1 GIRis
Bu boliimde, ileriki boliimlerde kullanilacak olan Fibonacci ve Lucas sayilari,

(s,t) Fibonacci ve (s,t) Lucas sayilar1, Gauss Fibonacci ve Gauss Lucas sayilar

tanimlanmistir.

1.1 Fibonacci Ve Lucas Sayilari

Bu béliimde, (s,t) Gauss Fibonacci ve (s,t) Gauss Lucas say1 dizisileri igin

gerekli olan say1 dizilerini tanimlanacaktir.

Tanim 1.1.1:  Fibonacci Sayilan dizisi {F,}, Fy = 0, F; = 1 baglangig

kogullar1 ve n > 0 olmak tizere;

Fn+2:Fn+1+Fn

indirgeme bagintisiyla tanimlidir.
Fibonacci Sayilar1 0,1,1,2,3,5,8, 13,21, 34, 55,89, 144, ...dir. (Cahill ve diger-
leri 2003).

Tanim 1.1.2: .Lucas sayilan dizisi {L,}, Lo = 2, L; = 1 baglangig kogullar

ve n > 0 olmak iizere;

Ln+2 = Ln+1 + Ly

indirgeme bagintisiyla tanimhdir.
Lucas Sayilar 2,1,3,4,7,11,18,29,47,76,123, ...dir.(Cahill ve digerleri 2003)

Tanim 1.1.3: Pell Sayilan dizisi {P,}, Py = 0, P; = 1 baglangi¢ kosullar1 ve

n > 0 olmak iizere;
Pn+2:2pn+l+Pn

indirgeme bagintisiyla tanimhdir(Hoggat ve digerleri 1969).



Tanim 1.1.4: Pell-Lucas Sayilan dizisi {Q,}, Qo = 2, Q1 = 2 baglangig

kogullar1 ve n > 0 olmak tizere;

Qn+2 - 2Qn+1 + Qn

indirgeme bagintisiyla tanimhdir(Hoggat ve digerleri,1969).

1.1.1 Binet Formiilleri

Teorem 1.1.1.1: F,, .5 = F,, 1+ F, indirgeme bagintisinin karakteristik denklemi

2?2 —x — 1 =0 ve ¢ozlim kiimesi

o= %Altm Oran

1—+5
b= 2\/_G1lmils Oran
ve n. Fibonacci sayisi ve Lucas sayisinin Binet Formdilleri
P-4 0
a—pf
L,=a"+ 571

esitlikleriyle elde edilir.(El Naschie,2001)

Ispat. Fibonacci rekiirans bagmtisinn karakteristik denklemi 22 — 2z —1 =0

olur.

Bu denklemin kokleri x; = dir. O halde genel ¢oziim

dir. Buradan



1+V5 1-V5
ap = C( 5 )—l—d( 5 >:1
)

bu iki egitlikten ¢ ve d degerlerini buldugumuzda ¢ = \/Lg ve d = —\/ig olur. genel

¢oziimii diizenlersek

1 (1+vB) 1 [1-vB)"
=T 2 NAUE

Burada a = %g ve f = %5 dir &« — 8 = /5 dir. O halde genel ¢oziimii su
sekilde yazabiliriz

bu ifade de Fibonacci sayilarinin Binet formiiliidiir.

Benzer gekilde Lucas, Pell, Pell-Lucas sayilarinin da binet formiilii elde edilebilir

1.1.2 Toplam Formiilleri

Teorem 1.1.2.1:

Zn: Fi=F,2— 1
=1

Ispat Fibonacci rekiirans bagintisim kullanarak

Fooo=F,n+F, = F,=F,2—F,1 (i=1,2,..,n) i¢in yazarsak



= FB-F
F, = F,—F;
Fy = Fs;—Fy

Foa = Fop— Fy

F, = Fn+2_Fn+1

elde edilir. Bu ifadeler taraf tarafa toplanacak olursa

Y FE=Fn-F=Fy—1
i=1
bulunur.(Taskara ve digerleri 2010)

Ozellik 1.1.2.2

> Py = F.
i=1

ispat.
F1 = FQ—FO
;s = Fy—F
Fy = Fo—Fy

elde edilir. Bu ifadeler taraf tarafa toplanirsa



bulunur.

Ozellik 1.1.2.3:

=1
ispat.
n 2n n
ZFQZ = ZFz —ZF21—1
i=1 i=1 =1

= F2n+l_1

Bu 6zdeslikler benzer sekilde Lucas sayilari i¢in de gecerlidir.

Ozellik 1.1.2.4: .
Y Li=L,»-3
=1
Ozellik 1.1.2.5: .
> Laii=Lo—2
=2

Ozellik 1.1.2.6:

> Loi= Lo — 1.
1=1



1.1.3 Cassini Ozdesligi

Teorem 1.1.3.1:

FoaFp —F2=(-1)" , n>1.
Ispat. n =1 icin

FoFy, — FE=01-1=(-1)

dogrudur. n = k i¢in dogru olsun yani

Fyo1Fop1 — Ff = (—1)"

olur. n =k + 1 i¢in

FiFyo— F2y = (Fipr — Feo) (B + Fo) — Fegy

= IpFpa + F]€2+1 — Fp by — Fr1Fpy — F;?H

= FpFpo — FoaFy, — FP— (—1)F

= FpFp — Fy (Fio1 + Fy) + (—1)F!

= FiFpy — FFpq + (D = (=)

Ozellik 1.1.3.2: Ardigik iki Fibonacci sayis1 aralarmda asaldir.

ispat. obeb(F,,, F,,11) = k olsun
O halde k/p, ve k/p,,, dir.
Fpoy = Fy + F, idi .
O halde k/g, , dir.
Fp1Fpoy — F2 = (—1)" idi.

o halde k/Fn—anJrlfF% dir.
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yani k/(_1yn dir.
Bu durumda ya £ = —1 veya k = 1 dir

Obeb negatif olamayacagindan & = 1 bulunur.
Ozellik 1.1.3.3: >7 | F? = F,F, 1.
Ozellik 1.1.3.4: " L2 =L,L,, —2.
Ozellik 1.1.3.5: L, 1L, — L2 =5(-1)" n>1.
Ozellik 1.1.3.6: F,, ., = F,_1F, + F,Fp 1.
Ozellik 1.1.3.7: L, = Fppq + F,_1.

Ozellik 1.1.3.8: L,F, = Fy,.

1.1.4 Genellestirilmis Fibonacci Sayilar:
Bu boliimde genellestirilmis fibonacci sayilarina ait tanimlar ve ozeelikler ver-

ilmigtir.
Tanim 1.1.4.1:.

Un = pUn—l - qUn—QJ UU = 07 Ul =1

Vn = an—l - an—27 ‘/0 = 2) ‘/1 =P

seklinde genellestirmeler tanimlanmstir. Burada p ve q , ¢(p* — 4q) # 0 olan reel
sayilardir. 22 — pz + ¢ = 0 denkleminin farkh kokleri

_ptVPr—4q PP —4q
a—fve f=——

2

olmak iizere

Un:a — B ve V,=ao"+p"




seklindedir.(Pethe 1986)

Bu genellestirmelerde p =1, ¢ = —1 secilirse

Un = Unfl + Un727 UO = 07 Ul =1

Vn = Vn—1+Vn—27 %:27‘/1:1

olup U, = F,,, V,, = L, bilinen Fibonacci ve Lucas sayilar1 elde edilir.

p=2,q= —1 segilirse

U, = 2Up1+Upe, Up=0,U; =1

Vn = 2Vn—1 + Vn—?; VE) = 27 Vi =2

olup U, = P, , V, =@, bilinen Pell ve Pell-Lucas sayilar: elde edilir.

