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APPROXIMATION OF CONJUGATE FUNCTIONS BY
TRIGONOMETRIC POLYNOMIALS IN WEIGHTED ORLICZ SPACES

SADULLA Z. JAFAROV

(Communicated by R. Oinarov)

Abstract. We investigate the approximation of a conjugate function by the Fejér sums of the
Fourier series of the conjugate function and obtain the estimate between the derivatives of
the conjugate functions and the derivatives of the conjugate trigonometric polynomials in the
weighted Orlicz spaces with Muckenhoupt weights. We prove inverse theorem of approximation
theory for the derivatives conjugate functions in the weighted Orlicz spaces.

1. Introduction and new results

A continuous and convex function M : [0,e0) — [0,0) which satisfies the condi-

tions
M(0) =0; M >0 for x>0,
M M
im0 o, MW
x—=0 X X—oo X
is called an N— function. The complementary N— function to M is defined by
N(y) := max (xy — M(x))
x=0

for y >0 [35, p. 11].

We denote by T the interval [—m, 7] and C the complex plane. Let M be an
N—function and N be its complementary function. By Ly (T) we denote the linear
space of Lebesgue measurable functions f: T — C satisfying the condition

[M@fehax <
T

for some o > 0, equipped with the norm

Il =50 [ 17 ()-8 @)ldxs g € Ly (T), p(e.N) <1 0
T
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where
ple.N):= [ N(lg()dy).
T

The space Ly/(T) is a Banach space [42, pp. 52-68]. The norm ||-[|,, 7 is called
Orlics norm and the space Ly (T) is called Orlicz space.

Note that the Orlicz spaces are known as the generalizations of the Lebesgue space
Ly(T), 1< p<oo.

A function o is called a weight on T if @ : T — [0,| is a measurable and
o' ({0,}) has measure zero (with respect to Lebesgue measure).

The class of measurable functions f defined on 7 and satisfying the condition
of € Ly(T) is called weighted Orlicz space Ly (T, ®) with the norm

1|2y (7.0) = I @y 7y -
Let M~!:[0,00) — [0,%0) be the inverse function of the N—function M. The
lower and upper Boyd indices oy and By are defined by

o = Jip, 01 =3up0() - Pu = 1ig 00) =, 1E,00)

where 6(r) = —logh(t)/logt, and for Orlicz spaces [6], [9], [36]

h(t) = lim sup M (x)

2= s
e T N

The Boyd indices oy, By are known to be nontrivial if 0 < oy and By < 1. Tt

is known that
0<am <Pu<l
and
oy+Pu=1, oy+ Py =1.

The space Ly(T) is reflexive if and only if 0 < opy < By < 1.

Let | <p<eo, 1/p+1/q. A weight function @ belongs to the Muckenhoupt
class Ap(T) if

1 1/q

/p
/co” (x)dx %/afq (x)dx <C,
T T

1
y

with a finite C independent of I, where I is any subinterval of 7" and |I| denotes the
length of 1.

Note that the weight functions belong to the class A, introduced by Muckenhoupt
[37], play a very important role in different fields of mathematical analysis.

Let Ly/(T,®) be a weighted Orlicz space with Boyd indices 0 < oy < By < 1,
and let @ € Ayq,,(T)NAp,(T). For f € Ly (T, ®) the shift operator can be defined

as:
h

1
Su(x) ::ﬁ/f(ert)dn O<h<m, xeT.
—h
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The function

QM [0] (5 f sup
0<h,<6
1<i<k

L8>0, k=1,2,...
LM(va)

[16-5)s

is called k—th modulus of smoothness of g, where I is identity operator. It is known
[26] that f}, is a bounded linear operator on Ly (T, ®). If k =0 we set QR,,@(S ,8) =

