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Abstract

We discuss the geometric formulation of continuum defects consisting of dislocations and
disclinations. After reviewing the metric affine geometry and the present geometric formu-
lation of dislocation and disclination written in terms of torsion and full curvature (together
with vanishing non-metricity), we give a new formulation of them in a novel way in terms
of torsion and non-metricity (together with vanishing full curvature), the so-called general
teleparallel geometry. All calculations are performed by using the exterior algebra. We obtain
continuity equations explicitly for dislocation density and disclination density.

Keywords Curvature - Torsion - Non-metricity - Continuum mechanics - Defect -
Disclination - Dislocation

1 Introduction

Itis known that the role of geometry in physics is very valuable. The most familiar example of
itis general relativity, Einstein’s theory of gravity, in which the gravitational field is associated
with the Riemann curvature tensor. With similar motivations, geometric quantities have been
used to express the theory of defects in materials. In this context, the physical state of a
material describes the geometry of the space occupied by its atoms. In studies conducted for
this purpose so far, dislocation type defects have been paired with torsion and disclination
type defects with full curvature [1-11]. We review main results of those works in Section 3
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in terms of exterior forms. There are works discussing the point defects apart from these two
line defects as well and their possible relations to the non-metricity [12—-17]. In addition to
these works, the authors of Ref [ 18] investigate the nonlinear equations of the elasticity theory
for bodies with impurities, dislocations and disclinations by adhering a novel mathematical
perspective, more specifically by using the method of the Poisson “hydrodynamic” brackets.
The papers [19, 20] may be seen as the first works discussing the possible relations among
the non-metric connections (i.e. non-metricity), quasi-dislocations and quasi-disclinations.

In this work we adopt the terminology used by de Wit in the papers [21-24] published on
the theory of continuum defects. Accordingly, in 1907, Volterra studied the elastic fields for
a long straight isotropic cylinder containing dislocations and disclinations [25] and named
these defects as distortions. In 1920, Love called them as dislocations [26]. Love’s nomencla-
ture has become widely accepted, but its meaning has become restricted to only translational
dislocations by suppressing rotational dislocations. Therefore, in 1958 Frank introduced a
new name, disclination (the first version was disinclination), to describe rotational disloca-
tion [27]. Since then, the word “distortion" has been used for the gradient of displacement.
Correspondingly, Volterra’s original word “distortion" (dislocation and disclination) is some-
times confused with today’s word “distortion" (gradient of displacement). To overcome this
confusion, it is prefered to use the term “defect" (dislocation and disclination) instead of
Volterra’s original word “distortion". The word “defects" in this terminology may seem to
refer to line defects in crystal researches. However, the usage of the word “defect" does not
exclude point defects in crystal studies, because a point defect can be considered as a defect
loop (closed line defect). In summary, disclination is a defect in the orientation of director
whereas a dislocation is a defect in positional order.

Dislocation density «,p and disclination density 6,; are very convenient tools to obtain
the most useful elastic fields such as distortion, strain, dilatation, stress and rotation caused
by the presence of dislocations and disclinations in a continuum. Physically, as the diagonal
components of dislocation density represents the screw type translational defects, the oft-
diagonal ones are related with the edge type translational defects. Analogously, as the diagonal
components of disclination density are associated with the wedge type of rotational defects,
the off-diagonal components measure the twist type rotational defects [23]. In the absence of
disclination, the dislocation density is defined self-consistently and is directly related to the
Burgers vector b via the formula b® := I s o xe;, where the term sej, represents the oriented
area element on the surface S. This relation means that the dislocation density «”? represents
the flux of Burgers vectors in the x, direction that pierces unit area of the surface S normal
to the x;, direction. Moreover, in the presence of disclination, it shifts the dislocation density
and therefore in addition to the (general) Burgers vector B a new vector, the so-called the
Frank vector é could be defined corresponding to the disclination density. Their definitions
given by [22] will be recast in the Section 3.

However, if torsion is paired with dislocation and full curvature with disclination as in the
geometric picture we summarized above, there will be no shift in dislocation when disclination
occurs. On the contrary, the presence of dislocation causes a shift in disclination as shown in
the papers [21-24]. This contradiction is the first motivation leading us to do this work.

On the other hand, we know that a metric affine geometry is defined by the triple; manifold,
metric, affine connection or correspondingly by the triple; non-metricity, torsion, curvature.
Furthermore, the affine connection 1-form, w,p, contains a Riemannian component (the so-
called Levi-Civita connection 1-form, @,p, computed from metric) and a non-Riemannian
component (which we call as defect tensor-valued 1-form, L, consisting of tensors of tor-
sion and non-metricity). Although in the literature of geometry and gravity it is usually called
as distortion 1-form, we prefer to name it as defect 1-form appropriate to the topic. We sum-
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marize the basics of metric affine geometry in the forthcoming section. More specifically,
while the symmetric part of defect 1-form consist of only non-metricity 1-form, its anti-
symmetric part contains torsion and certain components of non-metricity. Thus, when the
non-metricity vanishes, the defect 1-form turns out to be anti-symmetric and is given only
by torsion. However, when non-metricity does not vanish, along with that the symmetric
part of the defect 1-form appears, its anti-symmetric part is shifted by certain components of
non-metricity. One can consult Ref. [28] for further reading. In conclusion, the resemblances
between the statements on dislocation (disclination) and the anti-symmetric part (Symmet-
ric part) of defect 1-form led us to investigate the reformulation of the defect theory of a
continuum in terms of Cartan-Weyl (general teleparallel) geometry. Besides all these, on the
geometry side, the general teleparallel geometry has an advantage over the Riemann-Cartan
geometry. While the latter does not have a metric formulation, the former does. Metric for-
mulation of general teleparallel geometry is the second motivation leading us to do this work.
In fact, all three teleparallel geometries have metric formulations [28]. As far as we know,
our general teleparallel geometric formulation of continuum defects is the first attempt in
the literature. Free from special discussion here, although plenty of papers has been pub-
lished, no fundamental theory of defects is yet available. We develop our formulation for any
non-Cartesian coordinates covariantly in the language of exterior algebra.

