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1 Department of Computer Technologies, Akdeniz University, Antalya 07070, Türkiye
2 Department of Mathematics, Akdeniz University, Antalya 07070, Türkiye;
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Abstract: In this article, we give rotational motions on any straight line or any parabola in a scalar
product space. To achieve this goal, we first define the generalized Galilean scalar product and
determine the generalized Galilean skew symmetric and orthogonal matrices. Then, using the well-
known Rodrigues, Cayley, and Householder maps, we produce the generalized Galilean rotation
matrices. Finally, we show that these rotation matrices can also be used to determine parabolic
rotational motion.

Keywords: Galilean transformation; generalized scalar product; rotation matrix; Rodrigues formula;
Cayley map; Householder map

1. Introduction

Rotational motions on any general ellipse or hyperbola in the plane, known as non-
parabolic conical rotations, were studied in our previous article [1]. These motions are
generalizations of the Euclidean and Lorentzian rotations. Our aim in this paper is to
formulate the rotational motions on a straight line or a parabola. The rotational motions on
lines perpendicular to the x-axis are described as Galilean transformations and they are
handled using dual numbers. Therefore, first we give some brief information about the
Galilean transformations and dual numbers.

Galileo’s geometry is based on Galileo’s theory of relativity [2,3]. A Galilean transfor-
mation is a map which ties in space and time coordinates of two systems moving at a con-
stant velocity relative to each other [4,5]. In the plane, it is defined as G(x, y) = (x, x + ky).
That is, it expresses a motion on the line x = a (see [6] for larger dimensions).

Just as Euclidean and Lorentzian transformations can be expressed with complex and
hyperbolic numbers, Galilean maps can be stated by dual numbers that generate a nilpotent
element [3,7,8]. The Galilean plane is also called the dual numbers plane. The lines |x| = r
determine a circle in the Galilean plane, and the motions on |x| = r can be studied as rota-
tional motions by using dual numbers. These rotational motions are also called Galilean
rotations and correspond to shear transformations in the Euclidean plane. Algebra of dual
numbers has been designed by Clifford [9]. Then, first studies on dual numbers were given
by Kotelnikov [10] and ref. [11]. The most important geometrical interpretations of dual
numbers began with the E. Study transformation. E. Study transformation states that each
unit dual vector corresponds to one directional line segment [11]. Some mechanical, geo-
metric and physical applications of dual numbers and Galilean transformations in recent
years can be found in the References section [12–15]. Applications to fractal geometry
of Galilean transformation can be found in the article [16]. Also, one-parameter planar
Galilean transformations on the Galilean plane are given in [17,18]. The importance of dual
numbers, especially in the fields of mechanics, kinematics and robotics, has increased with
the use of quaternions in screw theory. New geometric and kinematic applications emerged
with the generalization of these numbers, which attracted many researchers [19–21]. On
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the other hand, the examination of ruled surfaces obtained with the help of linear mo-
tions with the help of dual numbers has made these numbers widely used in differential
geometry [22,23].

The set of dual numbers is

D =
{

z = x + yε : ε2 = 0, x, y ∈ R
}

.

A dual number z = x + yε can be represented by an ordered pair (x, y). The component x
is the component of the dual number z in the real unit +1 direction, and the component y
is the component in the dual unit ε direction. The argument of a dual number z = x + yε
is y/x. When a dual number w = a + bε on the Galilean circle |x| = r is multiplied by
the dual number z = 1 + θε, then the product wz = a + ε(b + aθ) corresponds to the dual
number derived by rotating w around the origin through the angle θ, and it is also on the
same Galilean circle |x| = r [24–26]. In general, an orthogonal matrix whose determinant is
1 determines a rotation, that is, a transformation which does not change the length from
any point to a fixed point in which the motion occurs around it. This transformation takes
place on a circle in the Euclidean plane, on a hyperbola in the Lorentzian plane, on two
parallel lines in the Galilean plane [8,24,27], and can be represented, respectively, by the
following 2 × 2 matrices:

Rθ =

[
cos θ − sin θ
sin θ cos θ

]
, Rθ =

[
cosh θ sinh θ
sinh θ cosh θ

]
, Rθ =

[
1 0
θ 1

]
.