1811, (7.0 and k=1 we write Qu1.0(8,8) := Qir.0(8,8).
The function conjugate to a 2 -periodic summable function on [—7, 7] given by

v
~ t 1 t —t
f(x)= lim fx—|— flxti) >dt
. 2tan — IE 4 2tan =
2
exists almost-everywhere.
Let
ap it .
f@~?+2Mmﬁ, Ax(x, f) == axcoskx + by sinkx (1.1)

be the Fourier series of the function f € Li(T). Then in the case where the conjugate
trigonometric series

—i 2 sign kcge™ = 2 (ag sinkx — by coskx)
k=—oc0 k=1

is the Fourier series of some function f. It is know that the conjugate series to Fourier
series f € L[O,2n’] will not always be the Fourier series (see, for example, [47, p. 155]).
The nth partial sums, Fejér sums of the series (1.1) are defined, respectively, as

Su(x,f) = _+2Akxf

isk(xvf)'

Gn(f):n+1k:0

For f € Ly (T, ®) we define the derivative of f as a function g satisfying

=0.
LM(T,CO)

lim H%(f(erh)—f(x))—g(x)

in which case we write g = f’. Then we say that the function f € Ly (T,®) has
derivative in the sense Ly (T, ). Let

Ei(f)mo = Tiglfl If— Tn”LM(T,w)
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be the best approximationto f € Ly (T, ) in the class IT,, of trigonometric polynomi-
als of degree not greater than n. Note that the existence of 7, € I1,, such that

E.(f)me = If— Tn*”LM(T@)

follows, for example, from Theorem 1.1 in [11, p. 59].

Note that the problems of existence of the derivative of function and approximation
of the function, conjugate function , its derivative by polynomials and rational function
in different spaces are investigated by several authors (see, for example, [1-8], [10-34],
[38-41], [43-55], etc.).

In the present paper we investigate the approximation of a conjugate function by
the Fejér sums of the Fourier series of the conjugate function in the weighted Or-
licz spaces Ly (T, ®). Under certain conditions, we obtain the estimate between the
derivatives of the conjugate functions and the derivatives of the conjugate trigonometric
polynomials in the weighted Orlicz space Ly (T, ®). Note that the estimate obtained
between the derivatives of the conjugate functions and the derivatives of the conju-
gate trigonometric polynomials depends on sequence of the best approximation in the
weighted Orlicz spaces Ly (T, ®).

In addition, we obtain inverse theorem of approximation theory for the derivatives
conjugate functions in the weighted Orlicz spaces Ly (T, ®).

We use ¢y, ¢3,... to denote constants (which may, in general, differ in different re-
lations) depending only on numbers that are not important for the questions of interest.

Our main results are the following.

THEOREM 1.1. Let Ly (T, ®) be a weighted Orlicz space with Boyd indices 0 <
m < PBu <1 andlet f €Ly (T,0), © €Ay 4,(T)NAy g, (T). Then f7) € Ly (T, ®)
and the estimate

s <1 (30 (7)) =120

holds with a constant ¢y > 0 independent of n.

THEOREM 1.2. Let Ly(T,®) be a weighted Orlicz space with Boyd indices 0 <
op < Pu < 1andlet f €Ly (T,0), ® €A 4, (T)NAyp,(T). Then f7) € Ly (T, 0)
and if T, is the best approximation trigonometric polynomial to f in the space Ly (T, ®)
and for some natural r satisies the condition

=

S T E(f)me < oo, (1.2)

n=1

then

< FE r— 1E
Lt~ {n Mw+<uzn'+1u >}
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THEOREM 1.3. Let Ly(T,®) be a weighted Orliez space with Boyd indices 0 <
om < Pu <1, andlet @ € Ay, (T)NAyp, (T). If f € Lu(T, ®) satisfies, for some
natural r,

=3

2 En(mo <o,

n=1

then fU) € Ly (T, ) and for every natural number n the estimate
1 r
Qlli/l,a) (;7](.( )>

holds with a constant c3 independent of n.

