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In this study, we discussed the Leonardo number sequence, which has been studied recently and caught more attention. We used
Pascal and Hosoya-like triangles to make it easier to examine the basic properties of these numbers. With the help of the properties
obtained in this study, we defined a number sequence containing the new type of Leonardo numbers created by choosing the
coeflicients from the bicomplex numbers. Furthermore, we gave the relationship of this newly defined sequence with the Fibonacci
sequence. We also provided some important identities in the literature provided by the elements of this sequence described in

this paper.

1. Introduction

Recently, there have been an increasing number of studies
on Leonardo numbers, which are a sequence of numbers that
are closely related to Fibonacci numbers and have been the
subject of some articles. The first comprehensive study on
these numbers belongs to Alp and Koger. In 2012, Kocer
examined the Leonardo numbers in detail and gave an im-
portant relation between Leonardo and Fibonacci numbers
[1]. Furthermore, the next detailed study belongs to Catarino
and Borges [2, 3]. There are only a limited number of studies
on this number sequence in the literature and one of the most
recent studies is by Prasad et al. [4]. In this work, Kumari
generalized these numbers and used them in Octonion al-
gebra. On the other hand, Shattuck [5] discussed the com-
binatorial identities of the generalized Leonardo numbers.
References [6-8] can be analyzed for more information.
Leonardo’s numbers are given by, for n € N,

Le,,, = Le,,; +Le, + 1, (1)

where the initial conditions are Le, = Le; = 1. Writing the
elements of the sequence provides computational conve-
nience [2].

{Le,},»0=11,1,3,5,9,15,25,41,67,109,177,...}.  (2)

The numbers have a relationship with the Fibonacci
number, due to the nature of the repeated relation in the
equation (1). In 2012, Alp and Koger examined the
Leonardo numbers in detail and mentioned Fibonacci
relation [1].

Len = 2FVl+1 - 1~ (3)

In 2022, Karatas handled the complex Leonardo num-
bers [9].

CLe, = Le, +iLe,,; = CLe,_; + CLe,_, + (1 +1). (4)

n+l =

The author gave the Binet formula for these numbers in
his work as follows.

2aan+l _ 2[))/;"1-1
a-p
In this formula, the values of &, 8 are the roots of the

characteristic equation containing the Fibonacci numbers.
In addition, alpha and beta line values are as follows.

Cle, = — (1 +1). (5)

a=1+ia,

é:1+iﬂ. (6)

And so, we write
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{CLe,},s0={1+4,1+3i,3+5,5+9,9+15,...}. (7)

Definition 1. With the help of the numbers CLe,, we can
define the bicomplex Leonardo numbers as follows:

BLe, = CLe, +jCLe,,,

= (Len + iLem—l) + j(Len+2 + iLen+3)’

(8)

where

BLey = 1+i+3j+ 5ij, )
BLe; =1+ 3i+5j + 9ij.

In Table 1, we listed some of the nth Fibonacci, Lucas,
Leonardo, complex Leonardo, bicomplex Fibonacci, and
bicomplex Leonardo numbers to use later.

With the help of Table 1, the following equations can be
written:

1+3i
3+5i
5+9i 7+13i
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(i) F,+L,+Le, =2Le, + 1.
(ii) F,+ L, -1 =Le,.
(iii) F, + L, + Le, — 1 = 2Le,,.
(iv) F,+ L, +Le, +CLe,—1=3Le, +iLe,,,.
(v) F,+L,+Le,+CLe,+BF, —1=F, +3Le,+i(F,,—
1) +jCF,,.
(vi) F,+ L, +Le,+CLe,+BLe, — 1= 2(Le, + CLe,)+
jCLen+2'

As is known, using Pascal and Pascal-like triangles is
another way of obtaining various new identities. In this
section, we introduce Pascal-like and Hosaya-like triangles
and give new identities. Let us give new Pascal-like triangles
using the numbers Le, and CLe,. First, we construct
a Pascal-like triangle using the numbers CLe,. Next, we
introduce Hosoya-like triangles using the numbers Le,,.