1.1.5 Urete¢ Fonksiyonu

Teorem 1.1.5.1:

F1 = 1
F =1
F, = anl—i_an?’ n>2

rekiirans bagintisi ile tanimli Fibonacci dzisinin genel bicimini iireteg fonksiyonlari

yardimiyla bulabiliriz.(Horadam,1961)

Ispat: Bu rekiirans bagintisiin tireteg fonksiyonu g(z) olsun



g(x) = Z Fa"
n=1
= Fo+ Fa?+ Z E,x"

n=3

= r+2*4 Z (Fr1 + Frg)a™
n=3
= 4224 Z F,_1z" + Z E,_ox™
n=3 n=3
= r+22+z Z F, 2"t + a2 Z F,_ox" 2
n=3 n=3
= x+x2+xZan"+a:QZan”
n=2 n=1
= x+x2+xZ(an"—x) +x2Zan”
n=1 n=1

= 2+ 22+ 2(g(x) — 2) + 2%g(x)

= x4+ 2> +xg(x) — 2% + 2%g(7)

ki tarafi diizenlersek
(1-z—2%)g(x)=2z

olup buradan

elde edilir.



l—z—2% = (1_1+\/§$> (1—1_\/S

bi¢iminde ¢arpanlara ayrildigindan

x A L B
l—z—22 1l—azx 1-pz

olarak yazilirsa

1
A=-B=—
NG
olur. Dolayisiyla
1 —1
glz) = L4 5

olup seri acilimini yaparsak

1 - n,.n 1 - n,_ .n
g(x) = E;ax ——5;ﬁx

olur. Bu da
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demektir. Bu da yine Fibonacci sayilar: i¢cin Binet formiiliidiir.

Not 1.1.5.2: Benzer bicimde Lucas ve Pell sayilari i¢in de iirete¢ fonksiyonlar:

bulunabilir.

1.1.6 Gauss Fibonacci Ve Gauss Lucas Sayilar:

Bu boliimde Gauss Fibonacci sayilar, Gauss Lucas Sayilar1 ve bu sayilara ait 6zel-
likler incelenmis ve tanimlar verilmigtir. Bu tammlamalarda Horadam (1961),
Harman (1981), Berzensyi (1977), Jordan (1965), Asc1 ve Giirel (2013) makalelerinden
yararlanilmigtir.

Tanim 1.1.6.1: Gauss Fibonacci sayilar1 GFy =1 , GF; = 1 olmak {izere

n > 2 i¢in

GFn = GFn—]_ +GF7L—2

indirgeme bagintisi tanimhdir.
GF,=F,+iF,

oldugu goriiliir.

GFy, = 1+
GF3 = 2+
GFy, = 3+2i
GF; = 543
GFsy = 8+5i
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seklinde devam eder.

Tanim 1.1.6.2: Gauss Lucas sayllart GLg =2 —1 , GL; =1+ 2¢ olmak

tizere n > 2 icin

GLn - GLn—l + GLTL—2

indirgeme bagintisiyla tanimhdir.

GL, =L, +ilL,

oldugu goriiliir.

GL,

GL3

GL,

GLs

GLg

seklinde devam eder.

3+t

4+ 3i

7440

11+ 7

18+ 11t

1.1.7 Gauss Fibonacci Ve Gauss Lucas Matrisleri

Bu boliimde Gauss Fibonacci ve Gauss Lucas Matris dizilerinin tanimlar: ve bu

matris dizilerine ait bazi ¢zellikler verilmistir..

1 .
Tanim 1.1.7.1: Gauss Fibonacci Matrisleri g fy = [ - ' » ]
i 1—1

1+¢ 1

gfi =
! 1 i

olmak iizere n > 2icin

9fn = 9fn-1+ 9fn—2
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indirgeme bagintisiyla tanimhdir.(Civciv 2009)

GF,.. GF,
gfn:
GF, GF,_,
oldugu gortiliir.
[ 24 141
92 = 1+i 1
; [ 3492 243
g =
’ 240 1+
[ 54+3i 342
gfs = . .
_3+22 241 |
[ 845 543
9fs = . .
_5+32 3+22_
[ 1348 84 5i
gfe = . .
i 8+57 H+3

C 1+2¢ 2—4
Tamim 1.1.7.2: Gauss Lucas matrisleri gly =
2—1 —1+3%
3+7 142
gly = olmak iizere n > 2 icin
142 2—1

gln = gln—l + gln—Q

indirgeme bagintisiyla tanimhdir.(Civciv 2009)

GL,.1 GL,

L =
g GL, GL, .

oldugu gortiliir.
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[ 44+3i 3+ |
gly = . .

i 341 1+2@_

[ 74 4430
gls = . .

_4—1—3@ 3+1 |

11470 T+ 4
gly = ‘ .

| T4 4430

[ 18+ 11 11+ 7
gls = . .

i 11+70 T7+44

[ 29 +18i 18+ 11i
gl = . .

|18+ 110 1147

1.1.8 (s,t) Fibonacci Ve (s,t) Lucas Sayilar:

Tanim 1.1.8.1: (s,t) Fibonacci Sayilar1 Fy(s,t) =0 , Fi(s,t) =1 olmak iizere
n > 2 igin
Fo(s,t) = sF,_1(s,t) + tF,_o(s,1t)

indirgeme bagmtisiyla tanimlidir.(Civeiv ve Tiirkmen 2008%%)

F2:8

F = s+t

F4 = 83+2St

Fy = s*435%t+1¢2

Fs = s°+4s% + 3st?
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Tanim 1.1.8.2: (s,t) Lucas Sayilart Lo(s,t) =2 , Li(s,t) = s olmak iizere
n > 2 icin
L,(s,t) = sLy_1(s,t) + tL,_o(s,t)

indirgeme bagintisiyla tanimhidir(Civciv ve Tiirkmen 2008%?).

Ly(s,t) = s*+2t

Ls(s,t) = s°+ 3st
Ly(s,t) = s*+ 457t + 2t
Ls(s,t) = s°+ 55 + 5st?

Le(s,t) = 8%+ 6s* + 952t + 23

olarak devam eder.

1.1.9 (s,t) Fibonacci Ve (s,t) Lucas Matrisleri

Tanim 1.1.9.1: s? + 4t > 0 olacak sekildeki s > 0 ve t # 0 tamsayilar icin I,

222 tipinde birim matris olmak iizere

Fo(s,t) = I, Fi(s, t)

I
1
~+~ »
[
| I

ve

Foii(s,t) = sFu(s,t) + tF,1(s,t), n>1

ile tamimlanan {F,(s,t) }neny matris dizisine (s,t) — Fibonacci matris dizisi

denir(Civciv ve Tiirkmen 2008%?).

Tanim 1.1.9.2: .s? + 4t > 0 olacak sekildeki s > 0 ve t # 0 tamsayilar icin;
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s
JLq(s,t) =
2t —s 1(s1)

Folent) = [ st 2

242t s ]

ve
Loi1(s,t) = sLy(s,t) +tLy1(s,t), n>1

ile tammlanan { L, (s, t) }nen matris dizisine (s, t)— Lucas matris dizisi denir(Civciv
ve Tiirkmen 2008%?).