The plan of our paper is as follows. Since our work is based on mainly the geometry and
the exterior algebra, we summarize our mathematical preliminaries in the next section. Then
we review the present literature on geometric formulation of the theory of continuum defects
in Section 3. Later, we give our novel theory of continuum defects written in the general
teleparallel geometry in Section 4. In the section of Discussion, we collect our results and state
our future projects as continuation of this paper. Besides, since the continuity equations of
dislocation density and disclination density are derived mainly through the Bianchi identities
relating non-metricity, torsion and full curvature to each other, we give some detail on them
in the language of exterior algebra in the section of Appendix.

2 Metric Affine Geometry

The triple {M, g, V} or {Qaup, T, R%}} defines a metric affine geometry where M is three-
dimensional orientable and differentiable manifold, g is non-degenerate symmetric metric,
V is full (or affine) connection or covariant derivative, Q,p is non-metricity 1-form, 7¢ is
torsion 2-form and R¢; is curvature 2-form [29, 30]. We denote the anholonomic metric-
orthonormal coframe by e, then write the metric as g = ggpe ® e’ where 8ab ‘= Bap 18
the Euclid metric with §,, = diag(1, 1, 1). The full connection is determined by the full
connection 1-form w?, via the definition Ve? := —w%, A e or VX, = X; ® w®, where
® denotes tensor product, A is the exterior product in the exterior algebra and X, is the
orthonormal frame such that e (X;,) = 6 is the duality relation. Besides, e“ is called the
metric orthonormal (or shortly orthonormal) 1-form and the Cartan structure equations are
given by tensor-valued non-metricity 1-form’, tensor-valued torsion 2-form and tensor-valued
full (or non-Riemannian) curvature 2-form, respectively,

1 l C C
Qup = _ED(Sab = _5 (dSab — w48y — @ bsac) = W(ab), (1a)
T := De® = de® + o) A e?, (1b)
R%, == D% :=dw®p + 0% A 0, (1c)

! Here ®(qh)y = Qqp is the reason why we adopt the factor 7% in the definition of non-metricity
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where d is the exterior derivative and D is the covariant exterior derivative. We used the result
d$ap = 0 in the orthonormal frame in (1a). We utilize the usual notation: (e) and [e] means
to calculate the symmetric and anti-symmetric parts with respect to the indices enclosed, i.e.,
W(ab)y = %(a)ab + wpqe) and wpep) = %(a)ab — wpy). They satisfy the Bianchi identities

D Qap =R(ap), (2a)
DT® =R, A ¢?, (2b)
DR%, =0. (2¢)

Accordingly, we define the covariant exterior derivative of any (p, g)-type tensor-valued
exterior form ‘ZWZZI b;f by below

1ay-ap 1ax--ap @ ar--ap a ajay--c
D%’ bibyby = ag’ bibybg + . A T bibsb, + ot AT bbby

. — . ey
—wfy AT by~ OB, AT 3)

If need, one can pass to tensor notation easily by expanding the concerned exterior forms
in components as follows

. 1 X 1 )
Qap = Qahcec, T¢ = ETabceb N e, R = ERabcdec A ed' 4)

Thus, we deduce that Q5 = Q(ap)e 1s Symmetric at the first two indices, 79, = T9[5¢) is
anti-symmetric at the last two indices and Rupcd = Rab[cq) 18 anti-symmetric at the last two
indices and asymmetric Rupcd = R{abjcd + R(ab)ca at the first two indices by definition. In the
subsequent sections, the definitions of the first kind trace 1-form Q := §,p Q"b = Q“abeb
and the second kind trace 1-form P := (1,Q%)e;, = Q%qe” of the non-metricity tensor
will be used frequently where t, = tx, denotes the interior derivative of the exterior algebra,
e = §;. Furthermore, it is worthy to remember that the symmetric part of the first two
indices of R,p.4 depends on existence of the non-metricity and will allow us to define metrical
disclination density tensor in the next section. Furthermore, we would like to remind explicitly
that dd,), = 0, d8°> = 0 and d8§ = 0, but D8, = —2Qup, D8 = +20% and D8} = 0.
Accordingly, one must pay special attention as raising or lowering an index in front of D
operation in non-metric geometries.