The aim of our study is to define rotational motions on any straight line or any general
parabola. Obviously, it is possible to study a rotational motion on a general straight
line with the help of Galilean and affine transformations, but this can require unpleasant
calculations and cannot lead to any new subject. Instead, we use a different approach, and
we generalize the Galilean scalar product and determine skew symmetric and orthogonal
transformations in this scalar product space, which we call the generalized Galilean plane.
Then, we formulate rotational motion on any straight line by using the generalized Galilean
skew symmetric matrix and the well-known Rodrigues, Cayley, and Householder maps.
Thus, the generalized Galilean rotation matrices will be derived in an elegant and useful
way. It is also shown that the generalized Galilean rotation matrices can also be used to
determine a motion on a general parabola related to the angle parameter. Although the
motion on the parabola is a non-linear motion, it can be interpreted as a rotational motion
with matrices in this study using homogeneous coordinates. Galilean transformations are
also known in mathematics as shear transformations. Therefore, this study can also be
considered as a generalization of shear transformations.

2. Generalized Galilean Transformation, Rotation, and Reflection

We know from [6] that the Galilean transformation can be generalized by a linear
transformation. In this section, we give the generalized Galilean scalar product concept
using a certain linear transformation, which accepts the line pairs |Ax + By| = r as a circle,
one of whose special cases is the well-known Galilean scalar product. Then, we examine
the generalized Galilean transformations with the help of the defined bilinear form. For
detailed information on generalized bilinear forms, see [28–30].

Definition 1. For any points u = (u1, u2), v = (v1, v2) ∈ R2 and A, B ∈ R such that
(A, B) ̸= (0, 0),

BΩ(u, v) = A2u1v1 + AB(u1v2 + u2v1) + B2u2v2 (1)

= uTΩv (2)
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where

Ω =

[
A2 AB
AB B2

]
, (3)

determines a scalar product, and it is called the generalized Galilean scalar product or the BΩ-scalar
product, in short. The real vector space R2 with the generalized Galilean scalar product will be
denoted by R2

BΩ
.

Notice that BΩ(u, v) is a degenerate bilinear form, and if A2 = 1 and B = 0, then
we have the standard Galilean scalar product. As usual, the norm of a vector in R2

BΩ
is

defined by

∥u∥BΩ
=

√
|BΩ(u, u)| = |Au1 + Bu2|, (4)

and for a positive real number r,
|Ax + By| = r (5)

determines the BΩ-circle having radius r, as well as the center at the origin. Clearly, the
circle is the union of two parallel lines. Using the norm of a vector, one can derive the
distance formula between points U = (u1, u2) and V = (v1, v2) as

dBΩ(U, V) = ∥u − v∥ = |A(u1 − v1) + B(u2 − v2)| (6)

where u = (u1, u2) and v = (v1, v2). However, this formula does not give any value
different from 0 for any two points on the same line of a BΩ-circle. So, we define the concept
of BΩ-arc length of a BΩ-circle to define BΩ-angle measurement before determining BΩ-
rotation matrices: Let U = (u1, u2) and V = (v1, v2) be two points on a same line of the
BΩ-circle |Ax + By| = r > 0. Then, the directed BΩ-arc length between the points U and
V, consistent with the counterclockwise orientation, can be defined as follows:

dBΩ(Ũ, V) =


v2 − u2

A
; if A ̸= 0

u1 − v1

B
; if B ̸= 0

. (7)

Note that if Au1 + Bu2 = Av1 + Bv2, A ̸= 0 and B ̸= 0, then we get

v2 − u2

A
=

u1 − v1

B
. (8)