143i
3+5i

7+13i 5+9i (10)

9+15i 13+23i 15+27i 13+23i 9+15i

It may be useful to use some notations here. These are
l1+i=¢€,1+3i=¢€+2i,3+5i=3¢+2i,...,. (11)
We can also examine the numbers CLe, and the elements
of the Pascal-like triangle with the help of the table below.
It is observed that the first column of Table 2 consists of
CLe, numbers. The following equation can be written to

represent the notation C(n, k) for the nth row and kth
column element. For n,k € Z* and n>k + 1,

Cn,k)=C(n-1,k-1)+C(n-1,k) +e;. (12)
For n =3,k =2, we get
C(3,2)=(3+7i)+(3+5i)+(1+1)
=7+13i (13)
= 7€; + 6i.
In addition, the sum of the first column and last row

elements of Table 2 gives the number BLe,. Therefore, we
can write the formula that gives these numbers as follows.

BLe, = C(n,0) +jC(n +2,0). (14)
Forn=1,
BLe, = C(1,0) +jC(3,0)
=1+3i+5j+9ij.

(15)

Using this information and the numbers BLe,, we can
construct the following Pascal-like triangle.

We give the elements of the Pascal-like triangle involving
the numbers BLe, in the table below.

Notice that the first column of Table 3 gives the numbers
BLe,, and the nth row and the kth column elements give the
numbers B(n, k). For example, for (m k)= (2,1) and
(n,k) = (4,3) we get

B(2,1) = B(1,0) + B(1,1) + €i€;
=3+7i+11j+19jj
=3¢; +4i + j(11¢; + 8i),

B(4,3) = B(3,2) + B(3,3) + ;¢
= 13 +23i +37j + 61ij

= 13¢; + 10i + j(37¢; + 24i),

(16)

respectively.

Theorem 2. For n>k+1 with n,k € Z*, the following
equality is satisfied.

B(n,k):B(n—l,k—1)+B(n—1,k)+eiej. (17)

Now, let us recognize Hosoya-like triangles using the
numbers Le,,.
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TaBLE 1: The numbers F,,L,,Le,, CLe,, BF,,BLe,,.

n 0 1 2 3 4
F, 0 1 1 2 3
L, 2 1 3 4 7
Le, 1 1 3 5 9
CLe, 1+i 1+3i 3 +5i 5+9i 9+ 151
BE, i+j+2i 1+i+2j+3jj 1+2i+3j+ 5ij 2+3i+55+8ij 3 +5i+8j+13jj
BLe, 1+i+3j+5jj 1+3i+5j+9jj 3 +5i+9j+15jj 5+9i+15j + 25ij 9+ 15i + 25 + 41ij
TaBLE 2: The numbers CLe,,.
nlk 0 1 2 3 4 5
0 €;
1 € +2i € +2i
2 3€; +2i 3€; + 4i 3€; +2i
3 5€¢; +4i 7€; + 61 7€; + 6i 5€¢; +4i
4 9, + 6i 13¢; + 10i 15€; + 12i 13¢; + 10i 9; + 6i
5 15¢; + 10i 23¢; + 16i 29¢; + 22i 29, + 22i 23¢; + 16i 15¢; + 10i
TaBLE 3: The numbers B (n, k).
nlk 0 1 2 3
0 €; + j(3€; +2i)
1 € +2i+ j(5€¢; + 4i) €; +2i+ j(5€¢; + 4i)
2 3€; +2i + 37 (3€; + 2i) 3€; +4i + j(11¢; + 8i) 3€; + 2i + 37 (3€; + 2i)
3

5€; +4i + 57 (3€; + 2i) 7€; + 6i + 7] (3€; + 2i)

7€; + 6i + 7 (3€; + 2i) 5€; + 4i + 57 (3€; + 2i)

1 1
3 1 3
5 3 3 5 (18)
9 5 8 5 9
15 9 12 12 9 15

Where the initial values are Le(0,0) =Le(1,0)=
Le(1,1) = Le(2,1) = 1 and the set {1, 1, 8, 19, 53, 134, 349, .. .}
gives the middle sequence in this triangle.