Meanwhile it is worthwhile to remark shortly on our choice of the orthonormal coframe.
In this paper we adhere to formulate all quantities in the orthonormal frame (or equiva-
lently in the orthonormal coframe). Of course, a non-orthogonal coframe can be chosen,
for example, the coordinate coframe, dx®. Nevertheless, it is known that one can always
pass from the orthonormal coframe to the coordinate coframe or vise versa at any stage of
calculations via a linear transformation dx® = h%,e® and its inverse e? = h%,dx“ where
h®, is called as dreibein. Then, the affine connection 1-form transforms correspondingly as
w%g = he % h? g + h%,dhg. Thus, tensor-valued exterior forms transform covariantly,
i~e~’ 8ap = h“ahbﬁsain Qotﬁ = haahbﬁ Qahs T* = haaTaa Raﬂ = haaRabhbﬂ~ Flnally we
rewrite the Cartan structure equations in the coordinate coframe as

I I , , I

Qup = =5 Dgup = =3 (dgap — @ a8yp — @ p8ay) = —5dsap + 0y, (52)
T% := D(dx%) =d(dx®) + o%g A dxP = w%p A dxP, (5b)

RYg := Dw%g :=dw®g + %, ANo’p, (5¢)

where d(dx?) = d?x® = 0 because of Poincare lemma in the exterior algebra. One of
advantages of the usage of the orthonormal coframe is that the exterior derivative and the
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variation of metric components vanish, dg,, = 0 and dg,, = 0, but they do not in the non-
orthonormal coframe, dgqs # 0 and dgup # 0. For further discussion on the orthonormal
coframe, the coordinate coframe and the mixed coframe we direct the reader to the paper
[28].

2.1 Decomposition of Full Connection

The full connection 1-form, w”}, can be decomposed uniquely to a Riemannian piece, wqp(g)
determined by metric plus a non-Riemannian piece, L, (7T, Q) determined by torsion and
non-metricity [28, 31, 32]

Wap = Bap + Lab, (6)
where @, = —@p, 1s the Levi-Civita connection 1-form,
~ 1 ~
@ab = 5 [—Laa’eb +pde, + (Latbdec)ec] or  @% Ael =—det @)

and Ly, is the tensor-valued defect 1-form?2,

1 . X
Loy = 5 [LaTb —pTy — (taLch)ec] + (1pQac — la ch)eC + Quab - (8)

K disformation

contortion
defect
In the literature it is common to define the tensor-valued contortion 1-form, K, = —Kp,,
in terms of torsion 2-form
1

Kup = 5 [taTb — T, — (tathC)ec] or K% AeP=T° 9)

It is worthy to notice that the symmetric part of the affine connection is determined by only
non-metricity, wgp) = Qap, the remainder of wyy, is the anti-symmetric, wjap) = Qap =
@ap+Kap+p Que—14 Ope)e€ . Correspondingly, it would be useful to write wgp = QLap+ Qap
in order to decompose the full curvature as the anti-symmetric piece plus symmetric piece,
Rap = Rpap) + Ran), where

Riam =dQp + Qe N Qp + Qac N ch! (10a)

R(ab) =anb + Qac A ch + Qac A ch~ (IOb)
Here we notice that vanishing of non-metricity terminates the symmetric part of the full
curvature 2-form. Besides, all the Riemannian quantities will be labelled by a tilde over them
in this paper. Accordingly, the full curvature 2-form can be split into Riemannian part plus
non-Riemannian part

R%, = R% + DL%, + L% A LS, an

where RY p are the Riemannian curvature 2-form and DL¢ » 18 the covariant exterior derivative
of L“j, with respect to the Levi-Civita connection,

R = &% + % A @, (12a)
DL%, = dL%, + &% AL, — & A LY. (12b)

2 1n gravity literature L, is called tensor-valued distortion 1-form.
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When non-metricity is set to zero, the full connection is called metric compatible in which case
the symmetric parts of full connection and full curvature vanish. If torsion is also reset along
with non-metricity, the full connection is named the Levi-Civita (or Riemannian) connection.
An affine geometry is classified whether non-metricity, torsion and/or full curvature vanish
or not, see Table 1.

2.2 Some Algebraic Identities

In the calculations we use the following abbreviations

e = NP AN b =gy, Og i=tgd, Dy i=1,D, (13)

and algebraic identities
Dxey,=—Q Askeq + xeqy AT, (14a)
D xeqp = —Q Axegp + xeqpe A TC, (14b)
D * eqpe = —Q A *eape, (14¢)

and

ANKsT=(=DPIT AxA, 1ux A =%(AANey), e ANigA = pA, (15a)
eqg Nxep =8ap x 1, eq A *x(ep Aee) = —8ap * €c + Sqc * €p, (15b)
NP A =€ k1, xeq Ax(ep Aee) = eqpe * 1 (15¢)

where * denotes the Hodge duality map, A is any p-form, I' is any g-form and pgq is
the ordinary multiplication of numbers of p and ¢. The operation of Hodge map may be
performed via the totally anti-symmetric epsilon tensor by relations

*]= geabcea AP Aef=elP, *ey = Eeabcebc, *eup =€gpee’, *Cabe = €abe-
' (16)