Then, using the BΩ-arc length, we can define the directed BΩ-angle measurement θ between
the vectors u = (u1, u2) and v = (v1, v2) as follows:

θ =
v2 − u2

Ar
=

u1 − v1

Br
. (9)

It is possible to remove A and B parameters in the directed BΩ-angle measurement between
vectors u and v on the same line of the BΩ-circle |Ax + By| = r > 0: If u and v are on the
same line, then we get Au1 + Bu2 = Au2 + Bv2 ̸= 0 and we derive that

θ =
u1 − v1

Br
=

(Av1 + Bv2)u1 − (Au1 + Bu2)v1

(Au1 + Bu2)B(Av1 + Bv2)
=

u1v2 − u2v1

BΩ(u, v)
. (10)

Notice that if r = 1, then the Euclidean directed area of the BΩ-circular sector determined by
u and v is equal to θ

2 . So, the BΩ-arc length and angle measurement concepts are consistent
with the classical geometries. Using the normalization of vectors, it can be seen that this
formula holds for any two vectors u and v that are in the same part of the plane divided
by the line Ax + By = 0, in which case BΩ(u, v) ̸= 0. As usual, we define that u and v
are BΩ-orthogonal if BΩ(u, v) = 0, and self BΩ-orthogonal vectors are called BΩ-isotropic.
It is clear that for nonzero vectors u = (u1, u2) and v = (v1, v2), if BΩ(u, v) = 0, then
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Au1 + Bu2 = 0 or Av1 + Bv2 = 0. Then, at least one of the vectors u or v must be parallel
to the line Ax + By = 0. Additionally, if none of u nor v is parallel to the line Ax + By = 0,
then we get that BΩ(u, v) ̸= 0. Note that every vector parallel to the line Ax + By = 0 is
BΩ-isotropic, and the only line that is BΩ-orthogonal to a given non BΩ-isotropic vector is
Ax + By = 0.

Finally, we define what we mean by rotation matrix in BΩ-plane: For all vectors
u,v ∈ R2

BΩ
, if 2 × 2 matrix T satisfies the condition BΩ(Tu, Tv) = BΩ(u, v), then it is

called BΩ-orthogonal. It is easy to see that T is BΩ-orthogonal if and only if TtΩT = Ω
as in [1]. However, in this case, this fact does not yield that if T is BΩ-orthogonal then
det T is 1 or −1, since we have that det Ω = 0. However, to ensure consistency, we define
BΩ-orthogonal matrices whose determinant is 1, as the BΩ-rotation matrix. In the next
sections, we produce rotation matrices using well-known methods.

Generalized Galilean Rotation and Reflection

The Rodrigues rotation formula is a beneficial way to create rotation matrices [31,32].
First, we need to determine BΩ-skew symmetric matrices to use in the Rodrigues rotation
formula. Let S be the 2 × 2 matrix. If BΩ(Su, v) = −BΩ(u, Sv) for all vectors u,v ∈ R2,
then S will be called the BΩ-skew symmetric matrix. Then, it is not difficult to see that the
matrix S is BΩ-skew symmetric if and only is StΩ = −ΩS. The following theorem gives
the BΩ-skew symmetric matrices:

Theorem 1. In R2
BΩ

, BΩ-skew symmetric matrices are as follows for a, d ∈ R:

S =

[
−aAB dB2

aA2 −dAB

]
. (11)

Proof. It is clear that if S is a BΩ-skew symmetric matrix, then tS is also a BΩ-skew
symmetric matrix where t ∈ R. Let us define

S =

[
a b
c d

]
.

If S is a BΩ-skew symmetric matrix, using the equality of StΩ = −ΩS, we get the system
of equations {

Aa + Bc = 0
Ab + Bd = 0

.

Then, we get

b = − B
A

d and c = − A
B

a,

and

S = t
[

a − B
A d

− A
B a d

]
for A ̸= 0 ̸= B. To remove denominators, we take t = (−AB)k, where k ∈ R, and we get

S = k
[
−aAB dB2

aA2 −dAB

]
.

