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Abstract

In this paper, it is examined relations between the causal character of lifted
tangent vector on the tangent bundle with g" semi-Riemann metric of a semi-
Riemann manifold and the causal character of the tangent vector on the semi-

Riemann manifold with g semi-Riemann metric. Moreover, it is proved that g H ,

which is obtained in term of the horizontal lift of a semi-Riemann metric with v -
index on a differentiable manifold, is a semi-Riemannian metric with n-index
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1. Introduction

The study about metrics on tangent bundle of a Riemannn manifold was
introduced at the end of the 1950’s. [Yano and Ishihara, 1970], The metrics on M
were lifted TM by vertical, complete and horizontal lifts. [Yano and Ishihara,
1970], [Oproiu and Papaghiuc, 1998] examined the differential geometry of TM
by this metric. Moreover, they defined that obtained metric on TM by the
horizontal lift of Riemann or semi-Riemann metric on M is semi-Riemann metric
without proof. In addition, They also defined that lifted metric on TM by
horizontal lift is a semi-Riemann metric with n positive and n negative signs
without proof.
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In this paper, it is proved that (TM, g" ) is a semi-Riemann manifold. Then it is
showed that the tangent vector in (M,g) can respectively spacelike, null and
timelike if the tangent vector in (TM, g" ), which has been lifted a tangent vector

in (M,g), is spacelike, null and timelike.

Finally, it is obtained that obtained metric on TM by the horizontal lift of a
Riemann or a semi-Riemann metric on M is semi-Riemann metric with n positive
and n negative signs.

2. A differentiable manifold and its tangent bundle

Let M be a differentiable n-dimensional manifold and TM be its tangent bundle.
Suppose that (X)={x',..,x"}is a system of local coordinates defined in the
neighborhood peU < M . Since the canonical projection 7:TM — M obtains
the equality z(Z,)=p, 77" (U)=U"is open neighborhood of the point 7' ({p})
in TM.
(X YNZ ) = (X (P X (P), 2 [X 1,00, Z, [X" ) (1)

Therefore, the map (x,y) which is defined with the equality (1) is a local map in
U’ cTM and the system of (x',y';1<i<n) is induced local coordinate system
in TM.

TTM, the tangent bundle of TM, has subvector bundle VTM = Cek((zy; ) )which
is called vertical distribution on TM and HTM which is called horizontal

distribution on TM. In addition, it can be expressed TTM as direct sum of
subvector bundles VITM and HTM

TTM =VTM @ HTM (2)
{0,,0,;1 <1< n}is adapted local frame in TM where 6; is local frame in HTM
H
5i:(ij :i:i_Nijia N =y'T,’ 3)
OxX' X' Ox' oy’
and 0, is local frame in VITM
\
o-(Z) -2 @)
OX oy
Furthermore, {dy',dx';1<i<n}is adapted local dual frame in TM where
&' =dy' +N'dx',  N'j=y'T (5)

(Oproiu ve Papaghiuc, 1998).

g" is defined vector fields on TM as bellow
g" (XYM =g" (X" Y =(g(X.V))"
g" (X" Y™ =(g(x,n))" =0, (6)
g"(xV,Yy¥)=0

forany X,Y € y(M) and X" , X" YV Y™ € y(TM).
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g™, the horizontal lift of the metric tensor g with components g; on M, has

components
g" =gijdxi5yj+gij5yidxj (7
with respect to adapted local frame in TM or
g" = (gkjrjkiyi + gikri;(yj)dxidxj + gijdxidyj + gjidyidxj 3

with respect to induced local coordinates in TM.
Moreover, the matrix representation of g" is
Ho_ gkjrjkiyi"i_gikri:'(yj Qij
9" = €))
gii 0

(Yano and Ishihara, 1970).

3. Semi-Riemann manifold

Semi-Riemann geometry involves a particular kind of (0,2) tensor on tangent
spaces. To study these in general, let V be a finite dimensional real vector space.
A bilinear form on V is an R-bilinear function b:V xV — R, and let b be a
symmetric.

