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The fundamental solution (FS) of the time-dependent differential equations of anisotropic
elasticity in 3D quasicrystals are studied in the paper. Equations of the time-dependent dif-
ferential equations of anisotropic elasticity in 3D quasicrystals are written in the form of a
symmetric hyperbolic system of the first order. Using the Fourier transform with respect to
the space variables and matrix transformations we obtain explicit formulae for Fourier
images of the FS columns; finally, the FS is computed by the inverse Fourier transform.
As a computational example applying the suggested approach FS components are com-
puted for icosahedral QCs.
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1. Introduction

The quasicrystal as a new structure of solids has been first discovered in 1984 by Schechtman et al. [1]. The physical prop-
erties, such as the structural, electronic, magnetic, optical and thermal properties, of QCs have been investigated intensively.
Most of these properties combine effectively to give technologically interesting applications which have been protected re-
cently by several patents [2–4]. For instance, the combination of such kind of properties as high hardness, low friction and
corrosive resistance of QCs gives almost ideal material for motor-car engines. The application of QCs in motor-car engines
would be undoubtedly result in reduced air pollution and increase engine lifetimes. The same set of associated properties
(hardness, low friction, corrosive resistance) combined with bio-compatibility is also very promising for introducing QCs
in surgical applications as parts used for bone repair and prostheses.

Dynamic analysis of elasticity problems of quasicrystals is very limited. In addition to the difficulty of mathematical anal-
ysis for dynamic problems in quasicrystals, a possible reason is that the physical mechanism of phase is not very clear. As is
well-known, phonon excitations lead to wave propagations. However, for phason excitations, there are several kinds of dif-
ferent points of views [5–14].

Elasticity is one of the interesting properties of QCs. Equations of anisotropic elastodynamics in 3D QCs are more compli-
cated than those of 1D and 2D QCs. For this reason most authors consider only elastic plane problems for QCs [15–17], i.e.
they suppose that the elastic fields induced in QCs are independent of the variable z. In the last several years many works
have been devoted to the construction of general solutions of static and plane elasticity in QCs. The plane elasticity problems
of 3D and 2D quasicrystals has been studied for static case in [18]. Based on the stress potential function general solution of
the plane elasticity problems of icosahedral quasicrystals has been studied for static case in [19]. Gao [20] has established
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general solutions for plane elastostatic of cubic quasicrystals using an operator method. Fan and Guo [21] has developed the
potential function theory for plane elastostatic of 3D icosahedral quasicrystals. Using PS method related with polynomial
presentation of data 3D elastodynamic problems in 3D QCs have been solved in [22]. The method for the derivation of
the time-dependent fundamental solution with three space variables in 2D and 3D QCs with arbitrary system of anisotropy
have been studied in [23,24].

In the present paper a method for computation of the time-dependent fundamental solution (FS) of three-dimensional
elastodynamics in 3D QCs is studied. This method was proposed for elastodynamic problems of normal crystals in [25].
The method has been applied equations of anisotropic dynamic elasticity for 2D and 3D QCs to obtain fundamental solutions
of phonon and phason displacements [23,24]. However, in this paper the phonon displacements, phason displacements, pho-
non displacement speeds, phason displacement speeds, phonon stresses, phason stresses arising from pulse point source for
dynamic elasticity of 3D QCs are computed.

Originality of this paper is the reduction of the second order differential equations of elastodynamics of 3D quasicrystals
to a first order symmetric hyperbolic system. This allows us to simplify of a quite complex problem and to obtain phonon and
phason elements at the same time with a small number of calculations. Applying the Fourier transform with respect to the
space variables to the symmetric hyperbolic system, system of ordinary differential equations with respect to the time var-
iable whose coefficients depend on the Fourier parameters is obtained. Using the some matrix computations a solution of the
obtained system is computed with respect to Fourier parameters. Applying the inverse Fourier transform to the resulting
formula the time-dependent FS of elasticity for 3D QCs is computed. The obtained time-dependent FS is a vector with com-
ponents 21 whose are 3 phonon displacement speeds, 6 phonon stresses, 3 phason displacements and 9 phason stresses aris-
ing from an arbitrary force. Integrating of phonon and phason displacement speeds give phonon and phason displacement
arising from an arbitrary force. Consequently, the phonon displacement speed, phason displacement speed, phonon stress,
phason stress arising from pulse point source in time dependent 3D QCs is computed. The method is suitable for computer
programming. Using the MATLAB programming the values of the FS in 3D QCs is computed and the wave propagation in
these crystals is simulated.