Notice that if A = 0, then c = 0; if B = 0, then b = 0. The last matrix satisfies these special
cases. Since a, d ∈ R, k is unnecessary.

To be able to derive a rotation matrix using the matrix S in the Rodrigues formula,
det(eθS) = 1 must be satisfied. Then, we get a + d = 0. So, we have

S = a
[
−AB −B2

A2 AB

]
(12)
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and S2 = 0. Now, we can give the BΩ-rotation matrix about the origin by the angle θ using
the Rodrigues formula, as follows:

Theorem 2. In R2
BΩ

,

RBΩ
θ =

[
1 − ABθ −B2θ

A2θ 1 + ABθ

]
(13)

is the BΩ-rotation matrix about the origin by the angle θ.

Proof. Since Sn = 0 for n ≥ 2, we have that RBΩ
θ = eθS = I2 + θS. Thus, we get

RBΩ
θ =

[
1 0
0 1

]
+ θ

[
−AB −B2

A2 AB

]
=

[
1 − ABθ −B2θ

A2θ 1 + ABθ

]
.

One easily proves that (RBΩ
θ )tΩ(RBΩ

θ ) = Ω and det RBΩ
θ = 1.

Remark 1. Notice that RBΩ
θ does not change the points on the line Ax + By = 0, which can be seen

as the BΩ-circle with radius 0 having its center at the origin. In addition, for a point U on a line of a
BΩ-circle with radius r > 0 having its center at the origin, RBΩ

θ transforms the point U to another
point V on the same line of the BΩ-circle, such that dBΩ(Ũ, V) = rθ. To show this consistency,
consider vectors u = (u1, u2) and v = (v1, v2) on the same line of a BΩ-circle |Ax + By| = r > 0,
such that RBΩ

θ (u) = v. Then, we have[
1 − ABθ −B2θ

A2θ 1 + ABθ

][
u1
u2

]
=

[
u1 − ABθu1 − B2θu2
u2 + A2θu1 + ABθu2

]
=

[
v1
v2

]
.

Solving the system of equations {
u1 − ABθu1 − B2θu2 = v1
u2 + A2θu1 + ABθu2 = v2

one derives that
θ =

v2 − u2

Ar
=

u1 − v1

Br
and

rθ =
v2 − u2

A
=

u1 − v1

B
= dBΩ(Ũ, V)

where U = (u1, u2) and V = (v1, v2).

Example 1. Given the BΩ-circle |x + 2y| = 4 for

Ω =

[
1 2
2 4

]
,

one of whose lines has the following parametric equation

α(t) = (4 − 2t, t).

Then, one has the following BΩ-rotation matrix:

RBΩ
θ =

[
1 − 2θ −4θ

θ 1 + 2θ

]
.

For the vectors u = α(1) = (2, 1) and v = α(9) = (−14, 9), the angle between u and v is

θ =
v2 − u2

Ar
=

9 − 1
4

= 2.
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One can check the BΩ-rotation matrix with the rotation angle 2 as

RBΩ
2 =

[
−3 −8
2 5

][
2
1

]
=

[
−14

9

]
.

In addition, since A(x1 − x2) + B(y1 − y2) = 0, the directed BΩ-arc length is

dBΩ(Ũ, V) =
u1 − v1

B
=

2 − (14)
2

= −8

where U = (2, 1) and V = (−14, 9), which is also equal to rθ = 4 · (−2) = −8.

Next, we consider the Cayley map [31–35]. If S is a BΩ-skew symmetric matrix, then
I2 + S has an inverse. So, we can define the Cayley map by Cay(S) = (I2 + S)(I2 − S)−1 =
(I2 − S)−1(I2 + S) in the Galilean plane. If det Cay(S) = 1, then we get a + d = 0, and it
gives a generalized Galilean rotation matrix. The following theorem shows this fact:

Theorem 3. If S is a BΩ-skew symmetric matrix given in Equation (12) with a = θ
2 , then

Cay(S) = (I + S)(I − S)−1 (14)

is the BΩ-rotation matrix about the origin about the angle θ.