1.1.10 (s,t) Fibonacci ve (s,t) Lucas Matris Dizileri ile Tlgili Ozellikler

Teorem 1.1.10.1: 7 > 0 tamsayisi i¢in,

Fuia(s,t)  Fu(s,t)

Pl = Fos)

Teorem 1.1.10.2: m,n > 0 tam sayilar i¢in

fern:fmfn

Teorem 1.1.10.3: n > 0 tamsayisi i¢in,

Co(s.1) = Lpii(s,t)  Ly(s,t) ‘

L,(s,t)  Lp_1(s,t)
Teorem 1.1.10.4: n > 0 tam sayilar1 i¢in

Loi1(s,t) = Li(s,t)Fu(s,t).
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1.1.11  (s,t) Pell ve (s,t) Pell-Lucas Sayilar:

Bu boliimde (s,t) Pell ve (s,t) Pell-Lucas sayilar tanimlanmigtar.
Tanim 1.1.11.1: s > 0, t # 0 ve s +t > 0 olacak sekilde s ve t reel sayilar
icin Py(s,t) =0, Pi(s,t)=1ve

Poii(s,t) =2sP,(s,t) +tP,_1(s,t), n>1

rekiirans bagintisiyla tanimlanan { P, (s, t) },en reel say1 dizisine (s, t) — Pell say
dizisi veya

Genellestirilmis Pell say dizisi denir ve dizinin elemanlarina Genellestirilmis
Pell sayilary denir.(Horadam 1988)

Tanim 1.1.11.2: s > 0, t # 0 ve s*> +t > 0 olacak sekilde s ve ¢ reel sayilari
icin Qo(s,t) =2, Qi(s,t) =2s ve

Qni1(s,t) = 25Qn(s,t) +1Qn_1(s,t), n>1

rekiirans bagintisiyla tammmlanan {Q,,(s,t)},en reel say1 dizisine (s,t) — Pell —
Lucas say dizisi veya
Genellestirilmis Pell — Lucas sayr dizisi denir ve dizinin elemanlarina

Genellestirilmis Pell — Lucas sayilary denir.(Horadam 1988)

1.1.12 (s,t) Pell ve (s,t) Pell-Lucas Matris Dizileri

Tamim 1.1.12.1: s? +t > 0 olacak sekildeki s > 0 ve t # 0 tamsayilar icin

I5, 222 tipinde birim matris olmak iizere

2s 1
730(5775)—[27771(5775)—[ : 0]

ve
Prti1(s,t) = 25P,(s,t) +tPp_1(s,t), n>1
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ile tanimlanan {P,(s,t)}neny matris dizisine (s,t) — Pell matris dizisi denir

(Benjamin ve digerleri 2008)

Tanim 1.1.12.2:5% + ¢ > 0 olacak sekildeki s > 0 ve t # 0 tamsayilar igin;

2s 2
QO(Svt) = [ 9 _9g ] 7Q1(57t> =

45 + 2t 2s
2st 2t

ve

(5,8) = 25Qu(5,8) Q1 (5,8), n>1

ile tamimlanan { @, (s, t) }nen matris dizisine (s, t) — Pell — Lucas matris dizisi

denir

1.1.13  (s,t) Pell ve (s,t) Pell-Lucas Matris Dizileri Ozellikleri

Teorem 1.1.13.1: n > 0 igin

Pu(s,t) =

Poii(s,t)  Pu(s,t)
tP,(s,t) tP,_1(s,t)

ve

0,(5,8) [Qm(s,t) On(s.1) ]

tQn(s,t)  tQn_1(s,t)

1.1.14 (s,t) Pell ve (s,t) Pell-Lucas Matris Dizileri Ozellikleri

Asagida (s,t) Pell ve (s,t) Pell-Lucas Matris Dizileri Ozellikler verilmistir.(Bicknell
1975)
Ozellik 1.1.14.1: P,,(s,)Pu(5,1) = Po(5, ) Ppu(5,1) = Prnin(s,1).

Ozellik 1.1.14.2: Q,,(5,1)Q,(s,t) = Q,(5,1)Q,.(s,1).
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Ozellik 1.1.14.3: Q,(s,1)Pu(s,t) = Pu(s,t) Q;(5,1) = Q,.1(5,1).
Ozellik 1.1.14.4: Q,(s,1)Pu(s,t) = Pi(s,)Q,(5,1) = Q,1(5,1).

Ozellik 1.1.14.5: P, (5,1) Q1 1(5,1) = Qopir(5,1).
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2 (s,t) GAUSS FIBONACCI VE (s,t) GAUSS
LUCAS SAYILARI

2.1 (s,t) Gauss Fibonacci Sayilar:

Tanim 2.1.1: (s,t) Gauss Fibonacci Sayilar1 s?+4t > 0 s, € R ve GFy(s,t) =
i, GFi(s,t) = 1 olmak {izere n > 2 igin

GF,(s,t) = sGF,_1(s,t) + tGF,_5(s,1)

indirgeme bagintisiyla tanimlidir.

GFy(s,t) = s+it
GFs(s,t) = s*+t+its
GFy(s,t) = s*+2st+it(s> +1)

GFy(s,t) = s*+3s% +1* 4 it(s® + 2st)

olarak devam eder.

Tanim 2.1.2:
GF,(s,t) = F,(s,t) + itF,_1(s,1).
Teorem 2.1.3:
GFoi1(s,t) +tGE,_1(s,t) = GL,(s,t).

ispat:
n=1icin GF, +tGFy=s+it+it =s+ 2it = GL,
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1 < n <k igin dogru olsun GFjy 1 +tGF, 1 = GLy
n=k+1icin

GFyo +tGF, = (SGFk_H + tGFk) + t(SGFk_l + tGFk_Q)

= S(GFk+1 + tGFk,ﬁ —+ t(GFk + tGFk,Q)

== SGLk + tGLk_l

= GLk+1
2.1.1 (s,t) Gauss Fibonacci Sayilar1 Binet Formiilii

Teorem 2.1.1.1: GF,(s,t) = sGF,(s,t) +tGF,_1(s,t) sayilarinin Binet for-

miili

GF,(s,1) = £+ 2—is s+ V8?2 + 4t ”+ i 2—1s s —+/s2+ 4t
2 2Vs2 44t 2

Ispat: 2" bu ifadenin bir ¢oziimii olsun. o halde;

2" = s gt
¢ = sx+t

2 —sr—t = 0.

Bu denklemin kokleri

S+ /s2 44t
2

s — /82 + 4t
5 .

21



O halde genel ¢oziimii

GF,(s,t) = ca™ + dp".

GFO(S,t) = i=c+d
GFi(s,t) = 1l=ca+dp

oldugundan

2—1s8

2v/82 + 4t

2—18

2v/ 82 + 4t

_|_

N = N .

elde edilir.c,d, a, f Genel ¢oziimde yerine kondugunda yukaridaki egitlik elde

edilmis olur.

2.1.2 (s,t) Gauss Fibonacci Sayilar: Uretec¢ Fonksiyonu

Teorem 2.1.2.1: (s,t) Gauss Fibonacci iireteg fonksiyonu

x4+ i(1 — sz)
1— sx —ta?

f(z) =
seklindedir.

ispat:
f@)=> GF(st)a"
n=0
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f (.CE) = GFO + GFll‘ -+ GF2332 + GFgl’g + ...

—sof (v) = —sGFyr —sGFa® — sGFyr® — sGFsr* — ...

—t2?f (z) = —tGFy® —tGFa® — tGFa' — tGF3® — ...

f(@)(1 — sz —t2?) = GFy+ GFx — sGFyx

i+x—isr  x+i(l—sz)

S l—sr—ta2 11— sr—tx?

2.1.3 (s,t) Gauss Fibonacci Sayilar1 Cassini Ozdesligi

Teorem 2.1.3.1:
GF,_1(5,t)GFn1(s,t) — GF2(s,t) = (—t)" (is —t — 1).

ispat :n=1Ii¢in

GFy(s,t)GFy(s,t) — GF(s,t) = (i(s +it)) — 1= (is—t — 1)

1 < n <k i¢in dogru olsun

GFu 1\GFry — GF? = (=) (is —t — 1)

n = k + 1 i¢in dogrulugunu gorelim
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GFGFopy — GF2, = GFu(sGFyy +tGF,) — (sGFy + tGFy_)?
= SGF,.GFp +tGF} — *GF? — 2stGF,GF,_, — *GF}_,
= SGF(GFy — sGF) +tGF? — 2stGF.GF,_y — *GF? |
= SGEGE, | +tGF} — 2stGF,GFy 4
= t(GF} — sGF,GF,_, —tGF} )
= t(GF} — GF,_1(sGF, + tGF,_1))
= t(GF? — GFp1GFpy)

= (=t)f(is—t—1).