The paper is organized as follows. The basic equations of elastodynamics for 3D QCs are written in Section 2. In Section 3
equations of anisotropic elastodynamics in 3D QCs are written in the form of the symmetric hyperbolic system containing
twenty-one partial differential equations of the first order. The time-dependent FS of elasticity for 3D QCs and vector partial
differential equation for FS columns are given in Section 4. The method of computing FS columns is described in the Section 5.
Computational examples with the description of input data and results of computations are written in Section 6. The con-
clusion, appendix and a collection of computational images of phonon and phason displacements, displacement speeds and
stresses for anisotropic elasticity of QCs with icosahedral structure are given at the end of the paper.

2. The basic equations for 3D QCs

Let x ¼ ðx1; x2; x3Þ 2 R3 be a space variable, t 2 R be a time variable. The generalized Hooke’s laws of the elasticity problem
of 3D QCs are given by (see, for example, [15,26,27])
rij ¼ Cijklekl þ Rijklwkl; ð1Þ
Hij ¼ Rklijekl þ Kijklwkl; ð2Þ
where the subscripts i; j; k; l ¼ 1;2;3. The equations of deformation geometry are given by
ekl ¼
1
2

@uk

@xl
þ @ul

@xk

� �
; wkl ¼

@wk

@xl
; k; l ¼ 1;2;3: ð3Þ
Here uk and wk; k ¼ 1;2;3 are the phonon and phason displacements; eklðx; tÞ;wklðx; tÞ; k; l ¼ 1;2;3 are phonon and phason
strains, respectively.

Cijkl are the phonon elastic constants and they satisfy the symmetry property (see, for example, [15,26,27])
Cijkl ¼ Cjikl ¼ Cijlk ¼ Cklij: ð4Þ
Kijkl are the phason elastic constants and they satisfy the symmetry property (see, for example, [15,26,27])
Kijkl ¼ Kklij: ð5Þ
Rijkl are the phonon–phason coupling elastic constants and they satisfy the symmetry property (see, for example, [15,26,27])
Rijkl ¼ Rjikl: ð6Þ
The positivity of elastic strain energy density requires that the elastic constant tensors Cijkl;Kijkl;Rijkl must be positive definite.
Namely, when the strain tensors eij;wij are not zero entirely, the elastic constant tensors satisfy the following inequality (see,
for example [27])
X3

i;j;k;l¼1

Cijkleijekl > 0;
X3

i;j;k;l¼1

Kijklwijwkl > 0;
X3

i;j;k;l¼1

Rijkleijwkl > 0: ð7Þ
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The dynamic equilibrium equations can be written in the following form
q
@2uiðx; tÞ
@t2 ¼

X3

j¼1

@rijðx; tÞ
@xj

þ fiðx; tÞ; ð8Þ

q
@2wiðx; tÞ

@t2 ¼
X3

j¼1

@Hijðx; tÞ
@xj

þ giðx; tÞ; i ¼ 1;2;3; x 2 R3; t 2 R; ð9Þ
where the constant q > 0 is the density; rij and Hij; i; j ¼ 1;2;3 are phonon and phason stresses; fiðx; tÞ and giðx; tÞ; i ¼ 1;2;3
are body forces for the phonon and phason displacements, respectively.

3. Reduction of time-dependent anisotropic elastodynamics in 3D QCs to a symmetric hyperbolic system

From the symmetry property (4) it is convenient to describe the phonon elastic constants in terms of a 6� 6 matrix
according to the following conventions relating pairs of indices ðijÞ and ðklÞ to single indices a and b:
ð11Þ $ 1; ð22Þ $ 2; ð33Þ $ 3; ð23Þ; ð32Þ $ 4; ð13Þ; ð31Þ $ 5; ð12Þ; ð21Þ $ 6: ð10Þ
The obtained matrix C ¼ ðcabÞ6�6 of all moduli, where a ¼ ðijÞ; b ¼ ðklÞ, is symmetric.
Using the symmetry properties (4), (6) and the rule (10) the phonon stresses rij can be written in the form
ra ¼ Ca;1e11 þ Ca;2e22 þ Ca;3e33 þ 2Ca;4e23 þ 2Ca;5e13 þ 2Ca;6e12 þ Ra;11w11 þ Ra;22w22 þ Ra;33w33 þ Ra;23w23

