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1. Introduction, some auxilary results and main results

Let G be a doubly-connected domain in the complex plane C, bounded by the rectifiable Jordan curves Iy and I3
(the closed curve I3 is in the closed curve I7). Without loss of generality we assume O € int/>. Let G? = int 17,
G° :=extln, Gg i=int I3, G :=ext 3.

We denote by w = ¢ (2) the conformal mapping of G{° onto domain D1 := {w € C: |w| > 1} normalized by the conditions

lim @z

z—00 7

¢ (00) =00, 1

and let ¢ be the inverse mapping of ¢.
We denote by w = ¢1(z) the conformal mapping of Gg onto domain D; := {w € C: |w| > 1} normalized by the conditions

$1(0)=c0,  lim(z.¢1(2)) =1,

and let ¥r; be the inverse mapping of ¢q.
Let us take

Cpo={z: |0@|=po>1},  Ly:={z |ph@|=r0>1}.
¢ has the Laurent expansion in some neighbourhood of the point z= co has the form

2
¢(Z)=VZ+V0+7+Z—2+"'+
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and hence we have

n—1
[¢(z)]n =y""+ Z Vn,kzk + Z Vn,kzk-
k=0 k<0
The polynomial
n—1
Pn(2) :=y"7" + Z Vn,kzk
k=0

is called the Faber polynomial of order n for the domain G?.
The function ¢; has an expansion in some neighbourhood of the point origin:

1
$1@)=—_+fotpiz+ B2+
Raising this function to the power n, we obtain
n 1 0
[¢1(Z)] =Fy Z) Qn(2), z€Gy,

where Fn(%) denotes the polynomial of negative powers of z and the term Q;,(z) contains non-negative powers of z; hence
this is an analytic function in the domain Gg.
For &@;,(z) and Fn(%) the following integral representations hold [21]:

1. If ze€ intCp,, then

o= [ L [ V@, (11)
27i .-z 27i Y(w) -z
Cpp lwl=p0
2. If ze extCp,, then
n 1 4
ta=[p@] + 5 [ L9 ac (12)
Cho
3. If zeintCy,, then
1\ n 1 [p1(D]"
F(3)=ln@) - o [ (13
o
4. If z e extCy, then
F”(l) _ L[, L[ W@, (14)
z 2mi {—z 2mi V() —z

Cro |wl|=ro

If a function f(z) is analytic in a doubly-connected domain bounded by the curves C,, and I7,, then the following series
expansion holds [17,27]:

X x _l
f(z)=2ak¢k(z>+2bm<;> (15)
k=0 k=1
where
1 [ f@de 1 fIY(@)]
k—% Wd = oxi Tk dow (1< p1 < po)
Cr] lw|=p1
and
1 [ f@4@ 1 [ @]
“Tori ] @ T 2mi wk+1 do (1<ri <ro). (16)

Cy lew]=rq
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For z € G use of Cauchy theorem, gives

1 [ f© 1 [ f@©
fO=omi ) =21 ‘m/g_zdé-
I I
If zeintl% and z € ext Iy, then
1o, _L./f(é) dE =0, 17)
2mi -z 2ni )] £€—z
I I}
Let us consider
1 [ f© 1 [ f®
Il(z)_Zni ;—zd;’ 12(2)_2ni S—zds'
I I

The function I1(z) determines the functions IT(Z) and I7 (z) while the function I(z) determines the functions I;r (2)

and I (z). The functions IT(z) and I} () are analytic in int 7 and ext I, respectively. The functions I;r (2) and I (2) are
analytic in int I, and ext Iy, respectively.

Let us further assume that B is a simply-connected domain with a rectifiable Jordan boundary I" and B~ :=ext[l,
further let

T:={weC: |w|=1}, D™ :=extT.
Also, ¢* stand for the conformal mapping of B~ onto D~ normalized by
¢*(00) =00

and

i 9" (2)
1m
Z—00 zZ

and let ¥* be the inverse of ¢*.
Let also x be a continuous function on 27. Its modulus of continuity is defined by

>0

o(t, x) = sup |x (1) — x(®)], t=0.

t1,62€[0,2], |t1—t2|<t
The curve I' is called Dini-smooth curve if it has the parametrization
I': x@t), 0<t<2m,

such that x’(t) is Dini-continuous, i.e.