2.1.4 (s,t) Gauss Fibonacci Sayilar1 Toplam Formiilleri

Teorem 2.1.4.1:
> GFi(s,t) = GEnii(s,1) T 1GE(s,1) — GFo(s,t) = tGF (s, 1)
1=0

s+t—1
ispat:

n =0 i¢in

GFl(S,t) + tGF()(S,t) — GFo(S,t> — tGFLl(S,t)
s+t—1

GFo(S, t) =

1+it —i —t(35%)

s+t—1

i(s+t—1) .

g —_— ]
s+t—1

0 < n < k igin dogru olsun
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k G Fyir(s,t) + tGFy(s,t) — GFy(s, t) — tGF_y(s,1)

> GF,(s,t) =
s+t—1
n=0
n = k + 1 i¢in dogrulugunu gorelim
k41 k
Y GF.(s,t) = > GFy(s,t) + GFpa(s,t)
n=0 n=0

_ GFeals,t) + tGFk(i,z_fg t—_GlFo(& t) —tGFa(st) | GFyii(s,1)

GFii1(s,t) + tGFy(s,t) — GFy(s,t) — tGF_1(s,t)
s+t—1

+SGFk+1(S, t) +tGFyi1(s,t) — GFrya(s,t)
s+t—1

GFiia(s,t) + tGFii1(s,t) — GFy(s,t) —tGF_1(s,t)
s+t—1

Teorem 2.1.4.2: T tek indisli (s,¢) Gauss Fibonacci sayilar ve C ¢ift indisli

(s,t) Gauss Fibonacci sayilar1 olmak iizere;

u GFQTH_g(S, t) - t2GF2n+1(S,t) - GFl(S,t) + t2GF_1(S,t)
to Zo Clals0) = 2 (1-1) |
= G Fonia(s,t) — 2GFy(s,t) — (1 — )G Fy(s,t) — stGF (s, 1)
= F. = .
¢ L Sy
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Ispat :Tek indisli terimleri alt alta yazarsak

sGFi(s,t) = GFy(s,t) —tGFy(s,t)
sGFs(s,t) = GFy(s,t) —tGFy(s,t)

sGF5(s,t) = GFy(s,t) —tGFy(s,t)

sGFoni1(8,t) = GFopia(s,t) — tGFy,(s,t)
bu egitlikleri taraf tarafa toplarsak

ST = C + GFypa(s,t) — GFo(s,t) — t(C) (*)
Benzer sekilde cift indisli terimleri taraf tarafa yazarsak

sGFy(s,t) = GFi(s,t) —tGF_1(s,t)
sGFy(s,t) = GF3(s,t) —tGFi(s,t)
sGFy(s,t) = GF5(s,t) —tGF3(s,t)

SGF2n<S7 t) == GF2n+1 (S, t) - tGan_l(S, t)
bu egitlikleri taraf tarafa topladigimizda
sC =T —t(T — GFypi1(s,t) + GF_1(s,1)) (**)

x ve *x denklemlerini ortak inceledigimizde

. GF2n+3(S, t) - tQGF2n+1(S, t) — GFl(S, t) + tQGF_l(S, t)

T
2 —(1—1)

_ GFynya(s,t) — t2°GEyy(s,t) — (1 — t)GFy(s,t) — stGF_(s, 1)
B s2 — (1 —t)2

C

elde edilmisg olur.
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2.1.5 n. (s,t) Gauss Fibonacci Sayisin1 Veren Matris

Teorem 2.1.5.1: n.(s,t) Gauss Fibonacci sayisim veren matris A, (s,t) nzn

boyutlu agsagidaki gibi bir matris olsun

1 0 0 0

—t s t 0

0 -1

An<$>t) = ’
0O 0 -1 s
t
| 0 -1 s |
0 zaman
det A, (s,t) = GF,(s,t)

ispat:
n =1 i¢in

det Ay(s,t) =1=GF,(s,t)

1 <n < k i¢in dogru olsun

det Ak(S, t) = GFk<S7 t)

n = k + 1 i¢in dogrulugunu gosterelim.

Ak(87t)
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1 1 0 0 O
—t s t

_ (_1)k+k+1t 0 -1 s
0 s t
0 0 —1

+(_1)k+1+k+18 |Ak(8, t)|
= (=Dt [(=D)"F(=1) [Apa(s, )] + (1) | A(s, )]
= tGFk_l(S,t) + SGFk(S, t)

= GFk+1(S,t>.

2.2 (s,t) Gauss Lucas Sayilari
Tamim 2.2.1: (s,t) Gauss Lucas Sayilar1 GLo(s,t) = 2 —is, GL(s,t) = s+ 2it

olmak tizere n > 2icin

GLy(s,t) = sGLy_1(8,t) + tG L, (s, 1)

indirgeme bagintisiyla tanimlidir.

GLy, = &+ 2t+its
GLy = s*+4 3st+it(s* +2t)
GLy = s+ 45+ 2t* +it(s® + 3st)

GLs = 8"+ 5s°t+ bst® +it(s* + 45t + 2t%)
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olarak devam eder.

Tanim 2.2.2:
GL,(s,t) = Lp(s,t) +itL,_1(s,1t).

Teorem 2.2.3:

GLyi1(8,t) +tGL,_1(s,t) = (5° + 4t)GE,(s,1).
ispat:
n =1 i¢in

GLy(s,t) +tGLo(3,t) = s* + 2t + its + 2t — its = (s° + 4t)

1 <n < k i¢in dogru olsun

GLpy1(5,t) +tGLy_1(s,t) = (8% 4+ 4t)GFy(s, 1)
n =k +1icin

GLk+2(S, t) + tGLk(S, t)
= (sGLgy1(s,t) +tGLk(s,t)) + t(sSGLk—1(s,t) + tGLi_2(s,t))

= S(GLgy1(s,t) +tGLg_1(s,t)) + t(GLk(s,t) + tGLg_o(s,t))

= s((s* +4t)GFy(s,t)) + t((s* + 4t)GF_1(s,1))

= (8 +4t)GFpy1(s, )

2.2.1 (s,t) Gauss Lucas Sayilar1 Binet Formiilii

Teorem 2.2.1.1: GL,(s,t) = sGL,(s,t) +tGL,_1(s,t) sayillarinm Binet for-

miili

2—is i/ +4 V)
G’Ln(s,t) _ ( 2zs+z 32+ t) <3—|— ;+ t)

.\ (2—1'5 i\/s2+4t> (5—\/82—#—475)”

2 2 2
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Ispat: 2" bu ifadenin bir ¢oziimii olsun o halde bu ¢oziimden elde edilen

denklemin kokleri o ve S olmak iizere;

s+ /s?2 44t
2

s —/s2 4+ 4t
2

dir. Genel ¢oziim
GL,(s,t) = ca™ 4+ dp"

ve

GLy(s,t) = 2—is=c+d

GLi(s,t) = s+2it=ca+dp

olmak iizere

2 —1is +i\/32—1—4t

2 2
g - 2 —14s 18244t
-2 2

dir. ¢,d,a, B genel ¢oziimde yerine kondugunda yukaridaki esitlik elde edilmis

olur.