Proof. First, we see that

(I + S)tΩ = Ω(I − S) = Ω and (I − S)tΩ = Ω(I + S) = Ω

for the matrix (12). Then, we have that(
(I + S)(I − S)−1

)t
Ω(I + S)(I − S)−1 = Ω.

In order to give the BΩ-rotation by the angle θ, the following equation must be hold:

(I + S)(I − S)−1 =

[
1 − ABθ −B2θ

A2θ 1 + ABθ

]
.

Then, we get a = θ
2 in the matrix (12), and we derive the BΩ-rotation by the angle θ,

as follows:
RBΩ

θ = (I + S)(I − S)−1.

Finally, we use the Householder transformation to produce generalized Galilean
rotation matrices. The Householder map is given by

Hu(x) = x − 2uut

utu
x (15)

where u is any nonzero vector. It is a reflection about a line, a plane or a hyperplane through
the origin and orthogonal to the vector u. It is known by the Cartan–Dieudonné theorem
that every orthogonal transformation is the combination of reflections in a generalized
scalar product space [29,30]. We see that this property is also valid for R2

BΩ
, since if M and

N are 2 × 2 BΩ-orthogonal matrices, then we have (MN)tΩ(MN) = Nt MtΩMN = Ω.
Here, we also see that the matrix of the BΩ-Householder transformation has a determinant
−1. Thus, we can combine two BΩ-Householder transformations to produce BΩ-rotation
matrices in R2

BΩ
. However, our aim here will not be to obtain the general BΩ-rotation

matrix in R2
BΩ

. We have already given this matrix in Theorem 2. Our aim here is to find
the BΩ-rotation transformation that takes a non BΩ-isotropic vector p to another vector q
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of the same BΩ-norm. We already know that p and q must lie on the same line part of an
BΩ-circle and that BΩ-rotation matrices leave the BΩ-isotropic vectors fixed (Remark 1).

In R2
BΩ

, for a non BΩ-isotropic vector u, the BΩ-Householder map can be given by

HBΩ
u (x) = x − 2uutΩ

utΩu
x. (16)

Then, we have the matrix

HBΩ
u = I2 −

2uutΩ
utΩu

=
[
hij

]
2×2 with hij = δij −

2uiujΩij

utΩu
(17)

where δij is the Kronecker delta. The matrix HBΩ
u is BΩ-symmetric and BΩ-orthogonal since(

HBΩ
u

)t
Ω = Ω

(
HBΩ

u

)
and

(
HBΩ

u

)t
Ω
(
HBΩ

u

)
= Ω. (18)

In addition, one can derive the matrix HBΩ
u as follows:

HBΩ
u =

−
Au1 − Bu2

Au1 + Bu2
− 2Bu1

Au1 + Bu2

− 2Au2

Au1 + Bu2

Au1 − Bu2

Au1 + Bu2

. (19)

Since HBΩ
u is BΩ-orthogonal and det

(
HBΩ

u

)
= −1, we call the BΩ-Householder map BΩ-

reflection, as usual. One can easily see that if P is a point on a BΩ-circle with nonzero
radius, and HBΩ

u (P) = P′, then P′ is on the same BΩ-circle (but, other line part of the
BΩ-circle), the midpoint of P and P′ is on the line Ax + By = 0, and PP′ is parallel to the
vector u. So, we call the line Ax + By = 0, BΩ-symmetry axis, and call the point P′, the
BΩ-symmetry of the point P about the line Ax + By = 0. Notice that Ax + By = 0 is the
only line BΩ-orthogonal to u or the line PP′.

Corollary 1. BΩ-Householder transformation (or BΩ-reflection) reflects points about the line
Ax + By = 0 in parallel to non BΩ-isotropic vector u, leaving BΩ-lengths invariant.