þ Ra;31w31 þ Ra;12w12 þ Ra;32w32 þ Ra;13w13 þ Ra;21w21; a ¼ 1;2;3;4;5;6: ð11Þ
Using the symmetry property (6) and the rule (10) the phason stresses Hij can be written in the form
Hij ¼ R1;ije11 þ R2;ije22 þ R3;ije33 þ 2R4;ije23 þ 2R5;ije13 þ 2R6;ije12 þ Kij;11w11 þ Kij;22w22 þ Kij;33w33 þ Kij;23w23

þ Kij;31w31 þ Kij;12w12 þ Kij;32w32 þ Kij;13w13 þ Kij;21w21; i; j ¼ 1;2;3: ð12Þ
The relations (11) and (12) can be written in the matrix form
T ¼ �CY: ð13Þ
Here
T ¼ ðr1;r2;r3;r4;r5;r6;H11;H22;H33;H23;H31;H12;H32;H13;H21Þ�;
Y ¼ ðe11; e22; e33;2e23;2e13;2e12;w11;w22;w33;w23;w31;w12;w32;w13;w21Þ�;

�C ¼
C R

R� K

 !
15�15

; C ¼ ðCa;bÞ6�6; a;b ¼ 1;2;3;4;5;6; ð14Þ

R ¼

R1;11 R1;22 R1;33 R1;23 R1;31 R1;12 R1;32 R1;13 R1;21

R2;11 R2;22 R2;33 R2;23 R2;31 R2;12 R2;32 R2;13 R2;21

R3;11 R3;22 R3;33 R3;23 R3;31 R3;12 R3;32 R3;13 R3;21

R4;11 R4;22 R4;33 R4;23 R4;31 R4;12 R4;32 R4;13 R4;21

R5;11 R5;22 R5;33 R5;23 R5;31 R5;12 R5;32 R5;13 R5;21

R6;11 R6;22 R6;33 R6;23 R6;31 R6;12 R6;32 R6;13 R6;21

0
BBBBBBBBB@

1
CCCCCCCCCA

6�9

;

K ¼

K11;11 K11;22 K11;33 K11;23 K11;31 K11;12 K11;32 K11;13 K11;21

K22;11 K22;22 K22;33 K22;23 K22;31 K22;12 K22;32 K22;13 K22;21

K33;11 K33;22 K33;33 K33;23 K33;31 K33;12 K33;32 K33;13 K33;21

K23;11 K23;22 K23;33 K23;23 K23;31 K23;12 K23;32 K23;13 K23;21

K31;11 K31;22 K31;33 K31;23 K31;31 K31;12 K31;32 K31;13 K31;21

K12;11 K12;22 K12;33 K12;23 K12;31 K12;12 K12;32 K12;13 K12;21

K32;11 K32;22 K32;33 K32;23 K32;31 K32;12 K32;32 K32;13 K32;21

K13;11 K13;22 K13;33 K13;23 K13;31 K13;12 K13;32 K13;13 K13;21

K21;11 K21;22 K21;33 K21;23 K21;31 K21;12 K21;32 K21;13 K12;21

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

9�9
and � is the sign of the transposition. Since the matrix C is symmetric and the phason elastic constants Kijkl satisfy the sym-
metry property (5) the matrix �C is symmetric. From the conditions (7) the matrix �C is positive definite (see, Appendix).