2.2.2 (s,t) Gauss Lucas Sayilar1 Urete¢ Fonksiyonu

Teorem 2.2.2.1:

x(s + 2it) + (1 — 5)(2 — is)
1 — sx —ta?

g(z) =

ispat

g(z)= Z GL,(s,t)z"
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g(x) = GLo(s,t) +GLy(s,t)x + GLy(s,t)x* + GLs(s, )2 + ...

—sxg(x) = —sGLo(s,t)x — sGLi(s,t)x* — sGLy(s,t)x* — sGL3(s,t)a" — ...

—tatg(z) = —tGLo(s,t)a* — tGLy(s,t)2® —tGLy(s, t)x* — tGLs(s,t)2° — ...

g(2)(1 — sw —ta?) = GLo(s,t) + GLy(s,t)x — sGLo(s,t)x

2 —is+x(s+2it) —s(2 —is)x
1 —sx —ta?

g(z) =

2 — sz +i(xs® + 2xt — s)
1 — sz — ta? ’

2.2.3 (s,t) Gauss Lucas Sayilar1 Cassini Ozdesligi

Teorem 2.2.3.1:

GLy 1(8,t)GLypi1(s,t) — GL2 (s,t) = (—t)" 1 (s* + 4t)(1 + t — is)

ispat:

n =1 i¢in

GLo(s,t)GLy(5,t)—GL3(s,t) = (2—is)(s*+2t+its)—(s+2it)* = (s*+4t)(1+t—is)

1 <n < k i¢in dogru olsun

GLi1(5,6)GLpi1(s,t) — GLE(s,t) = (—t)* 1 (s* + 4t)(1 + t — is)

n = k + 1 i¢in dogrulugunu goérelim
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GLk(S, t)GLk+2(S, t) - GL%_H(S, t)
= GLi(s,t)(sGLk11(8,t) +tGLk(s,1))
—(sGLi(s,t) +tGLjp_1(s,1))?

= 8GLi(5,t)GLyy1(s,t) + tGL2(s,1)
—s*GL}(s,t) — 25tGLy(5,t)GLy_1(s,t) — t*GL;_,(s,1)

= 8GLi(5,1)(GLiy1(5,t) — sGLi(s,1)) +tGLi(s,t)
—25tG Ly(s,t)GLy_1(s,t) — *GL:_,(s,1)

= t(GLi(s,t) — sGLy(5,t)GLi_1(s,t) —tGL: ,(s,t))

= t(GLi(s,t) — GLj_1(5,t)(sGLi(5,t) +tGLj_1(5,1)))

= (=)((=t)" M+ 4t) (1 +t —is))

= (=) (s +4t)(1 +t —is)

2.2.4 (s,t) Gauss Lucas Sayilar1 Toplam Formiilleri

Teorem 2.2.4.1:

u L L,—GLy—tGL_
ZGLZ(S,t):G n+1(8,t>+tG n G 0 tG 1'
— s+t—1

ispat:
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n =0 i¢in

GLl(S, t) + tGL()(S, t) - GLO(S, t) - tGL_l(S, t)

GlLo(s:1) = s+t—1

s+ 2it +t(2 —is) — 2 +is — 2it + s — is*
s+t—1

2s + 24t + 2t — its — 2 +is — 2it — is>
s+t—1

2(s+t—1)—is(s+t—1)

s+t—1
= 2—1s
0 < n < k igin dogru olsun
k
3,11 G (5:0) H1GLu(5.0) = Gl ) ~1GLso)
i=0 s + t— 1

n = k + 1 i¢in dogrulugunu gorelim

k+1 k
> GLi(s,t) = Y GLi(s,t) + GLpsa(s,1)
i=0 1=0
. GLk_H(S,t) + tGLk<S,t)
N s+t—1
GL()(S, t) - tGL_l(S, t)
- sti—1 +GL]€+1(8,t)

GLiy1(8,t) + tGLg(s,t) — GLo(s,t)—
s+t—1
tGL_l(S, t) + SGLk+1 (S, t) + tGLk+1 (S, t) — GLk+1(S, t)

s+t—1

GLiio(8,t) + tGLgy1(s,t) — GLo(s,t) — tGL_1(s,1t)
s+t—1 '
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Teorem 2.2.4.2: O tek indisli (s,¢) Gauss Lucas sayilar ve E ¢ift indisli

(s,t) Gauss Lucas sayilar1 olmak iizere;

O — Z GL2i+1<S’t) _ G 2n+3(37 ) G 277:;-21&97(1)_ tC)';; 1(87 ) + G 1(87 )
1=0
n L — *GL —(1-t)GL L

B = Gly(s.g) = St L ) — = s DR )

i=0

Ispat: Tek indisli terimleri alt alta yazarsak
sGLy(s,t) = GLa(s,t) —tGLy(s,1)
sGL3(s,t) = GLy(s,t) —tGLs(s,t)

sGLs(s,t) = GLg(s,t) —tGLy(s,1)

SGLQ,—H_l(S, t) = GL2n+2(S, t) - tGLQn(S, t)

Bu egitlikleri taraf tarafa toplarsak

sO=F + GL2n+2 — GLO —tk (*)
Benzer sekilde cift indisli terimleri alt alta yazarsak
sGLy(s,t) = GLi(s,t) —tGL_1(s,t)
sGLy(s,t) = GL3(s,t) —tGLy(s,t)
sGL4(s,t) = GLs(s,t) —tGLs(s,t)

SGLQn(S, t) == GL2n+1(S, t) — tGLQn_l(S, t)
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Bu esitlikleride taraf tarafa toplarsak

SE =0 —1t(0O — GLyy1(s,t) + GL_1(s,t)) (**)

Buradaki * ve *x egitlikleri beraber incelendiginde

GL2n+3(S7 t) - tZGL2n+1(S, t) - GL1(87 t) + t2GL_1(8, t)

0= 2 (1—1)2

GL2n+2(S, t) — tQGLgn(S, t) — (1 — t)GL[)(S, t) + tSGLfl(S, t)
s2—(1—1)2

bulunmus olur.

2.2.5 n. (s,t) Gauss Lucas Sayisin1 Veren Matris

Teorem 2.2.5.1:B,,(s,t) nxn boyutlu agagidaki gibi bir matris olsun

s+2it 2—is 0 0 ... O
—t S t 0
—1 t
Bu(s, 1) = °
0 -1 s
t
i 0 -1 s |
O zaman
det B, (s,t) = GLy(s,1).
ispat:
n =1 i¢in

det By(s,t) = s+ 2it = GL,(s,1)

1 <n < k i¢in dogru olsun

det Bi(s,t) = GLg(s,1)
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n = k + 1 i¢in dogrulugunu gosterelim.