Table 1 ‘Classiﬁcation of affine Oub Ta RY,, Geometry Name

geometries
0 0 0 Minkowski
0 0 #0 Riemann
0 #0 0 Metric (Weitzenbock) teleparallel
#0 0 0 Symmetric teleparallel
0 #0 #0 Riemann-Cartan
#0 0 #0 Riemann-Weyl
#0 #0 0 General teleparallel (Cartan-Weyl)
#0 #0 #0 Riemann-Cartan-Weyl (Metric affine)

In literature, sometimes firstly QO is decomposed as Qqp = Qup +
%Bab O where §?? 0, = Q and 52 Q@ap = 0, then the case of @), =0
and Q # 0 is called Weyl geometry. But, here by “Weyl geometry” we
mean Q. # 0 in general!
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We fix the orientation of manifold by choosing €123 = +1. Further, we will need the following
algebraic results

8% 8l om
a ~a “a
€apc€™” =31, €apce®™™ =218Y . €apce™™ = 8,00 — 8L8)' . €avce™ = |8} 8, 87"
sk 8L om
c ¢ 7c
a7

2.3 Path Independence of Scalar Product in the Non-Metric Teleparallel Geometries

Scalar (inner) product of two vectors may be dependent of the path along which they are
parallel propagated in non-metric geometries. In order to see this explicitly let us consider
two vectors U = U%X, and V = V*X,. Their scalar product is formulated by (U, V) =
8apU%V?. Now, we parallel transfer it along a loop y. Its total change is calculated as follows

AU, V) :% AU, V) = y§ d <8abU“ v”)
Y Y

=§£ [(D8un)U“ VP + 8up(DUYV® + 845U (DV")]

Y

— 2g§ QU V" +§1§ V,(DU) +§1§ Ua(DV). (18)
Y Y Y

On the other hand, parallel transport of vectors U and V along the closed curve y is formulated
by D,U% = 0 and D; V¢ = 0 where y denotes the tangent vector to the curve y. They
correspond to vanishing of the second and the third integrals. Thus, we arrive at

AU, V) = —29§ 0uUVP. (19)
Y

Now, let S be the surface bounded by the loop y, i.e., S := y. Then, the usage of Stokes
theorem, written as [, dA = [;,, A in the language of exterior forms where A is any
p-form, gives rise to

AU VY=—2¢ QU VP = —2//d (QabU“Vb)
aS S

=—2//(DQab>U“v”+2// Qabvb(DU“Hz// QuU*(DV")

S S S

=-2 // RanUV?. (20)
S

Again, the last two integrals are equal to zero in the second line because of the parallel
transport rule of vectors. We used the first Bianchi identity (2a) D Q4 = R(ap) at the last step.
Consequently, because of existence of non-metricity parallel transport of the scalar product
seems depending on the path. But, in teleparallel geometries defined by zero-curvature, i.e.,
both Rj4,) = 0 and R4y = O, it turns out to be independent of the path. This result is the
same as the Proposition 2.1 of Ref. [10]. For more discussion on this issue one can consult
[33] and the references therein.

@ Springer



99 Page8of19 International Journal of Theoretical Physics (2025) 64:99

3 Review of Defect Theory in the Metric Affine Geometry

As areference we firstly give brief information about the static defect theory written covari-
antly in terms of exterior algebra in the Riemann-Cartan-Weyl geometry. We mainly follow
the results in [2, 10] in which Q. is called as the density of metric anomalies. Density ten-
sors of dislocation a?, rotational disclination 6%? and metrical disclination Cqp€ arerelated to
torsion tensor 7“5, anti-symmetric components R[qpjcq and symmetric components Rqp)cd
of curvature tensor R%p.4, respectively.

1 .

(xab — EeaLdTbL_d’ (21a)
1

Qab — ZeamnébklR[kl]mns (Zlb)
1

Cab” = EECk[R(ab)kl» (2lc)

where we did not insert explicitly the anti-symmetrization parentheses for cd indices in
the first relation, for mn indices in the second one and for k/ in the third one because of
appearance of the epsilon tensor. The metric disclination density tensor is symmetric at the
first two indices by definition, {,,¢ = &p,€. Inverses of these relation could be obtained
straightforwardly as

T%e = €peaat™, (22a)
Riabled = €api€card!, (22b)
Riabyed = €carlab (22¢)

Physically, the diagonal and off-diagonal components of «“? measure the density of screw
and edge dislocations, respectively. Similarly the diagonal and off-diagonal components of
0% measure the density of wedge and twist disclinations, respectively [23]. We could not
find any information about the physical interpretation of the metrical disclination density
tensor.

Now, we rewrite them in terms of exterior forms as

a® = x(e* AT?), (23a)
9 = %eb“l % (e A Rieay) » (23b)
Cab® = * (Rap) A €°), (23¢)
and
T = " % ¢, (24a)
Riap) = €apc? * eq, (24b)
Riap) = CLap© * ec. (24¢)

Then, the decomposition of the full curvature 2-form turns out to be
Rap = Riap) + Rap) = €apcd? * eq + Cap© * ec. (25)

At this point it is worthwhile to remember the first Bianchi identity (2a); D Qup = R(ap).
Thus, in the teleparallel geometries which are defined by the condition R, = 0 meaning
Rlabl ~ gab — () and Raby ~ Cap® = 0, although we have non-metricity at our disposal, its
covariant derivative and correspondingly both disclinations vanish.
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Covariant exterior derivative of (24a) yields the continuity condition for the dislocation
density tensor. We will show it explicitly.