Differentiating (13) with respect to t and multiplying the left hand side of the resulting formula by the inverse of �C, de-
noted �C�1, we find the following matrix representation
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�C�1 @T
@t
þ
X3

j¼1

ðA1
j Þ
� 06;3

09;3 ðA2
j Þ
�

 !
@

@xj

U
W

� �
¼ 015;1; ð15Þ
where
A1
1 ¼

�1 0 0 0 0 0
0 0 0 0 0 �1
0 0 0 0 �1 0

0
B@

1
CA; A1

2 ¼
0 0 0 0 0 �1
0 �1 0 0 0 0
0 0 0 �1 0 0

0
B@

1
CA;

A1
3 ¼

0 0 0 0 �1 0
0 0 0 �1 0 0
0 0 �1 0 0 0

0
B@

1
CA; A2

1 ¼
�1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 �1
0 0 0 0 �1 0 0 0 0

0
B@

1
CA; ð16Þ

A2
2 ¼

0 0 0 0 0 �1 0 0 0
0 �1 0 0 0 0 0 0 0
0 0 0 0 0 0 �1 0 0

0
B@

1
CA; A2

3 ¼
0 0 0 0 0 0 0 �1 0
0 0 0 �1 0 0 0 0 0
0 0 �1 0 0 0 0 0 0

0
B@

1
CA;

U ¼ ðU1;U2;U3Þ; W ¼ ðW1;W2;W3Þ; Uiðx; tÞ ¼
@uiðx; tÞ
@t

; Wiðx; tÞ ¼
@wiðx; tÞ

@t
; i ¼ 1;2;3
and 0l;n is the zero matrix of the order l� n.
Using symmetry properties (4) and (6) and the rule (10) Eqs. (8) and (9) can be written as
q
@

@t
U
W

� �
þ
X3

j¼1

A1
j 03;9

03;6 A2
j

 !
@T
@xj
¼ F ; ð17Þ
where F ¼ ðf1; f2; f3; g1; g2; g3Þ
�.

The relations (15) and (17) can be presented by the following system
A0
@V
@t
þ
X3

j¼1

Aj
@V
@xj
¼ F; x 2 R3; t 2 R; ð18Þ
where F ¼ ðf1; f2; f3; g1; g2; g3;0;0;0;0; 0;0;0;0;0;0;0;0;0;0;0Þ
�,
V ¼ ðU1;U2;U3;W1;W2;W3;r1;r2;r3;r4;r5;r6;H11;H22;H33;H23;H31;H12;H32;H13;H21Þ�;

A0 ¼
qI6 06;15

015;6
�C�1

� �
21�21

; Aj ¼

03;6 A1
j 03;9

03;6 03;6 A2
j

ðA1
j Þ
� 06;3 06;15

09;3 ðA2
j Þ
� 09;15

0
BBBBB@

1
CCCCCA

21�21

; ð19Þ
Here I6 is the unit matrix of the order 6� 6 and 0l;n is the zero matrix of the order l� n, matrices A1
j ;A

2
j ; j ¼ 1;2;3, are defined

by (16).
We note that the matrices Aj; j ¼ 1;2;3, are symmetric. Since �C is positive definite and symmetric, q > 0 the matrix A0 is

symmetric and positive definite. Therefore system (18) is a symmetric hyperbolic system (see, for example, [28]).

4. Fundamental solution (FS) of anisotropic elastodynamics in 3D QCs

Let m run values 1;2;3;4;5;6. The time-dependent FS of elasticity for 3D QCs is a 21� 6 matrix whose mth column is a
vector function
Vmðx; tÞ ¼ ðUm
1 ðx; tÞ;U

m
2 ðx; tÞ;U

m
3 ðx; tÞ;W

m
1 ðx; tÞ;W

m
2 ðx; tÞ;W

m
3 ðx; tÞ;rm

1 ðx; tÞ;rm
2 ðx; tÞ;rm

3 ðx; tÞ;rm
4 ðx; tÞ;