Theorem 3. For the number Le (n, j), the following equalities
are true.

(i) For n>2j, j=2,
Le(n, j)=Le(n—-1,j-1)+Le(n—-2,j-2) +2.

(19)
(ii) Forn=j+2, j=2,
Le(n,j)=Le(n—1,j)+Le(n—-2,j) +2. (20)
(iii) For 1<k<n—-j—-1,
Le(n, j) = Fy,Le(n—k, j) + F Le(n—k — 1, j) (21)

+ (Lek+1 - 1)'

The following Theorem gives the relationship between
Leonardo and Fibonacci numbers.

Theorem 4. For k =n— j—1, Leonardo numbers are

Le(n, j) = F,_j,y(2F;, +1) -2 (22)

n—j+1

Proof. For k =n— j—1, we have
Le(n, j) = F, jLe(j+1,j)+F, ; Le(j, j) +(Le, ; - 1).

(23)
Using the equality Le, = 2F,,; — 1, we can write
Le(j+1,j)
=Le(j, ) (24)
=2F,, - 1.

A simple transformation, and then we get
Le(n, j) = F, j(2F;,, 1)+ F,; | (2F;,, — 1) +(2F,_j,; - 2),

Le(n, j) = F, j,,(2F},, +1) - 2.

n—j+1(
(25)
O

2. The Numbers BLe, and the Identities
Involving Them

In the studies in [10-13], the authors examined the arith-
metic operations in bicomplex space and their structure of
functions in detail. In this section, we obtained some
identities using Leonardo and bicomplex numbers.
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Definition 5. For n> 0, the numbers BLe, can be defined as  Corollary 6. For n>3, we have

follows: BLe, = 2BLe,_; — BLe,_;. (28)

n-1

3
BLe, = Z Le,, e,
s=0 (26) Theorem 7. For the numbers BLe,, we have
=Le,e, + Le,, e; +Le,,,e, + Le, se3,

where e, = 1,e;, =i,e, = j,e; = ij and
0 1 2 3

3
BLe, = Z Lege,,
s=0

3
Ble, = Z Le,, e, (27)
s=0

3
BLe, = Z Le,,,e..

s=0
3 2
L L - 2L L -2L
g(BLen,x) _ ZSZO( e + ( €511 . es)x + ( €512 es+1)x )es. (29)
x —2x+1
Proof. First, we write the equations x3 g(BLe,,x) and
2xg(BLe,, x).
g(BLe,, x) = BLe, + BLe,x + BLe,x” +--- + BLe,x" + ...
—2xg(BLe,, x) = —2BLe,x — 2BLe; x> — 2BLe,x” — ... — 2BLe, ,x" — ... (30)
x’g(BLe,, x) = BLeyx’ + BLe,x* + BLe,x” +--- + BLe, ;x" + ...
Later, by arranging these equations, we get
(x3 -2x+ 1)g(BLen, x) = BLe, + x (BLe, — 2BLe,) + x” (BLe, — 2BLe;) + ...
BLe, + x (BLe; — 2BLe,) + x (BLe, — 2BL
g(BLe,, x) = e + x (BLe, - ey) + X" (BLe, er)
(x -2x+ 1) (31)
Zizo(Les + (Les+1 - 2Les)x + (Les+2 - 2Les+1)'x2)es
g(BLe,, x) = 3
x —2x+1
Thus, the proof is completed. O
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Theorem 8. For nonnegative integers n, we have
BLe, = Ar} + Br, + Cr}, (32)
where r; = 1+ /5/2,r, = 1 =/5/2,r; = 1,

A= ijoLeerzes + (-1, - rs)ZloLemes + r2r3Z§:0Leses
(ry=1y)(ri—13)