Example 2. Consider the generalized Galilean plane R2
BΩ

where A = 1 and B = −2. Given
BΩ-circle |x − 2y| = 1 and a vector u = (3, 4). Then, using Formula (19), we have the BΩ-
Householder transformation matrix, as follows:

HBΩ
u =

[
11
5 − 12

5
8
5 − 11

5

]
.

If HBΩ
u maps the vector p = (4, 6) to q, then

q = HBΩ
u (p) =

[
11
5 − 12

5
8
5 − 11

5

][
4
6

]
=

[
− 28

5

− 34
5

]
.

Notice that we get BΩ-reflection about the line x − 2y = 0, in parallel to the vector u. One can check
that the line passing through the points (4, 6) and (− 28

5 ,− 34
5 ) is x− 2y = 0, ∥p∥BΩ

= ∥q∥BΩ
= 8,

and p+q
2 is on the line x − 2y = 0.

By the following theorem, one can find the BΩ-reflection that maps a given vector p to
other given vector q such that p and q are on the opposite lines of the same BΩ-circle with
a nonzero radius:
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Theorem 4. For non BΩ-isotropic vectors p, q and u = p − q, if ∥p∥BΩ
= ∥q∥BΩ

, then

HBΩ
u (p) = q.

Proof. One can easily get that

utΩu = BΩ(p − q, p − q) = 2∥p∥2
BΩ

− 2qtΩp

and
2uutΩp = 2(p − q)(p − q)tΩp = (p − q)

(
2∥q ∥2

BΩ
− 2qtΩp

)
.

Thus, we get

HBΩ
u (p) = p −

(p − q)
(

2∥p∥2
BΩ

− 2qtΩp
)

(
2∥p∥2

BΩ
− 2qtΩp

) = p − p + q = q.

Remark 2. Another transformation that transforms a point on one line part of a BΩ-circle with a
nonzero radius to a desired point on the other line part of the BΩ-circle can be construct as follows:
Consider points P and Q on separate lines of a BΩ-circle with a radius r > 0. Then, HBΩ

u (P), and
Q is on the same line of the BΩ-circle, and if

dBΩ

(
˜HBΩ

u (P), Q
)
= rθ (20)

then
RBΩ

θ (HBΩ
u (P)) = Q. (21)

One also needs the following theorem to derive the desired BΩ-rotation matrix:

Theorem 5. For non BΩ-isotropic vectors p, q and v = p + q, if ∥p∥BΩ
= ∥q∥BΩ

, then

HBΩ
v (p) = −q.

Proof. Using the same approach in the previous theorem, we get

vtΩv=BΩ(p + q, p + q) = 2∥p ∥2
BΩ

+ 2qtΩp

and
2vvtΩp = p + q

(
2∥p ∥2

BΩ
+ 2qtΩp

)
.

Thus, we have

HBΩ
v (p) = p −

(p + q)
(

2∥p ∥2
BΩ

+ 2qtΩp
)

(
2∥p ∥2

BΩ
+ 2qTΩp

) = p − p − q = −q.

Finally, one can use the following corollary to find the BΩ-rotation matrix that maps
a given vector p to other given vector q such that p and q are on the same line part of a
BΩ-circle with a nonzero radius:

Corollary 2. For non BΩ-isotropic vectors p, q and u = p + q, if ∥p∥BΩ
= ∥q∥BΩ

, then

HBΩ
q HBΩ

p+q(p) = q.
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Proof. By the previous theorem, we have HBΩ
p + q(p) = −q. Additionally, one can see that

HBΩ
q (−q) = −q +

2
(
qqtΩ

)
q

qtΩq
= −q +

2q
(
qtΩq

)
qtΩq

= q.

Thus, we get that HBΩ
q HBΩ

p+q(p) = q. Since HBΩ
q HBΩ

p+q is BΩ-orthogonal and we have that

det
(
HBΩ

q HBΩ
p+q

)
= 1, the transformation HBΩ

q HBΩ
p+q is BΩ-rotation RBΩ

θ that maps p to q,
where θ can be found out using Formula (9).