rm
5 ðx; tÞ;rm

6 ðx; tÞ;H
m
11ðx; tÞ;H

m
22ðx; tÞ;H

m
33ðx; tÞ;H

m
23ðx; tÞ;H

m
31ðx; tÞ;H

m
12ðx; tÞ;H

m
32ðx; tÞ;H

m
13ðx; tÞ;H

m
21ðx; tÞÞ

�

satisfying the following initial value problem (IVP)
A0
@Vm

@t
þ
X3

j¼1

Aj
@Vm

@xj
¼ Emdðx; tÞ; x 2 R3; t 2 R; ð20Þ

Vmðx; tÞjt<0 ¼ 0: ð21Þ
Here Em ¼ ðdm
1 ; d

m
2 ; d

m
3 ; d

m
4 ; d

m
5 ; d

m
6 ;0;0;0;0;0;0;0;0;0;0;0;0;0;0;0Þ

�, m ¼ 1;2;3;4;5;6; dm
n be the Kronecker symbol i.e. dm

n ¼ 1
if n ¼ m and dm

n ¼ 0 if n – m; n;m ¼ 1;2;3;4;5;6; dðxÞ ¼ dðx1Þdðx2Þdðx3Þ is the Dirac delta function of the space variable con-
centrated at x1 ¼ 0; x2 ¼ 0; x3 ¼ 0; dðtÞ is the Dirac delta function of the time variable concentrated at t ¼ 0.
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The computation of mth column for the time-dependent FS of 3D QCs is the main problem of this paper. This problem is
related with finding a vector function Vmðx; tÞ satisfying (20) and (21).

5. Computation of FS of anisotropic elastodynamics in 3D QCs

In this section we compute mth column of the FS Vmðx; tÞ. Firstly, IVP (20) and (21) are written in terms of the Fourier
transform with respect to x 2 R3. Then, a solution of the obtained IVP is derived by matrix transformations and the ordinary
differential equations technique. Finally, an explicit formula for mth column of the FS is found by the inverse Fourier
transform.

Equations for mth column of FS in terms of Fourier images. Let
~Vmðm; tÞ ¼ ð~Um
1 ;

~Um
2 ;

~Um
3 ;

~Wm
1 ;

~Wm
2 ;

~Wm
3 ; ~rm

1 ; ~rm
2 ; ~rm

3 ; ~rm
4 ; ~rm

5 ; ~rm
6 ;

~Hm
11ðx; tÞ; ~Hm

22ðx; tÞ; ~Hm
33ðx; tÞ;

~Hm
23ðx; tÞ; ~Hm

31ðx; tÞ; ~Hm
12ðx; tÞ; ~Hm

32ðx; tÞ; ~Hm
13ðx; tÞ; ~Hm

21ðx; tÞÞ
�
;

be the Fourier image of Vmðx; tÞ with respect to x ¼ ðx1; x2; x3Þ 2 R3 (see, for example [29]), i.e.
~Vj
mðm; tÞ ¼

Z 1

�1

Z 1

�1

Z 1

�1
Vm

j ðx; tÞeix�mdx1dx2dx3;

m ¼ ðm1; m2; m3Þ 2 R3; x � m ¼ x1m1 þ x2m2 þ x3m3; i2 ¼ �1; j ¼ 1; . . . 21; m ¼ 1; . . . 6:
The IVP (20) and (21) can be written in terms of ~Vmðm; tÞ as follows
A0
@~Vm

@t
� iBðmÞ~Vm ¼ EmdðtÞ; ð22Þ

~Vmðm; tÞjt<0 ¼ 0; ; ð23Þ
where BðmÞ ¼ ðm1A1 þ m2A2 þ m3A3Þ.
Diagonalization A0 and BðmÞ simultaneously. The matrix A0 is symmetric positive definite and BðmÞ is symmetric. We can

construct a non-singular matrix T ðmÞ and a diagonal matrix DðmÞ ¼ diagðdkðmÞ; k ¼ 1;2; . . . ;21Þ with real valued elements
such that (see, for example, [25])
T �ðmÞA0T ðmÞ ¼ I; ð24Þ
T �ðmÞBðmÞT ðmÞ ¼ DðmÞ; ð25Þ
where I is the identity matrix, T �ðmÞ is the transposed matrix to T ðmÞ.
MATLAB commands of constructing DðmÞ; T ðmÞ are listed below.
Input : Cijkl;Rijkl;Kijkl; m1; m2; m3

½EigVecA0; EigValA0� ¼ eigðA0Þ;
P ¼ EigVecA0;

PT ¼ P0;

M ¼ EigValA0;

Ms ¼ sqrtðMÞ;
SqrA0 ¼ P �Ms � PT;

InvSqrA0 ¼ invðSqrA0Þ;
B ¼ v1 � A1þ v2 � A2þ v3 � A3;

H ¼ InvSqrA0 � B � InvSqrA0;

½EigVecH; EigValH� ¼ eigðHÞ;
DðmÞ ¼ EigValH;

QðmÞ ¼ EigVecH;