>

3 3 3
Zs:OLes+265 + (_rl - rS)Zs:OLesHes + rlrSZs:OLeses

(ry=11)(ry—13) ’

"2)25 oles 16 + rlrzzs oleses
(r3=r1)(rs —13)

B =

3
C= ZS:OL65+265 + (_

(33)

Proof. To prove, if we use the initial values BLe,, BLe,, BLe,
and recurrence relation BLe, = 2BLe,_; — BLe,,_5, then we
write

3
A+B+C=) Lee,
s=0

3
Ar; +Br, + Cry = Z Le,, e, (34)
s=0

3
2 2 2
Ar] +Br; + Cr; = Z Le, e
s=0

Here are some operations and abbreviations needed. If
we also do them, then

A= Zi:OLeerZes + (=1 - r3)2§:0Les+les + rzrst:oLeses
(7’1 - 7’2) (Tl - ”3)

>

3 3
L= 13)Yaoleg e + sy Lese,

(ry=11)(rs—13) ’

- rz)Zs olegies + 7’1”225 oleses
(ry=r1)(rs —13)

3
zs=0Les+265 + (—1’

B =

3
C= ZS:OL65+265 + (_

(35)

Thus, we provided the most general formula for the
number BLe,,.

In the next theorem, we give the equation, which is
significantly important for integer sequences and is known
as Catalan’s identity. O

Theorem 9. For n,r € Z* and n>r we have

BLe,,,BLe,_, — BLefl =(-1D" r{ABrg "( 2y rz +2(-D™ _r) +ACry” "( 2y r3 +2(-)™ _r) +BCr] "(r%r + r? + 2(—1)”11'7)}.

Proof. We can write the following equation for the left-hand
side of equation (36).

LHS = (Ar}™ + Br)" + Cr5™") (Ar]"

+ B+ Cry ") - (Ar} + Br} + Cr})’,

(36)

(37)

LHS = AB(r,r,)" (rry + 115 —=2) + AC(rr3)" (rir3" + 1,715 = 2) + BC(ryrs)" (rhrs" + 1,15 = 2).

For the last equation, if we do some editing and nec-
essary algebraic operations, then

BLe,, BLe, , — BLe’ (38)

n’

is equal to this

(—1)”"{ABrg‘"(r1 w7+ 2(-1)""r _r)+ACr; "( Tl 2(-1)""r ‘f)+BCr§ ”(r2 +r7 e 2(-1)""r ‘)} (39)

Thus, the proof is completed. O
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Corollary 10. For the numbers BLe,, we have

BLe,, BLe, , — BLe) = (—1)"71{AB1’;7"(1’% +15+ 2r;1) + ACr;"(rT +r3+ 2r;1) + BCr}fn(rg 7o+ 21{1)} (40)

Proof. If we use the Binet formula, we write the left side of
equation (40) as follows.

BLe,, BLe, , — BLe, = (Ar]"" + Bry"" + Cry™ )(Ar)™ + Bry ™ + Crj ') — (Ar] + Bry + crh)’

n+1

BLe,,,BLe, , - BLe, = AB(r{"'r; ™ + 3" ¢ = 2r1}) (41)

n+1

n+l _n-1 n+l n-1 n.n n+l n-1 n+l_n-1 n_n
+AC(r1 ry  +ry 1) —2r1r3)+BC(r2 ry t+r; T, —2r2r3),

If we complete the necessary arrangements, then we
obtain

BLe,, BLe, , - BLe’ = (—1)"_1{ABr§_"(rf 75+ 2r;1) + ACré_"(rf 74 2r;1) + BCri_"(rg 7+ 21’;1)} (42)

Thus, the proof is completed. O  Theorem 11. For positive numbers m,n, Ble,Ble,  —
BLe,BLe,,,, is