0
Bk(svt)
t
0 -1 s
s+2it 2—4s 0 --- 0 O
—1 S t
_ (—1)k+k+1t 0 -1 §
0 s t
0 0 -1

+<_1)k+1+k+18 |Bk(8, t)|
= (=Dt [(=1)"*(=1) [ Broa(s, )] + (=1)**25 | Bu(s, 1)
= tGLk_l(S, t) + SGLk<8, t)

= GLp(s,t)

2.3 Farkl Indisli (s, t) Gauss Fibonacci Sayilarinin Carpimi
Lemma 2.3.1:

Fan - _(Lm—i-n - (_]-)an—n>

Lemma?2.3.2:

L
GF,,GF, = %(me +i(—=1)"Lyn—p).
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ispat:

GFE.GF, = (Fp+iFpn_1)(F,+iF,_1)

= FpF, +iF,F o +iF, 1 F, + i2Fm—1Fn—1

1

1 n—
= E(Lm-i-n — (=1)"Lm—n) + Zg(Lnﬂ-n—l — (-1 1Lm—n+1)

1 n 21 —
+Z5<Lm+nfl - (_1) men71> + 125(Lm+n72 - (_1) 1men>

1 . o
= E(Lm—i-n - (_1)an—n + ZLm—i—n—l - Z(_]-) 1Lm—n-{—l

+iLm+n—1 - 7;<_1)an—11—1 - Lm+n—2 + (_]-)n_le—n)

1
= E(Lm—i-n + 27:Lm+n—l + Z.(_:l)an—n—i-l - Z.(_]-)an—n—l
_Lm+n—2 - 2(_1)an—n)

1
- 5( Lonin-1+2iLyyn 1 +i(—=1) "Ly + 26%(=1)" L)

— %((1 +2)) L1+ (=1)"(1 + 20) Ly )

GL o

Lemma 2.3.3:

1

Fo(s,t)Fu(s,t) = 2

(Lm+n - (_t)an*n)'

Lemma 2.4.4:

GLpin(5,t) — (—t)"GLpn(s, 1)
+ 5 (1) G Ly n 1 (s, 1)

- <_t)n_1Gmen+1 (57 t)

1

GFm(S, t)GFn(S, t) = m

ispat:
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GF,(s,t)GF,(s,t) = (Fn(s,t)+itF,_1(s,t))(Fu(s,t) + itF,_1(s,t))

= Fn(s,t)F,(s,t) +itF, (s, t)F,_1(s,t)
+it By 1 (5, ) F(s,t) + 2t Fp (s, 1) F_1(s, 1)

(Lintn(s,t) = (=1)" Lin—n(s, 1))

1 +it(Lpn_1(8,t) — (=) Ly _ny1(s, 1))
A | it(Loin1(5,8) — (=) Lon_n_1(s, 1))
+i22(Lypin—2(8,1) — (=) 1L, _n(s,1))

1 GLpyin(8,t) +itGLyin1(s,t)
S At | (=)' G L (5,) — (—t)" it G Ln_nsr (5, 1)

GLm+n(87 t) - (—t>nGLm_n(3’ t)
- 2 4t +52;—H4t(it>GLm+n—l(3,t)
_(—t)n—lGLm,nJrl(S’ t)
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3 (s,t) GAUSS FIBONACCI VE (s,t) GAUSS
LUCAS MATRIS DIiZiLERI

Bu kisimda Fibonacci matrisleri ve Lucas matrisleri, (s,¢) Fibonacci matris-
leri ve (s,t) Lucas matrisleri, Gauss Fibonacci matrisleri ve Gauss Lucas ma-
trislerinden yola ¢ikilarak (s,t) Gauss Fibonacci matrsleri ve (s,t) Gauss Lucas

matrisleri elde edilecektir.

3.1 (s,t) Gauss Fibonacci Matris Dizisi

Tanmim 3.1.1: s? + 4t > 0 olacak sekilde s > 0 ve t # 0 tam sayilar icin

ng(‘Svt) = [ 1 Z

it 1—1s

] ,gfl(S,t) =

s+it 1
t it

ven > 1 i¢in
GFni1(s,t) = sGF,(s,t) + tGF_1(s,1t)

indirgeme bagntisi ile tamimlanan{GF,(s,?)}, . matris dizisine (s,t) Gauss Fi-

bonacci matris dizisi denir.

Teorem 3.1.2: n > 0 tam sayis! i¢in

gfn(sv t) =

GFo1(s,t)  GE,(s,t)
tGF,(s,t) tGF,_i(s,t) |

Ispat: n = 0 icin dogrudur.

GFo(s,t) =

GFi(s,t)  Glo(s,t) | |1 i
tGFy(s,t) tGF 1(s,t) |

0 < n < k igin dogru olsun yan

g]:k(s)t> =

GFk+1(S7t) GFk(S,t)
tGFy(s,t) tGF,_1(s,t) |
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n = k + 1 i¢in dogrulugunu gorelim

GFrii(s,t) = sGFi(s,t) +tGF_1(s,t)

— GFk_H(S,t) GFk(S,t)
tGFk<S,t> tGFk_l(S,t)

GFy(s,t)  GF,_,(s,1)
tGFk_l (S, t) tGFk_2(S7 t)

[ sGFua(s,t) +1GE(s,t)  sGE(s,1) + tGF_1(s,1)
| stGF(s,t) +1°GFp_1(s,t) stGF_1(s,t) + t*GFj_a(s,t)

_ —GFk—i-Q(Sut) GFria(s,t)
| tGFria(st) tGE(s,t) |

Teorem 3.1.3:
GF (s, t) = Fu(s,t) +itFn_1(s,t).

ispat:

~ F, T F,(s,t
Fols,t) +itF,_1(s,t) = +1(s,1) (s,t) i
| tFu(s,t) tFaa(s,t)

F.(s,t)  F,_1(s,t)
tF,_1(s,t) tF, ao(s,t)

| B t) FitFu(s,t)  Fu(s,t) +itF, i (s,t)
| tEu(s,t) +it’Fy_q(s, ) tF_1(s,t) + it*F,_5(s,1)

[ GF,i(s,t)  GEy(s,t)
| tGF.(s,t) tGF, (st

= GF.(s,t).
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3.1.1 (s,t) Gauss Fibonacci Matris Dizisi Binet Formiilii

Teorem 3.1.1.1:

ca™tt 4 dpntt ca 4+ dp"

GFa(s:1) = t(ca™+dp") t (ca"’l + dﬁ”_l)

Ispat: GF,(s,t) sayilarinim Binet formiilii

z'+ 2 —1is g 7 2 —1is S+V82+4t5 s — /8244t
- @ — o —
2 ’ 2

olmak {izere

GF,(s,t) = ca" +dp"

seklindedir. O halde;

GFn(s,t) = GFoa(s ) GFE(s,1) ]

| tGF.(s,t) tGF, (s,
i Can+1 _I_dﬁn—i-l CO./n—f—dﬁn
t (ca™+dp") t (ca”_1 + dﬁ"il) '

3.2 (s,t) Gauss Lucas Matris Dizileri

Tanim 3.2.1: s? + 4t > 0 olacak sekilde s > 0, t # 0 ve n > 1 tam sayilar icin

s2+ 2t +its s+ 2it
st + 2it? 2t — its

s+ 2it 2—1s8

g£0(57t) = . . .
2t —its 2it +is® — s

7GL1(Sat) =

GL,1(s,t) = sGL,(s,t) +tGL, 1(s,1)
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indirgeme bagintisi ile tanimlanan {GL,(s,?)}, . matris dizisine (s,t) Gauss Lu-

cas matris disizi denir.

Teorem 3.2.2: n > 0 tamsayisi i¢in

GL,(s,t) =

GLp1(s,t)  GL,(s,t)
tGLy(s,t) tGLy_1(s,t) |

Ispat: n =0 icin

gLO(Sa t) =

GLl(S,t) GLO(S,t) . 1 7
tGLo(s,t) tGL_y(s,t) | | it 1—is

0 < n < k igin dogru olsun

gﬁk(‘s? t) =

GLk+1(S,t) GLk<S7t)
tGLk(S,t) tGLk_l(S,t)

n = k + 1 i¢in dogrulugunu goérelim

GLp1(s,t) = SGLk(s,t) +tGLE_1(s,1)

GLk+1<S, t) GLk(S, t)

tGLk(S, t) tGLk_l(S, t)
GLk(S, t) GLk,1<S, t)

tGLk_1<S, t) tGLk_Q(S, t)

SGLgy1(8,t) +tGLk(s, 1) sGLk(s,t) +tGLg_1(s,1)
| stGLi(s,t) +°GLi_1(s,t) stG Ly 1(s,t) +t°GLy_5(s,1)

| GLiast) GLi(st)
L tGLk_H(S, t) tGLk(S, t)

Teorem 3.2.3:

GL,(s,t) = L(s,t) + itLy_1(s,1).
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ispat:

L(s,t)+itL,—1(s,t) =

Lyi1(s,t)  Ly(s,t)
tLn(s,t)  tL, 1(s,t)

L,(s,t)  Ln_1(s,t)
th—l (S, t) th_2<S7 t)

+t

[ GLoii(s,t)  GLy(s,1)
| tGLa(s,t) tGLua(s,t)

= GL,(s,1).