T ðmÞ ¼ simplifyðInvSqrA0 � QÞ;
Output : DðmÞ; T ðmÞ:
Computation of mth column of FS in terms of Fourier images. Consider the following transformation
~Vmðm; tÞ ¼ T ðmÞYmðm; tÞ; ð26Þ
where Ymðm; tÞ is unknown vector function. Substituting (26) into (22) and (23) and then multiplying the obtained vector
differential equation by T �ðmÞ and using (24) and (25) we find
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@Ym

@t
� iDðmÞYm ¼ T �ðmÞEmdðtÞ; t 2 R ð27Þ

Ymðm; tÞjt60 ¼ 0: ð28Þ
Using the ordinary differential equations technique (see, for example, [30]), a solution of the IVP (27) and (28) is given by
Ymðm; tÞ ¼ hðtÞ cosðDðmÞtÞ þ i sinðDðmÞtÞ½ �T �ðmÞEm;
where hðtÞ is the Heaviside function, i.e. hðtÞ ¼ 1 for t P 0 and hðtÞ ¼ 0 for t < 0; cosðDðmÞtÞ and sinðDðmÞtÞ are diagonal matri-
ces whose diagonal elements are cosðdkðmÞtÞ and sinðdkðmÞtÞ; k ¼ 1;2; . . . ;21, respectively.

Finally, a solution of (22) and (23) is determined by
~Vmðm; tÞ ¼ hðtÞT ðmÞ cosðDðmÞtÞ þ i sinðDðmÞtÞ½ �T �ðmÞEm: ð29Þ
Computation for mth column of FS. Noting that every solution of (20) and (21) is a real valued vector function. Therefore,
applying the inverse Fourier transform to (29) we obtain (see, for example, [25])
Vmðx; tÞ ¼ hðtÞ
ð2pÞ3

Z 1

�1

Z 1

�1

Z 1

�1
T ðmÞ cos DðmÞt � Iðm � xÞð ÞT �ðmÞEmdm1dm2dm3;

Vmðx; tÞ ¼ ðV1ðx; tÞ;V2ðx; tÞ;V3ðx; tÞ; . . . ;V21ðx; tÞÞ�; ð30Þ
where cos DðmÞt � Iðm � xÞð Þ is the diagonal matrix with diagonal elements cos dkðmÞt � m � xð Þ; k ¼ 1;2; . . . ;9.
Remark: Let us point out the physical sense of Vmðx; tÞ components. The first three components of Vmðx; tÞ are compo-

nents of the phonon displacement speed umðx; tÞ ¼ ðu1ðx; tÞ; u2ðx; tÞ;u3ðx; tÞÞ, i.e. Um
n ðx; tÞ ¼

@um
n

@t ðx; tÞ;n ¼ 1;2;3; the second
three components of Vmðx; tÞ are components of the phason displacement speed wmðx; tÞ ¼ ðw1ðx; tÞ;w2ðx; tÞ;w3ðx; tÞÞ, i.e.

Wm
n ðx; tÞ ¼

@wm
n

@t ðx; tÞ;n ¼ 1;2;3; the third six components of Vmðx; tÞ are the phonon stresses rm
ij ðx; tÞ; the fourth nine compo-

nents of Vmðx; tÞ are the phason stresses Hm
ij ðx; tÞ of the considered anisotropic medium arising from the source EmdðxÞdðtÞ.

Integrating the first six components of Vmðx; tÞ with respect to t the FS for phonon and phason displacements of elastody-
namics of 3D QCs can be found in the following form
um
n ðx; tÞ ¼

Z t

0
Vm

n ðx; sÞds; wm
n ðx; tÞ ¼

Z t

0
Vm

nþ3ðx; sÞds; n ¼ 1;2;3;
or
um
n ðx; tÞ ¼

hðtÞ
ð2pÞ3

Z 1

�1

Z 1

�1

Z 1

�1
½T ðmÞSðm; t; xÞT �ðmÞEm�ndm1dm2dm3;

wm
n ðx; tÞ ¼

hðtÞ
ð2pÞ3

Z 1

�1

Z 1

�1

Z 1

�1
½T ðmÞSðm; t; xÞT �ðmÞEm�nþ3dm1dm2dm3; ð31Þ
where elements of the matrix Sðm; t; xÞ are found by formulae (see, for example, [25])
Skkðm; tÞ ¼
sinðdkðmÞt�m�xÞ

dkðmÞ
þ sinðmxÞ

dkðmÞ
; if dkðmÞ– 0;

t cosðm � xÞ; if dkðmÞ ¼ 0;