Definition 3.1 A symmetric bilinear form b on V is called positive [negative]
definite provided v=#O0implies b(v,v)>0[<0]and 1is called nondegenerate

provided b(v,w)=0 forall weV implies v=0.
If b is a symmetric bilinear form on V then for any subspace W of V the
restriction b‘ ww) » denoted merely by b|W , 1s again symmetric and bilinear.

Definition 3.2 The index v of a symmetric bilinear form b on V is the largest
integer that is the dimension of a subspace W —V on which b|W 1S negative

definite.

Definition 3.3 A scalar product g on a vector space V is nondegenerate
symmetric bilinear form on V.

Definition 3.4 If g smoothly assigns to each point p of M a scalar product g on
the tangent space T ,M, and the index of g is the same for all p, a smooth

manifold M furnished with a metric tensor g is called a semi-Riemann manifold.
A semi-Riemann manifold is denoted an ordered pair (M, g ).

Definition 3.5 A tangent vector V in a semi-Riemann manifold (M, g ) is
i) spacelike vector if g(v,v) >0 or v=0,

i) null vector if g(v,v)=0 and v#0,

iii) timelike vector if g(v,v)<O0.
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The category into which a given tangent vector falls is called its causal character.

To prevention clumsy and to make computation easier, we will use normal
coordinate system while computing the index of a semi-Riemann manifold.

Theorem 3.1 Let (M,g) be a semi-Riemann manifold with index v. If

(x',...,x") is a normal coordinate system at pe M , it is
i -1 1<j<y
i) 9;(P)=6;¢;, ¢;=

1 v+l<j<n’
i) [,“(p)=0 for (1<i, j,k<n) (11)
(O’Neill 1983).

(10)

4. The metric ¢ in TM

Theorem 4.1 Let M be a differentiable manifold and g be a Riemann or semi-
Riemann metric on M. If »(TM) is a set of vector fields in TM and C*(TM, R)

is a ring of differentiable function whose range set is real number, g H is semi-

Riemann metric in TM where g H s

g": yOM)x y(TM) — C*(TM,R) (12)
(X.¥) > gH(X.Y)
Proof: Let X be a vector field in M and X be a vector field in TM. All X vector
fields in TM are expressed with direct sum of vector fields X" and X" due to
property (2) as below

X=X"+x". (13)
We get
9" (@X + A7, 2)=g" ((aX + V) +(aX +pV)" .2 +2")
=ag" (X,2)+pg" (Y, 2)
and

0" (X, a¥ +Z)=g" (XV + X", (Y + f2)" +(aY + p2)")
=ag" (X.V)+ /" (X.2)
forany X,Y,Z e y(M),X,Y,Z € y(TM) and &, B eR.
Thus, we obtain that g" is bilinear. By the equality (13), we get
9" (X.Y)=g" (V. X).
Thus, we obtain that g" is symmetric. By the definite nondegeneracy of a
metric, we get
g" (XY =g" (X" + X" YV)=g" (X", YY) =(g(X.V))" =0
for VX e x(TM) and Y =Y". We find that Y¥ =0 and by similary operation,

we get
g" (X,Y")=(g(X,Y))" =0,
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We also find that Y™ =0. Thus, we get
gH()z,YN)=Oc>Y~=O for VX e y(TM).
Namely, g" is nondegenerate. In conclusion, since it is provided non degenerate,

symmetric and bilinear properties of g™ ,g" is a semi-Riemann metric in TM.

Theorem 4.2 Let (M,g) be a semi-Riemann manifold and ¢g" semi-Riemann
metric in TM. Let T /M be the tangent space at a point p in M and T,TM be the
tangent space at a point Z in TM which provide equality z(Z)=p.If X,Z are
spacelike or timelike vectors in T M, both (X Y )z and (X 4 )z are null vectors in
T,T™M .

Proof: By the equation (6) and definition 3.5, it can be seen proof of the claim
straightforward.

Theorem 4.3 Any vector which is defined in a semi-Riemann manifold
(TM,g") is null vector if and only if

i) the vector which is defined on TM lies vertical or horizontal vector subspace in
tangent space of TM or
i) projected vector in T,M of the vector which is defined in T,TM is null

vector.