DT® = D" x ep) (26a)
R A el = (Dab“) A xep + aP? (D % ep) (26b)
RO A el = (Dcab") e A xep + o (—Q A kep + kepe A Tc) (26¢)

Here we used the second Bianchi identity (2b) on lhs and the algebraic identities (14a) and (15)
on rhs. Now, by writing the non-metricity trace 1-form in components Q = Q.e¢ = Q%€
and substituting (24a) and (25) here we arrive at the first continuity condition for o,y as

Dpa™ = €Oy + €pcqaa + ¢y + " Q. 27)

Similarly, covariant exterior derivative of (25) generates the second and third continuity
conditions for the rotational and the metrical disclination tensors. In order to see it explicitly
we start with the third Bianchi identity (2c) in the following form.

DR =0 = D(8“Rwp)=0 = DRy =-20°%ARe (28)
The anti-symmetric part yields
DR[ab] - _Qca AN Rcb + ch A Rca~ (29)

We substitute (24b) into lhs and (25) into rhs. After using the identities (14a) and (15) we
insert (24a). Thus we arrive at the transient result.

€abe (Dmemc) :eabcfkmdakmedc + 2eabced0 Qa+ Gkbcedk O + éakcedk Q%
- é‘cbd Qcad + {cadchd (30)

The second continuity condition for the rotational disclination tensor is obtained via multi-
plication of that by €**' and usage of (17) and the rearrangement of indices as

D" = epeaer” 6% + 6% Qp + 6 Q%cp — €L Q" i (31
Next, we calculate the symmetric part of (28).
DR(ab) = _Qca A Rcb - ch A Rca (32)

Again, we substitute (24c¢) into Ths and (25) into rhs. After using the identities (14a) and (15)
we insert (24a). Thus we arrive at the third continuity condition for the metrical disclination
tensor.

Delap’ = éckdakdfubc +lap Qe + emkeack Opm + emkebck O%m — Zac™ Obm — Coc™ Q% am
(33)

Finally, we obtain the fourth continuity condition for the density of metric anomalies by
performing a short calculation on the first Bianchi identity (2a) with help of the equations
(24a) and (24c).

eabc (Dg Qmnb) = g‘mnc —a? anp (34

After obtaining the all continuity conditions we pass to a subcase called the semi-metric
compatible connection which is characterized by

1 ¢ 1 c
Qup = §Q8ab and Cab” = g; Bab (35)
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where ¢¢ = ;7. Now, the four continuity conditions (27), (31), (33), (34) are simplified,
respectively,

. 1
Dbaba — Eabcebc + ebcdacdaba + gga +aba Op, (3621)
. 4
Dbeba — 6hcdabcgda + ggba Qb, (36b)
Du;'a = 6ahcaab§6 + gaQaa (360)
€ (DeQp) = ¢ — a0y (36d)

For the metric compatible connection defined by the conditions Q, = 0 and ¢¢ = 0, we
lands to the Riemann-Cartan geometry and the continuity equations turn out to be a much
simpler forms

Db(xba — Eabcebc + GbchlCdO(ba, (37a)

Dpo"" = epeqgaPc09e. (37b)

These results are parallel to those of the Ref. [3-5]. Assuming a and 67 to be small and
of the same order, i.e. in the linear limit, we recover the well-known conservation laws or
the kinematic equations of defects in a covariant formulation which are valid for even the
non-Cartesian coordinates.

Dpal® = ecq,,., (38a)

Dyobe =0, (38b)

where D denotes the covariant exterior derivative with respect to the Levi-Civita connection
@73, The former means that if the disclination density is asymmetric, i.e. €?°g. # 0,
dislocations can only end on disclinations (within the body) and conversely must emerge
from them, the latter says that disclinations cannot end inside the body.

In the Cartesian coordinates, x¢ = (x, y, z), the orthonormal coframe becomes e = dx*
such thatde® = 0 yielding ", = 0 via the equation (7). Then, the linear equations of motion
of defects are cast as follows

9 (xba 9 Qba

- R

oxb oxb
Accordingly, the characteristic vectors, the general Burgers vector B; and the Frank vector
2, are defined in terms of defect densities by de Wit in [22] as

— eabCGbc i (39)

B = //S(apl + el 0PIx") ke, (40a)

Qf = // 0P xe,. (40b)
N

The second relation shows that the disclination density 6),, represents the flux of Frank vector
in the x, direction that crosses unit area of the surface S normal to the x,, direction. A similar
interpretation can be recast for the first relation.

In summary, we obtained the four equations of motion (27), (31), (33), (34) for defects
(dislocation plus disclination plus metric anomaly) in the Riemann-Cartan-Weyl (or metric
affine) geometry defined by the triple (Qup, T¢, R%p). Non-metricity 1-form is defined as
density of metric anomalies, torsion 2-form is related with dislocation, anti-symmetric and
symmetric components of full curvature 2-form with rotational disclination and metrical
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disclination, respectively. Physical picture of dislocation and rotational disclination are clear
in material science, but visualization of metrical disclination and metric anomaly is blurry.
Therefore, we intend to offer a new formulation of defect theory by narrowing the geometric
realm.