(
Skjðm; t; xÞ ¼ 0; j – k; k; j ¼ 1; . . . ;21:
½T ðmÞSðm; t; xÞT �ðmÞEm�n is the nth component of the vector T ðmÞSðm; t; xÞT �ðmÞEm.
6. Computational experiment

This method was proposed for elastodynamic problems of normal crystals in [25]. [25] is a special case of this paper for
Rklij ¼ Kijkl ¼ 0; i; j; k; l ¼ 1;2;3. The robustness and correctness of the suggested method has been shown on the examples of
isotropic crystals in [25].

The aim of the computational experiment is to derive values of elements for the FS of anisotropic elastodynamics in ico-
sahedral QC Al-Mn-Pd (see, for example, [15,31]) and present results in the form of 3D graphs. The elastic constants for Al-
Mn-Pd are taken from [31]. We choose q ¼ 1ð103kg=m3Þ. Using MATLAB code in Section 5 the matrices T ðmÞ and DðmÞ have
been obtained. Substituting T ðmÞ and DðmÞ into formula (30) we have computed a solution Vmðx; tÞ ¼ ðVm

1 ðx; tÞ;
Vm

2 ðx; tÞ;V
m
3 ðx; tÞ; . . . ;Vm

21ðx; tÞÞ of (20) and (21) for m ¼ 3. The computed vector-functions Vmðx; tÞ are columns of the FS of
elastodynamics in Al-Mn-Pd. We note that the first three components of the vector function Vmðx; tÞ are the phonon displace-
ment speed Umðx; tÞ ¼ ðUm

1 ðx; tÞ;U
m
2 ðx; tÞ;U

m
3 ðx; tÞÞ; the second three components of Vmðx; tÞ are the phason displacement

speed Wmðx; tÞ ¼Wm
1 ðx; tÞ;W

m
2 ðx; tÞ;W

m
3 ðx; tÞÞ; the third six components of Vmðx; tÞ are the phonon stresses; the fourth nine

components of Vmðx; tÞ are the phason stresses arising from forces EmdðxÞdðtÞ. Substituting T ðmÞ and DðmÞ into formula (31)
we have computed fundamental solution of the phonon displacement um ¼ ðum

1 ; u
m
2 ;u

m
3 Þ and the phason displacement

wm ¼ ðwm
1 ;w

m
2 ;w

m
3 Þ arising from pulse point forces E3dðxÞdðtÞ have been computed.



Fig. 1. The third component of the phonon displacement speed U3
3ð0; x2; x3; tÞ at the time t ¼ 0:1 in Al-Mn-Pd.

Fig. 2. The second component of the phason displacement speed W3
2ðx1;0; x3; tÞ at the time t ¼ 0:1 in Al-Mn-Pd.

Fig. 3. The sixth component of the phonon stress r3
6ðx1; x2;0; tÞ at time t ¼ 0:1 in Al-Mn-Pd.
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Fig. 4. The ninth component of the phason stress H3
21ðx1;0; x3; tÞ at time t ¼ 0:1 in Al-Mn-Pd.

Fig. 5. The first component of the phonon displacement u3
1ðx1;0; x3; tÞ at time t ¼ 0:1 in Al-Mn-Pd.

Fig. 6. The first component of the phonon displacement u3
1ðx1;0; x3; tÞ at time t ¼ 0:1 in Al-Mn-Pd.
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Fig. 7. The second component of the phason displacement w3
2ðx1; x2;0; tÞ at time t ¼ 5 in Al-Mn-Pd.
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The result of the computational experiment is presented in Figs. 1–7. Fig. 1 presents the third phonon displacement speed
V3

3ð0; x2; x3;0:1Þ ¼ U3
3ð0; x2; x3;0:1Þ on the plane x1 ¼ 0 corresponding to source E3dðxÞdðtÞ. Fig. 2 presents the second phason

displacement speed V3
5ðx1;0; x3;0:1Þ ¼W3

2ðx1; 0; x3;0:1Þ on the plane x2 ¼ 0 corresponding to source E3dðxÞdðtÞ. These images
are the view from the top of the magnitude axis V3