Proof:

i) By the equation (6), it is clear.
i) By the equality (13), it is writen

X, :(Xv)z+(XH)z
where )?Z €T,TM and X,Z eT M . We get
9" (X,,X;)=29(X,,X,)=0.
In addition, we get
X, #0= X, #0.

Thus, X, is also null vector.

Theorem 4.4 If any vector which is defined on semi-Riemann manifold (TM, g"

) is spacelike vector, the vector which is projected on semi-Riemann manifold
(M, g) is spacelike vector.

Proof: By the part (ii) of preceding theorem, it is writen
Xz :(Xv)z "'(XH )z
where X, € T,TM and X,Z € T,M . By the definition 3.5, we get
9" (X;.X7)=29(X,,X,;)>0

or
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Thus, X, is spacelike vector.

Theorem 4.5 If any vector which is defined on semi-Riemann manifold
(TM, g" ) is timelike vector, the vector which is projected on semi-Riemann
manifold (M, g ) is timelike vector.

Proof: By the part (ii) of theorem 4.3, it is writen
Xy =(xV), +(x"),
where X, €T,TM and X,Z eT,M . By the definition 3.5, we get
9" (X5, X;)=29(X,, X)) <0.

Thus, if X, is timelike vector, X , 1s timelike vector.

5. The index of the metric g"

Theorem 5.1 If ( M, g ) is a Riemann manifold, ( TM,g" ) is a semi-Riemann
manifold with n-index.

Proof: Let g be a Riemann metric on M. We take a normal coordinate system in
M. In terms of the equalities (10), (11), itis obtained that

1 i=
gij(p)=5ij={0 :?&}}’ Fi:'((p)=0 (14)

forv=0
The equalities in (14) taking into account (9), the matrix representation of g" is

gH :|:O Ian:|.
Inxn O

The eigenvalue of this obtained metric g" can be seen by the equality
Al nxn - Inxn
‘AIZnXZn - gH ‘ :‘

- In>(n Al nxn
The equality (15) can be proved by the methot of induction as below.
It is true that

= (2 -1 (15)

y)
\/um—g*‘\=_l ) (A2 -1 forn=1

We suppose that following equality is true n =k

Al kxk - Ikxk

‘/uzkxzk_gH‘: :(/Iz_l)k-

- Ikxk Al kxk
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The equality can be proved as follow for n=Kk +1

A .. 0o -1 .. 0
ﬂzl ka .ee - I ka
0 0
Alesnyxaksny — 9 Hl= det 1 0 A 0
e - Ika .ee ﬂzl ka
_O 0 12(k+1)x2(k+1)
Al 0 -l 0 Al = Dk
0 0
0 ... 0 A4 .. 0 -1 ... 00 .. 0
- Ika coe ﬂzl ka ooe - Ika ﬂzl ka
0 0
_ 22 (120D i = o | (1) (ke ok = i
— o Al — o Al
Al —1 Al —1
— Tkxk kxk — Tkxk kxk

Since the index of g" is independent chose of map on TM [see the definition

3.4], g" has n positive and n negative eigen value whose equal to +1 and -1. The
eigen vectors which is corresponded the eigen value +1 are

1 0
0 1
X, =| X, = ,
1 0
and the eigen vectors which is corresponded the eigen value -1 are

F © ol

0
X = B yeees Xy = ol

0 -1

The matrix which are obtained in terms of eigenvectors X,,..., X, and its inverse
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are

and

P_l—l Inxn Inxn
_2 Inxn _Inxn .

Thus, §" =P'g" P , the diagonal matrix of g" , is expressed as follow

| 0
~H _ | 'mn
’ _{0 - Inxn}

Finally, in terms of the matrix representation of §", we can see that g" is a
semi-Riemann metric with n positif and n negatif sign, straightforward.

Theorem 5.2 If ( M, g ) is a Riemann manifold with v - index, ( TM,g" )is a
semi-Riemann manifold with n-index.

