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Let Y a, be a given series with partial sums (s,), and let (p,) be a sequence of positive numbers such that
Po=pyo+pi+-+ps— 00 asn—oo P_;y=p_1=0.

The sequence-to-sequence transformation

1 0
Th=— vasv
Pn v=0

defines the sequence (T,) of the (R, p,) Riesz means of the sequence (s,), generated by the sequence coefficients (p,). The
series Y _ ay is said to be summable |R, p, |y, where k > 1, if

o0
D on T = T < 00 (1)

n=1

(see [1]) and summable |N, py|y if

o) k—1
Z (Pﬂ) |Tn - Tn—llk < o0
n=1 n

(see [2]).

Following the concept of translativity in ordinary summability, Cesco [3] introduced the concept of left translativity for
the summability |R, p, |, for the case k = 1 and gave sufficient conditions for |R, p,| to be left translative. Al-Madi [4] has
also studied the problem of translativity for the same summability.

Analogously, we call |R, pylx, k > 1, left translative if the summability |R, p,|r of the series Z;’io a, implies the
summability |R, p,|, of the series Z;’io a,_1 where a_; = 0. |R, pu|x is called right translative if the converse holds, and
translative if it is both left and right translative.

Dealing with translativity of the summability |R, p, |k, Orhan [5] proved the following theorem which extends the known
results of Al-Madi [4] and Cesco [3] to k > 1.
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Theorem A. Suppose that
00 k k—1
v
an 1 ( Dnt1 ) —ofi— )
n=v "+1P Pv+l

o] k k-1
=0 3
; < Pn_1Pp ) ( Pz’f ) ( )
hold, where k > 1. Then, |R, pn| is translative if and only if

P P
no_ O( Pn > and (b) g <pn+1> ) (4)
Pn+l Pn+1 Pn Dn

The aim of this work is to characterize translativity of the summability |R, p,|r, k > 1, for any sequence (p,) without imposing
the conditions (2) and (3) of Theorem A. Our theorems are as follows.

and

()

Theorem 1. Let 1 < k < oc. Then, |R, py| is left translative if and only if (4)(a) holds and

m-2 4 ) VK k) 1k
[Zv ] [ S ket (P P:P ) } =0(1), (5)
v=1 n—14n

n=m+1
where k* is the conjugate index k.

iz _ Pu+1Pv—1

v

Pv Dy

Theorem 2. Let 1 < k < oc. Then, |R, py| is right translative if and only if (4)(b) holds and

) 1k
Xﬁk< P ) = 0(1), (6)
Pn_1Py
where k* is the conjugate index k.

By Theorems 1 and 2, we have Theorem A for any sequence (p,) as follows.

k*
PvPv—Z _ P571

1
225 pu Py

v=1

Corollary 1. Let 1 < k < oo. Then, |R, p, |y is translative if and only if (4)(a), (4)(b), (5) and (6) hold.

We require the following lemmas in the proof of the theorems.

A triangular matrix A is said to be factorable if a,, = ab, for 0 < v < n and zero otherwise. Then the following result of
Bennett [6] is well known.

Lemmal. et 1 < p < q < oo, let a and b be sequences of non-negative numbers, and let A be a factorable matrix. Then A
maps £, into £4 if and only if there exists M such that, form = 1,2, ...,

r* / 1/q
()" ()"

We can easily prove the following lemma by making use of Lemma 1.

Lemma 2. Let 1 < k < oo and let B, C, B and C' be the matrices defined by

pont Pn_ 0
PnPn—l 1k
= * v
b =i P p2_pp, ) 1<vsn-2
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and

1/k*
n
;o pnPn+1, =1
Cw =1 \n+1 Pppniq

0, v#n+1,
respectively. Then:

(a) B maps £y into £y if and only if (5) is satisfied,

(b) C maps £y into £y if and only if (4)(a) is satisfied,

(c) B maps £y into £, if and only if (6) is satisfied,

(d) C’ maps £y into £, if and only if (4)(b) is satisfied.

Lemma 3. Let A be an infinite matrix. If A maps £, into £y, then there exists a constant M such that |a,,| < M forallv,n € N.

