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Characterization of Absolute Summability Factors
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By (A, B) we denote the set of all sequences A = (A,) such that Za,A, is summable
B, whenever Za, is summable A, where A and B are summability methods. In the
present paper we characterize the sets (|V, p,|. IN. gule) and (N, pole. [N, g.). 1 =
k < =, using functional analytic techniques, and also extend some known results.
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1. INTRODUCTION

Let XZa, be a given infinite series with the partial sums s, and let (p,)
be a sequence of positive numbers such that P, = py + p, + -+ + p, —
wasn-—»x (P_;=p_, =0,i=1). The sequence-to-sequence transformation

_—1—_ n
t, = P ZPUSLH

nu=0

defines the sequence (t,) of the (N, p,,) means of the sequence (s,,) generated
by the sequence of coefficients (p,). The series 2a, is said to be summable
IN, pulic. 1 = k < o if (see [1])

Z (Pn/pn)lhlltn - rrl‘k < 00, (1)
n=1
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In the special case when k = 1, [N, p,|, summability is the same as [N, p,)|
summability. Throughout the paper (p,) and (q,) will be denote positive
sequences with P, > o and Q, =qy + ¢, + ** + g, — % as n — o,

If a sequence A has the property that 2a,A, is summable B whenever
2a, is summable A, where A and B are two methods of summability, then
we say that A is a summability factor of type (A, B) and we write A € (A,
B). It is known that the summability [N, p,| and the summability [N, g,/
are, in general, independent of each other. It is, therefore, natural to ask
for suitable summability factors of the types (N, p,|. [N, q.l) and (|N, p.lc.
N, q.]). 1 =k < .

2. THE MaiN RESULTS

We shall prove the following.
THEOREM 2.1. Let 1 = k < ». Then A € (|N, p,,

’ |~N—’ q::'k) if(ll’ld Oﬂ[y lf

(a) A, = O(1)
(b) AA, = O(p,/P,) (2)
(c) Aw= O{(]),,/P,,)(Q,,/q,,)”k}

as n— o, where AA,, = A, — A,

THeOREM 2.2. Let 1 < k < . Then A € (N, p, . IN. q.|) if and only if

/\'*<OO

(a) 2, (Po/PII(Pulp.) AA, + Ay
v=1

% qUPL’ k*
b o/ Py { AU} < oo,
()UZ:l(p ) quUl |

where k* is the conjugate index of k; i.e., k¥ = k/(k — 1).

3. NEepED LEMMAS

We need the following lemmas for the proof of our theorems.

LemMA 3.1 [2].  Let k = 1. Then there are two positive constants A
and B, depending only on k; we have for all v = 1,
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A = B
TNy

where A and B are independent of (p,).
LEMMA 3.2[6]. Lerl =k < . Then T = (a.) € (I, &) if and only if

sup 2, la,|¢ < oo,

von=1
where (I,, ) denotes the set of all infinite matrices T which map [, into
I = {a = (a,) : Zla < =, k= 1}.

_Lemma 33 (8] Let1 =k < . Then [N, | = {x = (x}) : Zx; is summable
IN, p, i} is @ Banach space with respect to the norm

x n 17k
b=+ 3 rpat 1o 3 ]

1-1 j=1

Lemma 3.4 [7]. Ler 1 < k < oo, 1 = r < o, and suppose that x, y, u,
and v are related as

¥V, = i A Xy (n=0,1,..), v, = 5: a, Uy, (v=01,..).

v=l) n=0
Then y € I, whenever x € |, if and only if v € ;. whenever u € l.., where
k* and r* are the conjugate indices of k and r, respectively.

Lemma 35[7]. 1<k <wandy, = S @k, and v € I, whenever
X E lk- Then ((l,m) e lk*-

Lemma 3.6, Letk = 1. If Za,A, is summable |N, q,|c whenever 2a, is
summable |N, p,| then A, = O(1).