3 (i.e. the view of the surface z ¼ V3
3ð0; x2; x3; 0:1Þ) and V3

5 (i.e. the view of
the surface z ¼ V3

5ðx1;0; x3;0:1Þ), respectively.
Fig. 3 shows 2D level plot of dynamic distribution for the sixth component of the phonon stress r3

6ðx1; x2;0; tÞ in the Al-
Mn-Pd at t ¼ 0:1, i.e. V3

12ðx1; x2;0;0:1Þ. Fig. 4 shows 2D level plot of dynamic distribution for the ninth component of the pha-
son stress H3

21ðx1; 0; x3; tÞ in the Al-Mn-Pd at t ¼ 0:1, i.e. V3
21ðx1;0; x3;0:1Þ.

Figs. 5 and 6 present dynamic distribution of the first component of phonon displacement u3
1ðx1;0; x3;0:1Þ. Fig. 5 is the

graph of the 3-D surface u3
1ðx1;0; x3; tÞ for t ¼ 0:1. Here the horizontal axes are x1 and x3. The vertical axis is the magnitude

of u3
1ðx1;0; x3;0:1Þ. Fig. 6 contain screen shot of 2-D level plot of the same surface u3

1ðx1;0; x3;0:1Þ, i.e. a view from the top of
the magnitude axis u3

1 (i.e. the view of the surface z ¼ u3
1ðx1;0; x3;0:1Þ). Fig. 7 is 2D level plot of the second phason displace-

ment w3
2ðx1; x2;0; tÞ at t ¼ 5. This figure presents a view from the top of the magnitude axis w3

2ðx1; x2;0;5Þ (i.e. the view of the
surface z ¼ w3

2ðx1; x2;0;5Þ).

7. Conclusion

In this paper dynamical equations of homogeneous anisotropic elastic media in 3D QCs have been written in the form
of the symmetric hyperbolic system of the first order. To obtain FS of the phonon and phason displacements, displace-
ment speeds and stresses the method which was proposed for elastodynamic problems of normal crystals in [25] has
been applied. The robustness and correctness of the suggested method has been shown on the examples of isotropic
crystals [25]. This method is based on the modern achievements of computational algebra which allows us to make
computer applications. Using our method the simulations of phonon and phason displacements, displacement speeds
and stresses of anisotropic elasticity in 3D QCs has been made at the same time. The results of simulation give a pos-
sibility to observe and analyze the elastic wave propagation in 3D QCs arising from pulse point sources of the form
Emdðx1Þdðx2Þdðx3ÞdðtÞ.

Appendix

The matrix �C, defined by (14), is symmetric with real valued elements. Let us show that �C is positive definite, i.e. the ma-
trix �C has to satisfy
V��CV > 0 ð32Þ
for arbitrary nonzero vectors V ¼ ðe1; e2; e3; e4; e5; e6;w11;w22;w33;w23;w31;w12;w32;w13;w21Þ 2 R15.
We assume in Section 2 that Cijkl;Rijkl;Kijkl satisfy conditions (7) when the strain tensors eij;wij are not zero entirely.
Using symmetry properties (4) and (6) and the rule (10) the first and third conditions in (7) can be written in the form
X3

i;j;k;l¼1

Cijkleijekl ¼
X6

a;b¼1

Ca;beaeb > 0;
X3

i;j;k;l¼1

Rijkleijwkl ¼
X6

a¼1

X3

i;j¼1

Ra;ijeawij > 0; ð33Þ
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where e11 ¼ e1, e22 ¼ e2, e33 ¼ e3;2e23 ¼ e4;2e13 ¼ e5;2e12 ¼ e6 are arbitrary nonzero real numbers. And from (33) and the
second condition in (7) we have
V��CV ¼
X6

a;b¼1

Ca;beaeb þ 2
X6

a¼1

X3

i;j¼1

Ra;ijeawij þ
X3

i;j;k;l¼1

Kij;klwijwkl > 0;
where V ¼ ðe1; e2; e3; e4; e5; e6;w11;w22;w33;w23;w31;w12;w32;w13;w21Þ 2 R15 are arbitrary nonzero vectors.
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