4 A New Formulation of Defect Theory in Terms of the General
Teleparallel Geometry

Itis worthy to state explicitly that this section is the original content of our paper. We remember
the decomposition of the full connection, w,p, = @gp + Lyp. Defect 1-form contains torsion
(via contortion) and non-metricity, L,y = Kap + (tp Quc — ta Qbe)e€ + Qap- Thus we realize
that the anti-symmetric partis Lizp] = Kap + (1 Qac — ta Qbe)eC = 245 and the symmetric
partis Lpy = Qab-

We postulate the following relation between disclination density tensor and the symmetric
part of the defect 1-form, i.e, non-metricity 1-form,

1 1
eab — Eéacd chd _ 1Sceabc Qc, (413)
thd — C <€kc‘d9kb + GkhdekC + 81’)66mnd9mn) , (41b)

where C is a constant which is kept as a suitable unit conversion parameter. They satisfy the
properties 8,,0%° = 0 and P? = 0. The second equation can be rewritten as

0" = Q"ey = C (6% 5 e + 6% xex” + 670" s e ). 42)

Similarly, we postulate the following relation between dislocation density tensor and the
anti-symmetric part of the defect 1-form

a® = x(QPC A %) = x(e ATP) — %(0 A e.?), (43a)

T4 = (ab“ —4cobe 4 ce“b) % ep. (43b)

While passing to the second step we use the relation between contortion and torsion (9) and
the relevant identity in the (15). We can compute

1
ah = Eeam"Tb,,m +4Co% — coPe. (44)

Thus, it is worthy to remark that when the non-metricity hence disclination vanishes, the
general dislocation density reduces to the (pure) dislocation density a®® = x(e? A T?) and
T = o % ¢}, as claimed by de Wit [21-24]. The next step is to obtain continuity equations
for the defect tensors. Thus, the crucial point is to compute the covariant exterior derivative
of the equations (41a) and 44.
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We will need the Bianchi identities in component form. Some details can be found in the
Appendix.

1
DQabC — 2Qakahc _|_ 2Qbk Qk(lc + 2Qck Quhk + ELC (Qakak _ R(ah)) s (453)

ab 1 d
DO =20 Qupe + 5tc (QuT! ~ R). (45b)
a 1 a b c a b
DT pkzgtptk (T pel" Ne — R Ne ), (45C)
Deabc — szaedbc + szcedab + ZdeGdca _ GGbCQ, (45d)

where we denote R = 8,5, R*’. Besides, we want to remind again that we are in the general
teleparallel geometry, i.e., Ry = 0, Rup) = 0, R = 0 above.
Firstly, we calculate the covariant exterior derivative of disclination tensor.

1 1 .
Do === [(De"e) Q" + € (D Q") | = o= [(D) Qe + (D Q)] 46a)
76 4 . I . .
=C <EQ“b + Eeb“) 0% % eca + 3010 % ey — 200 x et

41 2 4 4
+C (Eeud - 59“) 0% % ecq + C (Ee”d + ged”) 0 % ecq

1 46 2
+c (" —4Co + o766 xeea) +C (150“d - 59"“) Ocq % €
1 c ac
- gacdead x el — gadcead x el + Eebdecd * (46b)

Secondly, we calculate the covariant exterior derivative of dislocation tensor.

Da‘t ==
2

1
=C (5o +6") 6% 5 ecq + 3 (= 4co™ + co™®) (@ = 5C6° ) ecpge”

1
(D) TPy + 5 (DT?0n) +4C D™ — C DO (47a)

c 32
+ e (49“’? - eb“) % eca + C? (?ead - 49”’“) 0 x ecq

8 2
+ C2 (129(1(1 _ g0d(l> ch * er + CZ <§0db _ 29bd> 6Cd * eCtl

5 : 1 : :
+C? (69‘”’ — 59"[‘) 0% % eca + 5 (och —4c0 + cof ) 0946 % ey

) . 1 ) 2 .
+ Coyg (ebd % 4 — ead * ecb) + Cz@dc (gebd % 4 — 5ead * ecb)
1 cbpda 4 capdb
+C 50{ 0% — ga 0 * ecq (47b)
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Thus we compute the covariant divergence of defect tensors by hitting ¢, to the found results.

C 2 46 2
D0 =—0P0“ gy + a0 €cgq + C | 07 — 209 ) Oege?,
3 3 15 3
2 1 1
+C <§9le _ 5@&-) QadGCba _ g(xcdgadECba (483)

1 : 11C ) 4Cc )
Daaab :Eaabacdecda + 3 aabecdecda + ?acdeabecda + C2 (eba _ gab) Ocdecda

13 3C 2¢C?
+C? (109”d - Ee"“) Ocae®y — (Tacd + ?edc> g*det, (48b)
These are our continuity equations such as those (37). We want again to emphasize that
although the Riemann-Cartan geometry in which standard geometric formulation of defect
theory is established does not have a metric formulation, the general teleparallel geometry
does have a metric formulation [28]. This result is one of motivations directing us to do this
work.