Example 3. Consider the generalized Galilean plane R2
BΩ

, where A = 3 and B = −2. Given two
vectors p = (5, 7) and q = (1, 1) on the same part of the BΩ-circle |3x − 2y| = 1, let us determine
the BΩ-rotation matrix that transforms the vector p to the vector q. By the last corollary, it is the
matrix RBΩ

θ = HBΩ
q HBΩ

p+q for vectors q = (1, 1) and p + q = (6, 8). Using the BΩ-Householder
transformation matrix (19), we get

HBΩ
q =

[
−5 4
−6 5

]
and HBΩ

p+q =

[
−17 12
−24 17

]
.

Then, we have

RBΩ
θ (p) = HBΩ

q HBΩ
p+q(p)

=

[
−11 8
−18 13

][
5
7

]
=

[
1
1

]
= q

By Formula (9) or (10), the BΩ-angle measurement between the vectors p = (5, 7) and q = (1, 1) is

θ =
u1v2 − u2v1

BΩ(u, v)
=

5 − 7
1

= −2.

We can verify the result using the BΩ-rotation matrix (13) for A = 3, B = −2 and θ = −2
as follows:

RBΩ
−2 =

[
−11 8
−18 13

][
5
7

]
=

[
1
1

]
.

3. Parabolic Rotational Motion on the Plane

The special Euclidean group SE(2) in R2 is the semidirect product of the special
orthogonal group SO(2) with R2 itself [36]. In the generalized Galilean plane R2

BΩ
, SRBΩ(2)

can be represented as follows:

SRBΩ(2) =

{
M =

[
RBΩ

θ v
0 1

]
: RBΩ

θ ∈ SOBΩ(2), v ∈ R2

}
. (22)

Every element of SRBΩ(2) determines an isometric displacement. While the matrix RBΩ
θ BΩ-

rotates a point in R2
BΩ

, the vector part v translates the BΩ-rotated point. If the translation
vector is v = (p, q), then, using the homogeneous coordinates, we have the following
transformation matrix:

M =

1 − ABθ −B2θ p
A2θ 1 + ABθ q

0 0 1

. (23)



Symmetry 2024, 16, 1553 10 of 13

Applying the matrix M to a point P = (x0, y0) by s ∈ N times, we get the following equality,
which can be shown by induction:

Ms(P) =

1 − ABθ −B2θ p
A2θ 1 + ABθ q

0 0 1

sx0
y0
1

 (24)

=

x + sp − s
(

ABx0 + B2y0
)
θ − (s2−s)

2
(

ABp + B2q
)
θ

y + sq + s
(

A2x0 + ABy0
)
θ +

(s2−s)
2

(
A2 p + ABq

)
θ

1

. (25)

It is clear that the obtained points are on the curve with the following parametric equation
for s ∈ R:

αP(s) =

 x0 + sp − s
(

ABx0 + B2y0
)
θ − (s2−s)

2
(

ABp + B2q
)
θ

y0 + sq + s
(

A2x0 + ABy0
)
θ +

(s2−s)
2

(
A2 p + ABq

)
θ

 (26)

The implicit equation of αP(s) is

A2x2 + 2ABxy + B2y2 + Dx + Ey + F = 0 (27)

where

D = −A2 p − ABq + 2 q
θ (28)

E = −ABp − B2q − 2 p
θ (29)

F = −A2x2
0 − 2ABx0y0 − B2y2

0 − Dx0 − Ey0. (30)

Note that if v = (p, q) ̸= (0, 0), then Equation (27) determines a parabola, since the
discriminant of the equation is 0, and the determinant of the coefficients is not equal to 0.
So, as s ∈ R changes, the point P moves on the parabola. We call this motion parabolic
rotational motion. Here, the angle of rotation can be defined by sθ. In addition, if a parabola
with a general equation (such as Equation 27) is given, then one can find the values of p
and q for a given θ value as