Proof. Let (t,) and (T,) be the sequences of (N, p,) and (N, g,,) means
of the series 2a, and 2a,A,,, respectively. Then we have

:——ZPLSVL_ Z(Pn L"I)al’v

nu =(} nL =0 (4)
Pn
X, =1, — = ZPL 1y, ’121,.1‘():[10.
PnPn 1p=

and similarly forn = 1,
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Ww=T,—Th = ann,m UIZ; Qu-1ayAs, Yo = Goho. (%)
We are given that
S Qg vl < ©)
whenever
g x| < 0. (7)

Now the space of sequences satisfying (7) if normed by

el = S bl

n=Q

is a Banach space. We are considering the space of these sequences (y»)
such that they satisfy statement (6). This is again a Banach space, by Lemma
3.3, with respect to the norm

b= {3 ©Jar st

We are given that (5) transforms the space of sequences satisfying (7) into
the space satisfying (6); applying the Banach-Steinhaus theorem in the
usual way we find that there is some constant C, such that for all sequences
satisfying (7) we have

iyt = Clixd. (8)
Taking v = 1, we are applying (8) with
a, =1, a, =0, (r+v).

Hence (4) and (5) give, respectively,

0, n<wv,
X, =3P, p,,, i
PnP'PI

and
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0, n<v,
yn = Qu*lqn)‘v’ n= v,
Qnerl

and so

=1 = e {3 51"

n=v n-1

Therefore it follows from (8) and Lemma 3.1 that A, = O(1).

Proof of Theorem 2.1.  We use the notation of Lemma 3.6. Putting the
inverse of (4) in (5), we have forn = 1

n 4 PU PU*
9 2 QU*I/\U (p_xv - p va‘l)

yn - Qn n-tuv=1 v v—1
n nd qu A/\L quAv ,,P, An
= 1 <Q vq + QUAU*I)XU +q ’ Xy
QnQn—l v=1 Pu Pu ann

Take Y, = (Q./q,) "%y, for n = 0. Then for n = 1

n
Y, = Z Ayp Xy

v=1
where

a,,

UPU A)‘u UPUAU
(C],,/Q,,)”k(l/Q,,_]) (Q - 9

(qn/Qn)”k (Pn/Pn)An- v=n.

+Qv)\u+1>. l=v=n-1,

Now, 2 a,A, is summable [N, g,|, whenever 2 a, is summable [N, p,| if
and only if Y € [, whenever x € /,, or, equivalently,

sup 3, |a,[* < oo, )

by Lemma 3.2. But (9) is the same as
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k
- QUPU AAL' L'PUAU d n
(@ QP AP + IR Oh| D A (10)
PL- pv n=v+l! Qn n-1
= 0(1), as v —» o,
This holds if and only if
(q,/Qu)(PA|Ip) = O(1) (11)

and

QUPU A)\U unU/\v ) { - qn }”k
— + O.A, 3 =0(1). 12
( Pv Pu Q o n;ﬁl QnQ{‘r] ( ) ( )

Because of Lemma 3.1, (12) is satisfied if and only if

quvAu

P, AMNIP, — Op

+ Ao = O(1). (13)

Since g,P.A/Qup, = O{(q./Q.)' Y%} = O(1), by (11), statement (13) is
equivalent to

P,AA/p, + Aoy = O(1). (14)

Thus it follows from (11) and (14) that hypotheses (a), (b), and (c) are
sufficient. However, it is from Lemma 3.6, (11), and (14) that hypotheses
of Theorem 2.1 are necessary, completing the proof.

Proof of Theorem 22. According to the notation of Lemma 3.6, we
know that

ann AIl

Xps n=l1.
ann

q, n-1
Yn = —]— 2 {(Pu/pu) A(QU”IAU) + Qu/\u+ l)xv +
QnQn-'] v=1

If we put X,, = (P,/p,)'""* x,, for n = 1, then we have

ji]
Yu = E ”nuXus
v=1

where
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anv
Q qQ" 1 {(Pv/pl) A(QU*I)‘U) + Qu)‘u*rl} (Pv/pv)(”k)il’ l =v=n-— l’
B HPHA"
qQ p (Pn/pn)“/k)?l' v=n.