Proof. A is continuous, which is immediate as ¢ is BK-space. Thus there exists a constant M such that
A < M|x] (7)

for x € £,. By applying (7)tox = e, forv =0, 1, 2, ... (e, is the vth coordinate vector), we get

o0 1/k
(Z |anv|") <M,
n=0

which implies the result. O
We are now ready to prove our theorems.

Proof of Theorem 1. Let (5,) denote the n-th partial sums of the series Znoio ap_1(a_1 = 0).Thens, = s,_1,5_1 = 0. Let
(ty) and (z,) be the (R, p,) transforms of (s,) and (5;,), respectively. Hence we have

n
Ty=ty— tyy = —o" > Paa, forn>1,  To=a (8)
=1

and

n
=Y ps= 15 s,
n y=0

Pn v=0
n—1
Zn =2y — Zn—1 = ZPvav forn > 1, Zo = 0. (9)
PnPn—l v=0

It follows by making use of (8) that

-2
Zy = Poag + P, < Ty— >
" PnPn 1 |: Z Pvfl v
n—2 2
Pn Pyy1Py_q Py
= PoTy + ( - 7) T, + To1 |-
| |: Z Py DPv ’ D i

v=1 n—1

Take Z; = n'/¥'Z,, T = nV/¥'T, forn > 1and Z} = 0, T} = Tp. Then

P . pP* .
Z: — nl/k PIIZn |:P0T*+Z< . Py 1Py 1)v—l/k T:_i_pnil(n_-l)—l/k T:—1i|

n Dv n—1

00

*

= E aanv,
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where

Ponl/k*pin, v=0

PyPy—q

« Dn v—l/k*
n'/* =2 (PZ — Pyy1Pyq) , 1<v<n-=2
(ny = PyPp_q Dy
¥ (= 1)" 1/k* PnPr—1 ' ve=n—1,
Pypn— ]

0, v > n.

Now, |R, pnlk is left translative if and only if Zﬁil |Z:|" < 00 whenever Z;’il |T:|" < 00, or equivalently, the matrix A

maps £y into £y, i.e., A € (£, £;). On the other hand, it is seen that

00 00
= Z ban;k + Z CHUTIT7
v=0 v=0

i.e., A = B+ C.Hence, it is clear that if B, C € (€, £x), then A € (€, £x). Conversely, if A € (£, £;), then it follows from
Lemma 3 that there exists a constant M such that |a, ,—1| < M for all n € N. By considering the definition of the matrix B,
we obtain B € (¢, £}) by Lemma 1, which implies C € (¢, £;). Therefore

A€ (b, L) ifandonlyif B,C € (€, £y).
This completes the proof together with Lemma 2. O

Proof of Theorem 2. It follows from (9) that

oo _Pn Z PPz Pii), . PP, 1
- - — &n+
! Pnpn—l v=1 Dv Pv—1 ’ DPn+1 "

p2
T* P Pv 2 _ v— —l/k Z* + Pn71Pn+l (n + 1) l/k +1
" PnPn 1| Pv—1 Pnt1 %

*
= E anUZU1
v=0

where

PyPyq DPv Dv -

v = ( n )l/k* pnPrH—l
, v=n+1
n+1 Pupnt1

0, v>n+ 2.

2
e _Pn (P"PUZ - PU1> vV 1<v<n

The remainder is similar to the proof of Theorem 1 and so is omitted.
We now turn our attention to a result of Sarigol [7] which claims that, if k > 0, then there exists two positive constant
M and N, depending only on k, for which

M . N
— < <
Pf, T 2 P.PE, T P,
forall v > 1, where M and N are independent of (p,). If we put n = P, /p, in Corollary 1, then

o) k 00 p
k—1 n
E n = E .
(Pn 1Pn) ~—pk_p,

n=

So it is easy to see that conditions (5) and (6) hold. Hence we deduce the result due to Kuttner and Thorpe [8]. O

Corollary 2. Let 1 < k < oo. Then, |N, pa|y is translative if and only if (4)(a) and (4)(b) hold.
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