Proof: Let M be a semi-Riemann manifold with v - index. If we take normal
coordinate system in M, it is

-1; I<j=i<v
0 j#i

where |, is diagonal square matrix. The first v  elements which are on the
diagonal of the this matrix are -1 and rest n —v elements are +1. Moreover, it is
l"ij-‘ (p) = 0. Thus, the representation of g" is that

W |01
: _L: 0 ]

The eigenvalue of this obtained metric g" can be seen by the equality

ﬂ’lnxn _|: n
Mo =g"| =T =20 (16)

The equality (16) can be proved that it is cosidered two cases as follow.

Case 1: Suppose that n-changeable and v —non changeable
we will the methot of induction so that we prove case 1. It is true that

A 0 1 0
0 1 0 -1

e —g"|= L0 O:(ﬂf—l)2 for n=2
0 -1 0 2
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We suppose that following equality is true for n =Kk
Ay -1,

=2 -D".
_Ill /“kxk ( )

/uzkxzk_gH‘z

We can prove the true of the equality of (16) for n =k +1 as below

A .. 01 .. 0
Ay v =l
y 0 0
Alynxaen — 9 | = det 1 0 4 0
- Ikxk ces ll kxk
K 0 Jakanyxack+1)
— o Al — o Al
Aok~ Nk ks Aok — Nk
Mageriagen =9 =2 ¢ + (=D
(kxadch ‘ — ok Al ok Aok
Sy SO/ i ) L /L

Case 2: it is n-non changeable and v changeable

It is true that

A0 01 0 0
0 4 00 -1 0
4 e g“\=0 O A0 YTy frn=3and vl
1 0 04 0 0
0 -1 00 4 0
0 0 -10 0 4
and
A0 0 10 0
04 00 1 0
‘Méxﬁ—gH‘=O 0 400 _1=(/12—1)3f0rn=3andv=2.
10 040 0
01 004 0
00 -100 4

We suppose that following equality is true for n=k and v =7
Al kk I r?
- Ir? Al kxk
We can prove that the true of the equality (20) for n=k and v =7+1 as follow

Aok =97 | = =1 -D".

"
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A .0 1 0
Al k—1xk-1 - Il?—l
/uzkxzk_gH = 0 0
0 4 0
- II?—_II o A
0 0
= )2 (_1)2k Al k—=1xk-1 II?—_ll + (_1)k+2 (_1)k+1 Al k—-1xk-1 Il?—_ll
o II:]—_II A k—1xk-1 o II:?—_II Al k—1xk-1
_ 2 (/12 _ l)k—l _ (/12 _1)k—1

= (X -D~

2nx2n

Thus, the value of the deteminant ‘/II -g" ‘ is independent the choose of both

n and v. Furthermore, g" has n positive and n negative eigenvalue which equal

to +1 and -1.
The eigen vector which is corresponded the eigen value +1

0 0 0
0 1 0 0
0 0 1 0
0 0 0
Xl = | ,...,XV = 0 ,XV_‘_1 = 0 ’._.,Xn = 0
0 0 0
0 0 -1 0
L0} 0] L 0] -1
and the eigenvector which is corresponded the eigenvalue -1
1] [ 0] (0] (0]
0 1 0 0
0 0 1 0
0 0 0
Xns = - sees Xy = 0 s Kyl = ol Xon = 0
0 -1 0 0
0 0 1 0
L 0] | 0] K 1]
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The matrix which are obtained in terms of eigenvectors X,,..., X, and its inverse

are
o 0, L 0,
P— On—vxn—v I n—vxn-v On—vxn—v I n—vxn-v
o O =l 0,
On—vxn—v I n—vxn—v On—vxn—v I n—vxn—v
and
I 1244 OVXV I VXV OVXV
P — l On—vxn—v I n—vxn—v On—vxn—v I n—vxn—-v
2 I 1244 OVXV - I VXV OVXV
On—vxn—v -1 n—vxn-v On—vxn—v I n—vxn-v

Thus, §" =P'g" P , the diagonal matrix of g" , is expressed as follow

. 0, 0, 0,0
gH _ On—vxn—v In—vxn—v On—vxn—v On—vxn—v
vav vav I vxv vav
On—vxn—v On—vxn—v On—vxn—v - In—vxn—v

Finally, in terms of the matrix representation of §", we can see that g" isa
semi-Riemann metric with n positive and n negative sign, straightforward
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