5 Discussion

Since dislocation density and disclination density are useful quantities to obtain information
about many elastic fields such as distortion, strain, dilatation, stress and rotation caused by
defects in a continuum, it makes sense to look for a complete theory that explains their
behavior. One of the various ways to do that is to adopt the geometric approach. As far as we
know, in almost all studies conducted in this direction in the literature, the dislocation density
is matched with the torsion tensor of the Riemann-Cartan geometry, and the disclination
density with the full curvature tensor [2-11]. For a summary of that formulation, one can
look at the equations (37) and later of Section 3. Those arguments are based on the definitions
given by (23), together with Q,, = 0, hence Ry = 0 and {4 = O constraints. In that
formulation, the geometric arena suitable for discussing the behaviour of only dislocation type
defects appears naturally as metric (Weitzenbock) teleparallel geometry. Conversely, we are
left with Riemannian geometry as the appropriate geometry for dislocation-free continuum.

Looking at that formulation from a different perspective will give us new insights. If one
inserts the decomposition of full curvature given by the equation (10a) or (11), together with
the metricity condition, into the definition (23b), it becomes clear that there are contributions
to the disclination density from the torsion tensor via the contortion 1-form inside of L.
Therefore, according to the pairing between torsion and dislocation density (23a), since they
are proportional to each other, there are contributions coming from the dislocation density to
the disclination density. However, this conclusion is the opposite of what de Wit says in the
papers [21-24]. As we stated in the introduction, we adopt de Wit’s terminology and approach
regarding the continuum defects. According to de Wit’s articles, if there is dislocation in a
continuum, it contains some of them in the (general) dislocation density. When disclination
is eliminated, the general dislocation density turns into (pure) dislocation density. To achieve
this phenomenological result, we matched the symmetric part of the defect 1-form with
the disclination density, see (41). Accordingly, we also matched the dislocation density to
the anti-symmetric part of the defect 1-form, see (43). These correspondences appear the
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first time in this paper. Thus, a disclination-free continuum, 8,;, = 0 hence Q,, = 0, can
be represented by again the metric (Weitzenbock) teleparallel geometry. The reverse case
characterized by the configuration, 7¢ = 0 hence oy, = 0, but 6,5, # 0, is not always
possible because of the equation (43a). This result is in accordance with de Wit’s conclusion.
The geometric realm of the latter case is the symmetric teleparallel geometry.

It is worthy to notice that one way to satisfy mathematically de Wit’s conclusion in the
Riemann-Cartan geometry is to map dislocation to full curvature 2-form and disclination to
torsion 2-form, opposite to the current approach in the literature. However, working in all three
teleparallel geometries has some advantageous compared with the Riemann-Cartan geometry.
It is known that the metric (hence the orthonormal 1-form e%) and the full connection 1-form
w“p are, in general, independent quantities in metric affine geometry. Nevertheless, although
there is not any metric formulation of the Riemann-Cartan geometry, we have shown a
way for metric formulation of the general teleparallel geometry in our recent paper [28] in
which previously known metric formulations of the symmetric teleparallel geometry and
Weitzenbdck teleparallel geometry have been summarized as well.

The ground-state configurations of a continuum with defects can be determined by the
extrema of a free-energy integral F = [, L where B is the body manifold corresponding to
the three dimensional abstract manifold M and L is called the Lagrange 3-form [3-9]. One
of our future projects is to write down some possible Lagrange 3-forms containing torsion
and non-metricity, obtain variational field equations, find some classes of exact solutions and
compare them with the results coming from the material science world. Thus, we hope that
our new and strict mathematical model for material defects may predict new insights on the
behavior of material.

In this work we introduced a new formulation of defect fields for static configurations. A
natural extension of that is to consider its dynamical counterpart. By inclusion of the defect
velocity tensor field similar to those in [34, 35] the results of our work could be generalized.
That generalization remains an open problem waiting to be solved.

Our other future project is to apply our findings and experiences gained in this paper
to studies of photonic crystals. A photonic crystal has a lattice pattern formed basically
by using two different optical materials. If they are placed periodically in two dimensions,
that structure is called a two-dimensional photonic crystal. Of course, there may be three-
dimensional photonic crystals. In practice the two-dimensional ones which are constructed
by arranging very tiny (in nanometer scale) dielectric roads at lattice points are the most
commonly investigated. The aim of these searches is mainly to control the behaviour of
electromagnetic wave by creating crystal defects in lattice pattern. Defects can be produced
by various methods such as by changing the radius or the dielectric constant, by removing
a selected rod, by adding a tiny auxiliary extra rod to some main roads etc. [36, 37] and the
references therein. Correspondingly, a medium containing defects could be represented by a
suitable teleparallel geometry and the Maxwell field could be coupled to it in a scale invariant
way. Scale invariance is crucial because, in engineering of photonic crystal apparatus, firstly
some simulations are done, then experiments are performed in millimeter scale and finally
fabrication process takes place in nanometer scale.
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Appendix
A Bianchi Identities

We calculate some more identities from the Bianchi identities (2). We start with the first
Bianchi identity (2a).