3.2.1 (s,t) Gauss Lucas Matris Diziler i¢in Binet Formiilii

Teorem 3.2.1.1:

catt 4 dpntt ca™ 4+ dp"

Glnlst) = t(ca™+dB") t(cam ' +dp" ")

Ispat: GL,(s,t) sayilarmin binet formiilii

2 —1is  ivVs2+ 4t g 2—is_i\/82+4t

€= ot i 2
s+\/82+4t5 s — /82 4+ 4t
Oé = _— = —_———
2 ! 2

olmak iizere

GLy(s,t) = ca™ +dp"
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seklindedir. O halde;

gﬁn(sa t) =

[ GLpii(s,t)  GLy(s,1)
I tGL,(s,t) tGL,_1(s,t)

i Can+1 —I—dﬁn—H C()én—f-dﬁn
| t(ca” +dB") b (camt 4+ dB"TY)

3.3 Ozel Teoremler

Teorem 3.3.1:

GFm(s,t)GFn(s,t) = GF pin(s,t) + itGF pin-1(s,1).

ispat

Q}"m(s,t)gfn(s,t) =

Teorem 3.3.2:

(Fn(s,t) + it Fr1(s,t))(Fn(s, t) + it Fn_1(s,t))

Fn(s, ) Fn(s,t) + itFp(s, t) Foo1(s,t)
it Fr1(8, ) Fr(s,t) + 022 Frn_1(5, 1) Froi(s, 1)

fm+n(57 t) + Z‘tfm+n71<8, t) + it<fm+n71<87 t)
+itfm+n—2(s> t))

gfm+n<57 t) + itgfm+n_1(8, t)

GLy(s,)GFn(s,t) = GLu11(s, 1) +itGL, (s, 1).

44



ispat:

s+ 2t +its s+ 2it
st + 2it? 2t —its

GFoi1(s,t)  GFE,(s,t)
tGF,(s,t) tGF,_1(s,t)

GF,1(s,t)(s* + 2t +its) + tGE,(s,t)(s + 2it)
GFE,i1(s,t)(st + 2it?) + tGF,(s,t)(2t — its)

GF,(s,t)(s* + 2t +its) + tGF,_1(s,t)(s + 2it)
GF,(s,t)(st + 2it?) + tGF,_1(s,t)(2t — its)

Burada a;; konumundaki eleman: incelersek

an = $°GF,1(s,t) +itsGE,1(s,t) + tGF,1(s, 1)
+tGFyi1(s,t) + tsGFy(s,t) + it’GE,(s,t) + it?GE, (s, t)

= 5(sGF,i1(s,t) + tGE,(s,t)) +tGF,11(s,t)
+it(sGFi1(s,t) + tGE,(s,t)) + t(GE41(s,t) + itGF,(s,1))

= SGF,2(8,t) +tGF,11(s,t) + it(GE,1a(s, 1)) + t(GF,(s,t) + itGE,(s,t))

= GF,43(s,t) +tGF,(s,t) + it(GFy12(s,t) + tGF,(s,1))

= GLpo(s,t) +itGLyi1(s,1)

Benzer gekilde aq5 , as; ve ass elemanlariida incelersek.

12 — GLn+1(S,t)+ZtGLn(S,t)

a1 = tGLyyi(s,t) +it>?GLy,(s,t)

agy = tGLy(s,t) +it?GL,_1(s,t)
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Biitiin elemanlar1 matrise yerine koyup diizenlersek.

GLn1(s,t)  GL,(s,t)

GLn+2(S, t) GLn+1(S, t)
tGL,(s,t) tGL,_1(s,t)

tGLy1(s,t) tGL,(s,t)
= GLp(s,t) +itGLy(s,t).

Sonug 3.3.3:

GL1(s,6)GFn(s,t) = GF,(s,)GL1(S,t) = GL,11(5,t) + 1tGL, (s, 1).

Sonug 3.3.4:

GLy(s,t)GF,.1(s,t) + tGL1(s,t)GF,(s,t) = GLyya(s,t) + itGL,11(s,t).

Sonug 3.3.5:

GLy(s,t)GF,(s,t) + tGL1(s,t)GF,_1(s,t) = GLpy1(8,t) + itGLy(s,t).

Sonug 3.3.6:

GLy(s,t)GF,(s,t) + tGL1(s,t)GF,—1(s,t) = GLpy1(s,t) +itGLy(s,t).

Sonug 3.3.7:

tGLy(5,t)GE,1(s,t) + *GLo(5,t)GE,(s,t) = tG Ly 1 (5, 1) + it>GLy (s, 1).

Sonug 3.3.8:

tGLy(5,t)GF,(s,t) +t*GLo(s,t)GF,_1(s,t) = tGL,(s,t) + it?GL,_1(s, 1)

Teorem 3.3.9: Teorem 3.3.2 yi genellersek
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GFm(s,)GLn(s,t) = GLn(s,t)GFm(s, 1)
= g£m+n(s7 t) + itg£m+n_1(s, t)

ispat:

GFm(s,0)GL,(5,1) = GFn(s,t)(GF, 1(5,t) +tGFn 1(5,1))

= GFn(s,t)GFi1(s,t) +tGF (s, t)GF,_1(s,t)

= g]:m—i-n—l-l(sa t) + Z.tg]:m-&-n(su t)
+tgfm+nfl<sa t) + itQQ}"ern,g(s, t)

== g£m+n(87 t) + itg£m+n_1 (S, t)

GL,(5,t)GFm(s,t) = (GF, 1(5,t) +1GF,1(5,1))GF (s, 1)

- g:Fn-&-l(S?t)gfm(S?t) +tgfn—1(s7t)gfm(s7t)

= gfm+n+1(8, t) -+ itgfm+n(87 t)
+tgfm+nfl(s> t) + it2gfm+n*2(s> t)

= GLopin(5,1) +itGLyn 1 (5,1)

sag taraflar esit oldugundan sol taraflar da esittir.

Sonug 3.3.10:
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g£m<3>t)gfn+l(37t) + gfn(svt)g‘cmfl(sat)
= GF.(s,)GL1(8,t) +tGL, (5, t)GF1(s, 1)

G L (5, 1)GF n1(5,1) +tG Lo y1(5,1)GF (5, 1)
= t*GF.(5,)GLp_1(5,1) +tGFi1(5,)G L, (5,1).

ispat:
GFm(s,1)GLA(5,1) = GLA(5,1)GF (s, 1)

idi o halde bu iki matrisin elemenlar carpimini gosterirsek

GLpi1(s,t)  GLu(s,t)
tGLy(s,t) tGL,—1(s,t)

[ GEoi1(s,t)  GFu(s,t)
| tGFa(s,t) tGFn 1(s,1)

[ GLoi(s,t)  GLy(s,1)
| tGLu(s,t) tGLy 1(s,1)

GFni(s,t)  GEy(s,t)
tGE,(s,t) tGF,_1(s,t)

GFi1(8,6)GLyt1(s,t) + GEn(s,t)GLy (s, 1)
tGF(5,t)GLpy1(8,t) + 2GF_1(s,t)GL,(s,1)

GFoi1(8,t)GLy,(5,t) +tGF,(s,t)GL,_1(s,1)
tGF,(s,t)GLy(s,t) + t*GF,,_1(s,t)GL,_1(s,t)

GLypi1(5,t)GFpi1(s,t) + GLy (5, t)GE (s, t)
tGL,(5,t)GFpy1(s,t) + t2GL,_1(s,1)GF,,(s,t)

GLypi1(8,)GF(s,t) + tGL,(s,t)GF_1(s,t)
tGL,(5,t)GFp(s,t) + t*GL,_1(s,t)GF,,_1(s,t)

matrislerin ayn1 konumlu elemanlar: egit olacagindan esitlikler gosterilmis olur.