- -n_-m+l | _-m+l_-n _-m_-n+l _-—n+l - ~ -n_-m+l | _-m+l_-n _-m_-n+l _—n+l -
(_1) (m+n){ABr;(m+n)(rlnr2m+ +r1m+ rzn_rlmrzwr _r1n+ r2m> +ACr2(m+n)(r1nr3m+ +r1m+ r3n _rlmr3n+ _r1n+ r3m)

—(m+n) ( -n_-m+l -m+l_-n -m_—n+l -n+l_-m
+BCr, Ty 15 +r,  ry =T, Iy —t, Iy

(43)
Proof. If we want to calculate the left-hand side of equation
(43), then we get
LHS = (Ar}" + Bry' + Cri")(Ar]™ + Bry™ + Cri™) — (Ar} + Bry + Cry)(Ar]™! + Bry*! + Crf™). (44)
From this equality, we get
LHS = AB(r]'ry™ + 17y = ey =100+ AC(r 'y + ey — i — ) )

m_n+l n+l_m n_m+l m+l_n
+BC(1’2 Ty T, Ty —T,rs  —1, r3).

Thus, BLe, BLe,,, — BLe,BLe,,,, is as follows:

n+l
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—(m+n) —(m+n) [ —n_-m+l -m+l_-n -m_-n+l -n+l_-m —(m+n) ( -n_-m+l -m+1_-n -m_—n+l -n+l_-m
(-1) ABr, (rl r, +ry ry, —r r, —r; ry, )+ACr, vty kT ry =T ry =t 1 )

—(m+n) [ -n_-m+1 -m+1_-—n -m_—n+l -n+l_-m
+BCe, (r2 13 +r, ry =T, Ty =1, T, )}

which is the desired result. O

(46)

Theorem 12. For positive numbers m and n, BLe,_,BLe,, +
BLe,BLe,,,, is

AZrTM_l(l + rf) + Bzr;”m_l(l + r%) + Czr?m_l(l + rg) +AB(1+ rlrz)(rTrZ_l + r;”r'f_l)

(47)

+AC(1+ r1r3)(rg"r;'_l + rTrZ_l) +BC(1+ r2r3)(rg"r;'—1 + rg'rg'_l).

Proof. In formula BLe,_,BLe,, + BLe,BLe,,,,,, if we use the
Binet formula, then this value will be equal to the expression
below.

(Ar'f_1 +Bry " + Crg_l) (Ar]" + Br) + Cr3') + (Ar] + Br + Cr?)(ArTJrl + By + Crg’“)

= Azrg'”"*l(l + r%) + Bzrg”"*l(l + r%) +C

2 m+n—1(1 + rg)

-1 —1( -m_-n+l | -m_-n+tl  _-—-m+l —n+t2  _—m+l_-—n+2
+(_1)m+n {ABrgnJrn (rlmr2n+ +r2mr1n+ +r1m+ r2n+ +r2m+ r1n+) (48)

min-1(_ -m_-n+l -m_-n+l -m+1_-n+2 -m+1_-n+2
+ACr, (”1 ry  +ryor; T r +ry 1 )

min=1(_ -m_-n+l -m_—n+l -m+l_-—n+2 -m+1l_ -—n+2
+BCr; (r2 Ty +Try T, T, T +ry 1, )}

Then, BLe,_,BLe,, + BLe,BLe,,,,; is

AZrT”’_l(l + rf) + Bzr;”m_l(l + ré) + C2r§"+"_1(1 + r%) +AB(1+ rlrz)(rTr;_l + r;”r’f_l)

(49)

+AC(1+ r1r3)(rg"r§'_1 + r;"rg'_l) +BC(1+ r2r3)(rg"rg_1 + rgqrg'_l).

Thus, we prove the claim of the theorem. O

3. Conclusion

In this study, we discussed the Leonardo number sequence
and its basic properties in detail. With the help of the
properties and Pascal-like triangles, we defined a new se-
quence of numbers containing Leonardo numbers. We have
also considered the basic identities provided by the elements
of the newly defined sequence, which are often used in
examining integer sequences.
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