4

[0
0

and
x'®#0

[24, p. 48].

A convex and continuous function M : [0, co) — [0, co) is called an N-function if the conditions

M(0) =0, M(x) >0 forx >0,

M(x M
limﬁzo, lim ﬁ:oo
x—0 X x—>00 X

are satisfied. The complementary N-function to M is defined by

N(y) :=max(xy — M(x)), fory>0.
x>0
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Let us denote by Ly (I") the linear space of Lebesgue measurable functions f : I" — C satisfying the condition

[M[ot|f(z)|]|dz| <00
r

for some o > 0.
The space Ly (I") becomes a Banach space with Orlicz norm

I fllycry == sup flf(Z)-g(Z)Ildzl,
plaN<1Y

where g € Ly(I'), N is the complementary N-function to M and

MgNyszﬂmamaL
I

The Banach space Ly (1) is called an Orlicz space [26, pp. 52-68].
It is known, cf. [26, p. 50], that every function in Ly;(I") is integrable, i.e.

Ly(I™) C Li(I').

An N-function M satisfies the A-condition if

. 2x)
lim sup < o0
X—00 M(x)

The Orlicz space Ly (I') is reflexive if and only if the N-function M and its complementary function N both satisfy Aj-
condition [26, p. 113]. Detailed information about Orlicz spaces can be found in the books [18,26].

Let I} be the image of the circle {w € C: |w|=r, 0 <r < 1} under some conformal mapping of D onto B and let M be
an N-function.

If an analytic function f in B satisfies

[ milr@]idz < oo,
I
uniformly in r, then it belongs to Smirnov-Orlicz class E(B). We remark that if M(x) := M(x, p) :=xP, 1 < p < oo, then
the Smirnov-Orlicz class Ep(B) coincides with the usual Smirnov class E,(B).
The space Ep;(B) becomes a Banach space with the Orlicz norm.
Every function in the class Ep(B) has [19] the non-tangential boundary values almost everywhere (a.e.) on I" and the
boundary function belongs to Ly (I"), and hence for f € Ep(B) the norm Ep(B) can be defined as

I f ey == I1f Ly ry-

Let B be a finite domain in the complex plane by a rectifiable Jordan curve I" and f € L1(I"). Then the functions f* and
f~ defined by

1 f©)

iy | 1)
f (Z)_Zni C_Zd;, zeB
r
and
N I A (9] _
f (Z)_zm‘ —C_Zd;, zeB
r

are analytic in B and B~ respectively, and f~(oco) = 0. Thus the limit

Sr(f)(z) ;= lim L / i) d¢
e—>00 271 -z
rnfs: ¢ —z|>¢}

exists and is finite for almost all ze I'.

The quantity S;(f)(z) is called the Cauchy singular integral of f at ze I'.

According to the Privalov theorem [5, p. 431], if one of the functions f or f~ has the non-tangential limits a.e. on I',
then S;(f)(2) exists a.e. on I and also the other one has the non-tangential limits a.e. on I". Conversely, if S;(f)(z) exists
a.e. on I, then the functions f*(z) and f~(z) have non-tangential limits a.e. on I'". In both cases, the formulae



874 S.Z. Jafarov / J. Math. Anal. Appl. 379 (2011) 870-877

1 _ 1
ff@a=srH@+5f@. [f@=SrH@-35f@
and hence
f=fr—f"
holds a.e. on I'.
From the results in [20], it follows that if I" is a Dini-smooth curve and Ly (I") is a reflexive Orlicz space on I', the

singular operator S is bounded on Ly (I").
For r > 0 the r-th modulus of smoothness of a function f € Ly(T) is defined as

wr(f,8)m = ﬁg”AUHLm(T)’ §>0,r>0,

where

r
. k(T
AL f(x) = 2:(—1)< (k) f(x+ @ —kh).
k=0
If Iy and I, are Dini-smooth, then from the results in [30], it follows that