(p, q) =
(

θ
4

(
−2E + ABEθ − B2Dθ

)
, θ

4

(
2D + ABDθ − A2Eθ

))
, (31)

using Equations (28) and (29). It is not difficult to see that if P = (x1, y1) is on Parabola (27), then

RBΩ
θ (P) + v

is also on the same parabola. Thus, the following theorem is derived:

Theorem 6. Given a parabola with the following equation:

A2x2 + 2ABxy + B2y2 + Cx + Dy + E = 0. (32)

Then, for the angle θ, the function

Ms(P) =

1 − ABθ −B2θ p
A2θ 1 + ABθ q

0 0 1

sx
y
1

 (33)
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with s ∈ N and the function

αP(s) =

 x0 + sp − s
(

ABx0 + B2y0
)
θ − (s2−s)

2
(

ABp + B2q
)
θ

y0 + sq + s
(

A2x0 + ABy0
)
θ +

(s2−s)
2

(
A2 p + ABq

)
θ

 (34)

with s ∈ R parabolically rotates any point on the parabola (32), where

(p, q) =
(

θ
4

(
−2E + ABEθ − B2Dθ

)
, θ

4

(
2D + ABDθ − A2Eθ

))
. (35)

Example 4. Given a parabola with the following equation:

x2 + 4xy + 4y2 + 7x − 26y + 20 = 0.

Let us construct the matrix M for θ = 2
5 to move the point P = (x0, y0) on the parabola. Using

Formula (31), one can calculate that

v = (p, q) = (2, 3)

and we get

Ms(P) =


1
5 − 8

5 2
2
5

9
5 3

0 0 1


sx

y
1


for s ∈ N, and

αP(s) =
(

x + 2s − 4
5 s(x + 2y)− 16

5

(
s2 − s

)
, y + 3s + 2

5 s(x + 2y) + 8
5

(
s2 − s

))
for s ∈ R. It is easy to see that Ms(P) and αP(s) are on the parabola as they move in a parabolic
rotational motion with angle sθ. For instance, let us consider the point P = (1, 2) on the parabola
and rotate it parabolically for the parabolic angle sθ = 2

5 . Then, for s = 1, we get

P
′
= M1(P) =


1
5 − 8

5 2
2
5

9
5 3

0 0 1


1

2
1

 =

−1
7
1


and

P
′
= αP(1) = (−1, 7).

It is easy to check that P′ is on the same parabola (see Figure 1).

Figure 1. Rotational motion on a parabola.
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4. Discussion

In this article, we generalized the two-dimensional Galilean scalar product and deter-
mined the generalized Galilean skew symmetric matrices. Then, the rotational motions on
any straight line were formulated by using the generalized Galilean skew symmetric matrix
and the well-known Rodrigues, Cayley and Householder maps. It was also shown that the
generalized Galilean rotation matrices can also be used to determine a motion on a general
parabola related to the angle parameter. Thanks to the obtained result, it is seen that the
motion on the parabola can be interpreted as rotational motion with matrices using homoge-
neous coordinates. In practical terms, linear motion describes the straight-line movement of
objects, characterized by constant velocity or acceleration, and finds extensive use in fields
such as transportation design and robotic motion planning. Meanwhile, parabolic motion
illustrates the path of projectiles influenced by gravitational forces, with applications in
sports science, engineering safety assessments, and robotics for optimizing launch angles
and trajectories. In computer graphics, these physics principles are integral for creating
realistic animations, motion simulations, and enhancing interactive gaming experiences,
demonstrating the interplay between physics and technology in real-world applications.
As a future direction, the rotational motions on any straight line or any parabola in the
three-dimensional space can be considered. In addition, dual numbers, which comprise the
number system associated with the Galilean plane, and the dual quaternions associated
with these numbers can be generalized. In future studies, this paper will also serve as a
reference for examining generalized screw motions using generalized dual quaternions.
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