6" instead of 0~
at the composition operation in (41), we get

"opy=lp ') 00" o' | P)
=" ()
Moreover, we have
"o¢ X2 =(lp Y 0 ) X)(P) = 0" (90 ¢ X)) =0" (X7 )Py =0 (43)
and for all points P and P providing equality of ¢(P)= P , we get
"0(cx Xy = (o) (0" X 20k Py = 0" (92 X))

= 0" (X)P)=(0(X) o0 kP)=" (O(x))(P)
Since the one form " @ is provide identities at (43) and (44 ), it is called the

vertical lift of @ to T'M . As to components of the "0 , we can
straightforward calculate as follows

"o=(p)(6) ax')=" 0o ax')=" (6,)dg".

(44)

Theorem 13 If 0 s the complete lift of a one form 60 on M to TM
then €0 , the pull-back of 0 by @', is the complete lift of 6 to T"M
which has the local expression by

“0="1(g"0,)0p,+" (V,0))" (¢")p,dq’'
with respect to dual adapted frame on T"M , where V ,0, = %—Hkl“j’j. )

Proof. Forall Pez'(U)cT'M andall Per ' (U)no ' (z”'(U)) = TM
, we get
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o(py= (o) 0% 0 |P)
S A)
Moreover, we have

ot x)(P) =) 0 ) X)(P) =00 " X))(P)

) 3 (45)

=0°(x" kP =(0(x)" o kP =" (X )(P).

and for all points P and P providing equality of ¢(P)= P , we get
“o( xkpy= (o) =0 kP = 00! 0P o)

=0 (x)(P) = (O(x) o0 kP) = O(X))(P).
Since the one form ©@ is provide identities at  (45) and (46), it is called
the complete lift of @ to T °M . By using the theorem 2, we can
straightforward calculate coordinate expression of “6 as follows

oP)=(p™')(6°(P))
=) {(&-)V(P)&yﬂp + (VJ.Qi)V(P).yj(P).dxi‘P}
=" (0) o )*(5yf\P)+V v jel.).%.(go-‘ )*(dxf\P)

= ("(g70,)3p, +" (v ,6,)" (g" )p,dq’ X P).

Since this equality is true all P and P providing equality of ¢(P)= P , the

components of 6 is seen to be correct .

Definition 14 Let 0 is a one form on M with the components 6 = 0,dx’
and the one form 0" is the horizontal lift of 6 to TM then "0 which is
defined the pull-back 0" by @' is called the horizontal lift of 0 to T"M
such that

19=0-(p" ) (»(V0)),

where
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y 1 I(M) - I (TM).

y(VO) has the local expression by
y(VO)=(V,0,)" .y’ dx'

with respect to adapted frame on 7M . The image of y(VO) under the
(go" )* is

o) (r(vx)=" (v,0) (e pida’. (47)
Thus by helping the components of €@ in theorem 13 and (47), the
horizontal lift of @ to T°M "6 has the local expression by

"0="(g"0,)dp,

with respect to dual adapted frame on 7"M .

Theorem 15 I 0" s the horizontal lift of a one form 6 on M to TM

then "0 | the pull-back of 0" by @' | is the horizontal liftof 0 to T'M
which has the local expression by

H V ij
0="(g"0,)op,
with respect to adapted frame on T M .

Proof. By using the theorem 2, we get
“o(P)= (o) (0" (P))
~ (Vo o] |

= )PV (9] )
= ("(¢70,)é, XP).

Since this equality is true all P and P providing equality of ¢(P)= P , the

components of ” @ is seen to be correct.
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