0<C1<|¢’(z)|<cz<oo, 0<C3<’¢4(Z)|<C4<OO,

and
0<cs5 < |9/ (W) <ce < o0, 0<c7 < |pj(@)]<cg<oo (1.8)

where the constants c1, ¢2, ¢3, ¢4 and cs, cg, €7, cg are independent of z € G~ and |w| > 1, respectively.
We will say that the doubly connected domain G is bounded by the Dini-smooth curve if the domains G9 and GY are
bounded by the closed Dini-smooth curves.
Let I (i=1,2) be a Dini-smooth curve and let fo:= f o for f € Lyy(I) and let fi := f o for f € Ly(I»). Then by
(1.8) we obtain fg € Ly (T) and f7 € Ly (T). Using the non-tangential boundary values of f0+ and f1+ on T we define
worr(f.Om = (fy.8),. >0,
ar.r(f.0m = (f.8),. §>0,

for r > 0.
Since fo, f1 € Lm(T), we have f", f;" € Ey(D) and f, , f; € Em(D™) such that f; (c0) = o0, f; (00) =0 and

fo) = ff (@) — fy (),
fiw) = fiH () — f; (@)

ae.onT.

(1.9)

Lemma 1. (See [4].) Let both an N-function M and its complementary function satisfy the A, condition. Then there exists a constant
cg > 0, such that for everyn € N,

gw) =) do

k=0

<cowr(g, /My, a>0
Lm(T)
wheredy (k=0,1,2,...) are the k-th Taylor coefficients of g € Ep (D) at the origin.

We set

n n 1
Rn(f,2):= Zak¢l<(z) + Zbka<z>-
k=0

k=0

The rational function R,(f,z) is called the Faber-Laurent rational function of degree n of f.

Since series of Faber polynomials are a generalization of Taylor series to the case of a simply connected domain, it
is natural to consider the construction of a similar generalization of Laurent series to the case of a doubly-connected
domain.

In this work direct theorem of approximation theory in the Smirnov-Orlicz classes, defined in the doubly-connected
domains with the Dini-smooth boundary are proved. Similar problems were studied in [17,28,29,31].
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We remark that problem of approximation theory in Orlicz classes defined on the simply connected domain with bound-
ary I" has been investigated by Akgiin and Israfilov [4] in the case that I" is a closed Dini-smooth curve.

Similar problems for the different spaces defined on the simply connected domain of the complex plane were investi-
gated by several authors (see for example, [1-4,6-17,22,23]). Note that the approximation of functions by polynomials and
rational functions in Orlicz spaces defined on the intervals of the real line have been investigated by Ramazanov [25].

Now, in the doubly-connected domain we define Smirnov-Orlicz class. Let I} be the image of the circumference |w|=r
(rp <1 <rq) regard to a conformal mapping of the ring 0 <1, < |w| <r; <1 onto doubly-connected domain G and let M
be an N-function. The class of analytic functions f(z) defined on the domain G will be called Smirnov-Orlicz class Ep (G)
if

[ milr@]idz < oo,

L

uniformly in r.
Our main results are as follows.

Theorem 1. Let G be a finite doubly-connected domain with the Dini-smooth boundary I' = I'1 U Iy, and let Ep (G) be a reflexive
Smirnov-Orlicz class on G. Ifr > 0 and f € Ep(G) then foranyn=1, 2,3, ... there is a constant c1p > 0 such that

|f = RaC Oy, < C10{@r 0 (f. /MM + @0 (F, 1/mu},

where Ry (., f) is the n-th partial sum of the Faber-Laurent series of f.
2. Proof of the new results