D(Qabce’) = Rapy = (DQabc) N e = —Quapc T + Riab).- (49)

We hit firstly ¢, and then ¢,
(Di Qabe) A€ — DQapk = tk (—Qabe T + Ran)) » (50a)
Dy Qubm — Dm Qubk = %(tmlk — tktm) (—Qave T + Rany) - (50b)

where we anti-symmetrized mk indices on the right hand side of the second line. We conclude

Dy Qapm = %‘k‘m (QabeT® — Rap)) = DQupm = %Lm (QaveT = Rapy) . (51)
Here it is not difficult to see D Qpm A *€™ = D™ Qupm * 1 = 0. Now we can compute
D % Qup =D (Qupe * €°) = (D Qube) A #¢° + Qupe (D % €€) = Qupe (D * ¢°)
=Qupe D" % e) = Qe (2Q’”°’ Awen — Q Axet + ey ATY)
=Q2P -0 —-T)A*Qa (52)

where Q = SghQ”b, P = (Lanh)e” and T = (,T“. By the usage of DSj = 0, D,y =
—2Q4p» and D8 = 42 Q.p this conclusion turns out to be

D% Q% = Q2P —Q—T)A%Q" +40% AxQ. (53)

Next, we start with the second Bianchi identity (2b).

1 : :
ED(T“,,Ce”‘) =R ne” = (DT%) AP =2X° (54)

where we defined a new three-form X¢ := R%, A el — T“bCTb A €€ for simplicity. Then we

hit ¢,,, and ¢, and ¢ consecutively, and rearrange the terms

1
DmTapk + DpTakm + DkTamp = _g(LmLptk + Lpliklm + thmlp)Xa. (55)

Here since mpk indices are cyclic on lhs, we make them cyclic on rhs. Thus, we conclude

1 1
DT pp = —glmLkaXa = DT, = —gtpth”. (56)

When one remembers that any four-form, e.g. X% A xePk vanishes in three dimensions, it is
trivial to see DT, A xePk = 0 Consequently, we c?mpute
a a bc a bc a bc 1 a bc
DxT :ED(T pe x€°°) = E(DT be) A ke +§T be(D % e”) = ET be(D *€™)

1
=5T“bc[(05”k)5”" % e + 87K (DS™) * e + 8758 (D * exm)]

=20pc A k(€€ ANPTY — Q AXT* + TP A x(ep ATY) (57)
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In spite of teleparallelism, R, = 0 in the paper, for the appendix to become complete on
its own we perform the similar computations for the third Bianchi identity (2c).

1
ED(R“bcde%:o = (DR%%ca) A e =—27%, (58)

where we defined a new three-form Z9), := R%p.qT¢ A €9 for simplicity. Then we hit ¢,,, and
tp and ¢, consecutively, and rearrange the terms

1
DmRabpk + DpRahkm + DkRahmp = g(tmlptk + Lplictm + l-klvm‘p)zah (59)

where we made cyclic mpk indices on the right hand side. Thus, we conclude
a — 1 a a — 1 a 60
Dy R ppi = glmLkaZ b = DR ppi = ngLkZ b- (60)

When one remembers that any four-form, e.g. Z%;, A xePX, vanishes in three dimensions, it
is trivial to see DR ;1 A xePk = 0. Consequently, we compute

1 1 1 1
D# Ry =5 D(Rpeq * ecdy = 5 (DR pea) A el 5 R bea(D edy = 5 R bea(D e

1 . . .
=5 R beal(DSC)8M™ s e + 8K (DEM™) % epm + 88U (D % exm)]

=20Q.5 A*(e! ACRY) — Q A %R + TC A x(ec A R%). (61)

B Relation Between Disclination and Non-Metricity
We postulate the following relations between disclination density tensor and non-metricity
tensor
gab — Aeacd chd + BEabCQC, (623)
chd —C (Ekcdgkb n Gkbdekc> + Ksbeed, gmn, (62b)
where A, B, C, K are arbitrary constants. The first relation satisfies the property 8,,0%” = 0.
We denote Qupe = teQap and Q¢ = 1.0 = 8?Qupe = 0%, where O (ab)c by definition.
We also define the second trace P, = §%¢ Qube = & Quw = Qabb along with the first trace

O, = §ab Qbe of non-metricity. We compute the second kind trace from the equation (62b)
as

P? = 8,40 = (K — C)eb 0™ (63)

We prefer to set P = 0 from the outset for mathematical simplification by choosing K = C.
Then we compute the first trace as

Q4 = 8pc Q" = 5Ce! 6™, (64)

As seen, choice of P = 0 for mathematical reasoning does not cause any loss of physical
generality. Now by substituting (62b) into (62a) we obtain

Hab — ACGaCd <€kcd9kb + Gkbdgkc + (Sbcfdmngmn) + SBCGabcemmﬂmn

= (4AC + 5BC)8% — (AC + 5BC)6"". (65)
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Symmetric part and anti-symmetric parts yield two relations, respectively,
3AC =1 and 5AC+10BC =1. (66)

Thus, we conclude

1 1
A=— and B=—-——.
3C 15C

Reversely, we insert (62a) into (62b)

(67)

chd = Ce (Aekaf Qbaf + Bekba Qa) +Cetd (Aékaf 0%ur + Bekea Qa)
+ Cabcedmn (Aemannaf + BeMna Qa)

— AC (2chd _ dec _ Qdcb +8bCQd) + BC (46bCQd _ 8deC _ 8dCQb>
(68)

By hitting 65, we arrive at the same condition SAC + 10BC = 1 above. By multiplying with
8ca we check the property P? = 0. Consequently we leave the constant C as a suitable unit
conversion parameter.
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