Therefore X a,A, is summable [N, g,| whenever 2 g, is summable [N, p,|«
if and only if y € [, whenever X € /,. By Lemma 3.4, the necessary and
sufficient conditions for the same are

> a,.2, converges for every z,, = O(1), v=12,..,

n=uv

and
e % k*
DD an.| < whenever z,, = O(1).
v=1 | n=v
Now,
Sz, = g (P /P Auzy + {(P/po) A(Qu 1)
+ Qu/\uﬂ}(Pu/pv)(“k)?l dv-
where

%

qn
dv = na
z QnQn*l ¢

n=p+l|

which converges, since z, = O{1). Hence, the necessary and sufficient
condition for the conclusion of the theorem is

3 gl QP Ip ), Az, + {(Polpe) A(Q, 1A,) (15)
v=1
+ QU ALH’I} (PU/pU)(l/k)_l dll|k* < m

whenever z, = O(1). Take z, = 1 for all v. Then d, = 1/Q,. Thus it follows
from (15) that
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2 (P POI(PIpu) AN, + X[ < o0 (16)
v=1

In addition to this, we have, by Lemma 3.5,

o uPu k*
> (pu/Pu){"Qp m} < o, (17)

Therefore, the hypotheses of the theorem are necessary. The sufficiency is
easily seen from (16), (17), Lemma 3.1, and the inequality

(a+ b <25 (a* + b*), a,b=0,

since (15) holds whenever z, = O(1). Thus the proof is completed.

4. Sprecial CASES

Theorem 2.1 and Theorem 2.2 include some known results as special
cases and completed some of them in the necessary and sufficient form.
We list examples.

[}

__CoroLLARrY 4.1, Necessary and sufficient conditions for A € (N, p.
IN, q,|) are
(a) A, =0Q1),
(b) Ar, = O(pu/Pn), (18)
() A= O(PnQnl Guls).
Khan-Alauddin [4] established the sufficiency of the conclusion of Corol-
lary 4.1 under stronger conditions (18b), (18¢c), and p,Q, = O(q.P,).
_CoroLLARY 4.2, Necessary and sufficient conditions for (p,0,/q.P.) €
(|N~ an |N~ CInD are
ann = O(ann) and A(Qn/q'z) + (Pn/Pn+1)(Qn+1/qn~l)(Apn/pn) = 0(1)

Kishore and Hotta [5] proved the only sufficiency of this result under
stronger conditions.

__CoroLLARY 4.3, Necessary and sufficient condition in order that every
[N, p.| summable series is summable |N, q,| is q,.P, = O(p,Q.,). This result
due to Sunouchi [10] and Bosanquet [3].
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_ CoroLLARY 4.4.  Necessary and sufficient condition in order that every
IN, p,| summable series is summable |N, q,|c, k = 1, is q,P% = O(Q,pk).
This is the main result of [9].

It should be noted that Corollaries 4.1-4.4 are trivial special cases of
Theorem 2.1. In fact we obtain Corollary 4.1 from Theorem 2.1 with & = 1.
We get Corollary 4.2 from Theorem 2.1 with kK = 1 and A, = p,0,/P,q,.
Finally, if we take k = A, = 1 and & = 1 in Theorem 2.1, then we get
Corollary 4.3 and Corollary 4.4, respectively.

We now note that if we apply Theorem 2.2 with A,, = 1, condition (3a)
is reduced to

S (pulPu) <,
v=1

which is impossible by the Abel-Dini theorem. So we have the following
that solves the open problem raised by the first author in [9)].

CoROLLARY 4.5. Let 1 < k < . Then there exists a IN, Pulx Summable
series which is not |N, q,| summable.
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