Teorem 3.3.11:
GL2 (5,t) = (5° + 4t)(GF 2m (5, 1) + itGFom_1(s,1)).
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ispat:

GLpia(s,t)  GLy(s,t)

GLY (s,1) =
D= an5.t) G (s.0)

GLpi1(s,t)  GLy(s,t)
tGLy(s,t) tGLp_1(s,t)

GL2n+1 (57 t) + tGL?n(S7 t)
tGLyi1(8, )G L (s, t) + t*G Ly (5,8)G L1 (5, t)

GLypi1(5,t)G Ly (5,t) +tG Ly (5, t)GLyp—1(s, 1)
tGL2 (s,t) +t*GL?,_,(s,1)

a;1; konumundaki elemani incelersek. (agy benzer gekilde)

GL2, 1(s,t) +tGL: (s5,t) = (GFpia(s,t) +tGE,(s,1))?
+t(GFmi1(s,t) + 1GE,_1(s,1))?

= GF? ,(s,t) +*GF2(s,1)
+2tGFpio(s,t)GFy (s, 1)
+HGE? (s, t) + *GEFA_ (s,
+22GFy i1 (5, 1) GFy 1 (s, 1)
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s2 + 4t

T2 44t

[ (GLamra(s,t) — ()™ 2G Lo(s,1))

4it(GLoms(s, ) — ()™ GLy(5,1))

+12(G Lapmya(s, t) — (—t)™GLo(s,t))
+it3(GLaym_1(8,t) — (=)™ LG L(s,t))

+2t<GL2m+2(S, t) - <_t)mGL2<S, t))
+2it?(G Lamy1 (s, t) — (=)™ 'GL3(s,t))

+t(GLamia(s,t) — (=)™ G Lo(s, 1))
+it2<GL2m+1 (S, t) - (—t)mGLl (S, t))

+13(G Loy _2(s,t) — (—t)™"1GLo(s,1))
+it (G Loy _3(s,t) — (=)™ 2GLy(s,1))

+2t2(G Lo (5,t) — (=)™ 'GLa(s, 1))

| 23 (G Lam-1(s,t) — (=) *GLs(s,1)) |

[ (GLomsa(s,t) + itGLaoms3(s, 1))

+t2(G Lo (8, t) + itG Loy, 1(s, 1))

+2H(GLams2(5,1) + tGLoms1(5,1))
+t(GL2m+2(S, t) + GL2m+1<8, t))

+2t2(G Lo (5, ) + itG Loy, 1 (s, 1))
+t3(G Loy —2(5,t) + GLapm_3(s,1))

—2(=t)™2G Lo(s,t) + 2i(—t)™T2G Ly (s, t)
—|—2(—t)m+1GL2(S, t)

—2(—t)™ MG Ly(s,t) — 2i(—t)" T G Ls(s,t)
+(=t)"2G Lo(s,t)

—i(—t)"T2G Ly (s,t) + (=)™ 2G Lo(s, 1)
—i(=t)" "G Ly(s,t)

| +2i(—t)" T G Ls(s, t)
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(82 + 4t)(GF2m+3(S, t)) -+ ’it<82 + 4t) (GF2m+2(S, t))
+12(s% + 4t) (GFyyp_1(5,1))
s2 + 4t
+it?((s* + 4t) (G Fop_a(s, 1)) + 2t(s* + 4t)(GFopi1(s, 1))
+2it%(s? + 4t) (G Fa (s, 1))

= GF2m+3(S, t) + itGF2m+2(S, t) + t2GF2m_1(S7 t)
Fit3 Gy _o(8,1) + 2tG Fopy1(s,t) + 2it*G Fy,p (s, 1)

= GL2m+2<S, t) + tGLgm(S, t) + itGL2m+1<S, t) + itQGLQm_l(S, t)

= (82 + 4t>(GF2m+1(S, t) + itGFQm(S, t))

Benzer gekilde a5 ve as; konumundaki elemanlarda incelendiginde

a1y = (82 + 4)(GFop(s,t) + itGFam_1(s,1))

91 — t(82—|—4t)(GF2m(S,t)+itGF2m_1(S,t))

agy = t(s* +4t)(GFap_1(5,1) + itGFyp_o(s,1)).

Buradan da tiim elemanlar1 yerlestirip diizenlersek

GL2 (5,t) = (5* + 4t)(GFam(s,t) + itGFom_1(s,1))

bulunmus olur.

Teorem 3.3.12:

GF2(s,1) = (GFon(s,t) + itGFon_1(s,1)).

ispat:

ol




GFooi(s,t)  GF, (st
gfi(s,t) — +1(8 ) (S )
tGE,(s,t) tGF,_1(s,t)

GFo (s, t)  GFE,(s,t)
tGE,(s,t) tGF,_1(s,t)

GFZ, (s, t) + tGE:(s,1)
tGF,(s,t)GF,1(s,t) + ?*GF,_1(s,t)GF,(s,t)

GF,1(s,t)GE,(s,t) + tGF,(s,t)GEF,_1(s,t)
tGF2(s,t) + t*GF?_(s,1)

a11 konumundaki elemani incelersek

GF?  (s,t) +tGF(s,1) ﬁ((}mwg(s, £) — (=t)"" GLo(s, 1))
+ﬁ(GL2n+l(s, t) — (—t)"GL:(s, 1))
+ﬁ<ahn(s,t> — (—1)"GLo(s,1))
+%(0L2n1(s,t> — ()" GLy(s,1))

1
= & 475((32 + 4t)GFonia (s, t) +it(s” + 41) G Fo, (s, 1))

= GF2n+1<8, t) + itGFQn(S, t)

a12 , G91 Ve age konumundaki elemanlarida inceledigimizde

a1 = Gan(S, t) + ’l.tGFQn,I(S, t)
91 — tGFQn(S, t) + itQGan_l(S, t)

99 — tGFanl(S, t) + Z‘t2GF2n,2(S, t)

bulunur. Bu elemanlar matriste yerine konuldugunda

GF2(s,t) = (GFam(s,t) + itGFon_1(s,1))

bulunmus olur.
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4 SONUC VE ONERILER

Bu tezde daha 6nceki ¢aligmalardan yararlanarak Fibonacci, Lucas, (s,t)
Fibonacci, (s,t) Lucas ve Gauss Fibonacci Gauss Lucas sayilar1 yardimiyla (s,t)
Gauss Fibonacci ve (s,t) Gauss Lucas sayilari tanimlanarak bu sayilara ait kom-
binatorial ozellikler elde edildi. Bu sayilar1 iceren matrisler tanimlanarak bazi
ozdeslikler elde edildi. Oneri olarak bu tezde tamimlanan say1 ve matrisler Pell,
Pell Lucas sayilar1 yardimiyla (s,t) Gauss Pell ve (s,t) Gauss Pell Lucas sayilar
tanimlamip 6zellikleri incelenebilir. Tribonacci sayilar da diigiiniildiigiinde (s,t)
Tribonacci sayilar: tanimlanip 6zellikleri incelenebilir. Boylece yeni bir aragtirma

alani ortaya cikacaktir.
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