Proof of Theorem 1. We take the curves I1, I3 and T :={w € C: |w| =1} as the curves of integration in the formulas
(1.1)-(1.4) and (1.6), respectively. (This is possible due to the conditions of Theorem 1.) Let f € Ep(G). Then fo, f1 € Ly (T).
According to (1.9)

F@O =13 (@) - f5 (). f& = f(1©) — f7 (61(8)). (21)
Let z € ext I'7. Then from (1.2) and (2.1) we have

k
Zak¢k(z) Zak (j)(z) +_/ Zk ak[¢(§)] de

k ]
m A 2mi
I
For z € ext I'y, consideration of (1.4) and (2.1) gives
n 1 b( k
Zbka<_) _ /Zk I[¢1(;§)] ‘E
z 2mi
k=1
/ ke obk[¢1 ®1 "
T 2mi
n k
f1 [$16)) = Tiobddr©F | 1 / G (2.3)
2m E—z 2ni ) £—z
b
For z € ext I'1, using (2.2), (2.3) and (1.7) we have
_ k
Zak D(2)] +Zaka( ) Zak[¢(z) —fy[e@] - Z—m folp @] Zkzoak[cf)@)]
fig @1 - Zl<:0bk[¢1($)]k de

Zm E—z
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Taking the limit as z — z* € I'} along all non-tangential paths outside I, we obtain
n n 1
_ Zak(;bk(z*) - Zbka<z—*>
k=0 k=1
n K l
- Safole ) + 3 (510t - e
k=0

n _ b k
+5F1|:(f;0¢)_2al<¢k:| 2mff1 [¢1(E)] — 3 k1 bil$1(6)] dt (2.4)
k=0

_Z*

a.e.on I7.
Now using (2.4), Minkowski’s inequality and the boundedness of Sr; we have

+C12 (2.5)

firw) =Y bt

k=0

fif (@)= ao

k=0

”f - Rn(fvz)”LM([']) < C11

Lm(T) Lm(T)

That is, the Faber-Laurent coefficients a, and by of the function f are the Taylor coefficients of the functions fo+ and f1+ ,
respectively. Then by Lemma 1 and (2.5) we have

”f - Rﬂ(fﬁz) ”LM(FZ) < C13{d)r,1’(fs l/n)l\/l +0)r,1‘(fa 1/”)M}

Let z € int I;. Then by (1.4) and (2.1) we have

2 ko brlg1(§)1* obk ¢1($)
Zbka< > Zbk ¢1(Z) 2m/ dé

O rr bl &)1 = f g1 )
—kZbk $1@]" 2m/ 2 dé
1 f(s)
-5 C[e1@] (2.6)
I,

For z € int I, from (1.1) and (2.1) we obtain

k
Za;ﬂﬁk(z) an/Zk akw(;)] g

1 1 0 —fy 1
:ﬁ/(qu 4O = '[9 (D)D) _/ f© 4. 2.7)

{—z d§+27ri {—z
I

The use of (2.6) and (2.7) for z € int I, gives

n n n k__ ¢+

Zak¢l<(z)+zbkFI<<1>: 1./(Zk=0ak[¢(§)l o@D
z 2mi

k=0 k=1 I

{—z

1 [ Croybilor & = fHe1(E)D _
—%/ ket 07 LV de — £ [01(2)]

E—z

+3 b1 @]"

k=1
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Taking the limit as z — z* € I'; along all non-tangential paths inside I;, we reach
n .l n K
- Yaz) me( I RCICCIE | PYACICI AT

-Sn, Zbk¢ (fitog)

a
/ (Zk _o &l = f 19D 28)
C 2wi ¢ —z*
a.e. on I>.
Consideration of (2.8), the Minkowski’s inequality and the boundedness of S, give rise to
n n
| F = Ra(f. D, () < 14| fiF (@) =) byo* +as| ffw) =) aot . (2.9)

k=1 Ly (T) k=0 Ly(T)
Use of Lemma 1 and (2.9) leads to

| f = Ra(f. D1,y < C161Prr (f, 1M + @r.r (f, 1/}

Then the proof of Theorem 1 is completed. O
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