N

a3 {%EO(]C)M a)+ 2 q2k+r 'E (f)M,w+ 2 quEq(f)M,a)} )

q= g=n+1
k=1,2,...,

2. Proofs of the new results

Proof of Theorem 1.1. We set

Ton(x) Zskxf

+l

where Si(x, f) is the n-th partial sums of the function f € L;(T).
According to [20] and [26]

15 () = Ton () g (1.00) S CaBnir (Fag0- (2.1)
By [18] for any function f € Ly (T, ®) and g € Ly (T, ®) we get

HfHLM(T,a)) <6 Hf”LM(T,w) ) ch—l (g)HLM(T,w) < C6 ”gHLM(T,w) : (2'2)

Then taking into account (2.2) and the triange inequality, we obtain

18 = Gu—1 (@)l (1.0) = 18— T2n(8) + T2 (8) — Ou—1(&)l 1y (7.0
< N8 = Ton(&)ll1yy (.0) + 1720 (8) = Ou-1 (I, ;)
=18 = T2n (&)l 1y (7.0) T |On=1(T2n (&) — &)l (7 00)

18 = Ton (&)l g (7.00) T €7 118 = T20 (&) | (7. 00)

(1+es) 18— T2 (&)1, (. - 2.3)

According to (2.1) and (2.3), we have

<
<

Hg — Op—1 (g)||LM(T7w) < CQEn-&-l(g)MJU'

Now in this inequality assuming g = f

17 = 0u1 (Dl r.0) < €10Ens1 (Pt (24)
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It is known from [29] that

B (Do < no (77 25)

By virtue of (2.4) and (2.5) we obtain

17 = Gt () 1.0y < €12 {QM@ (n%lf) +Enp (f)M@}.

This completes the proof of Theorem 1.1. [

Proof of Theorem 1.2. From the condition (1.2), it follows f") € Ly (T, ®). Con-
sequently, due to boundedness of adjoint operator we obtain f " e Ly(T, ). For the
natural number n we consider trigonometric polynomial 75i,, where i =0,1,....The
following relation holds:

=

S ) =T (x) + 3 (Tyiv, (x) = Ty (). (2.6)

i=0

Since trigonometric polynomial 7;, is the polynomial of best approximation to f,
the right side of the series (2.6) converges by the norm of space Ly (T,®). Then by
(2.6), for every natural number n, we obtain

1 Tyi41,(X) = F N (7,00) F 1) = Do) (7.0

1Ty, (%) = Tois )| 1 (7,00) <
< Eyirt, (f)mo + Egiy ()Mo < 2Esi, (f)M.0-

It is clear that
Tyis1,(x) — Tiyy (x)

is trigonometric polynomial of degree at most 2. Since E,( f)M,w < cEy(fme
[26] and the sequence {E,(f)m.0} is monotone, then using the Bernstein inequality
for weighted Orlicz spaces [26] we have

|20 -T0@], o <@ et = T gy

< (27 (Hf— f2i+1n Luy(T,0) + Hf‘ Ty,

LM(T,a))>
< (2%'n) (Eyisn, (Do + Exin(Pm.o)

< (2"n) 2Ey, (f)m.o

<2 @) Ey (.o @7

Let

=

To(x)+ %(Tziﬂn(X) =Ty, (%))

be the conjugate series of the series (2.6).
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Then, taking into account (2.7) we get

@+ X (L), 0 -1y )

< e 2N (270) Eyy (f)mo0- (2.8)
Ly (T,0) =0

Since the condition (1.2) holds, then we have the following inequality

- o 2i+ln
X W En(Nuo=3 X m EnHue
m=n+1 i=0m=2in+1
2 Z(zin)r_lEziJrln(f)M’wzin = Z(zin)rEziJrln(f)M’w.
i=0 i=0

Then

i(zin)rEzin(f)M,w =n"En(f)M,0 + i(ziJrln)rEZi“n(f)Mw

i=0 i=0

<HE (o +2" X m ™ Ex(fuo-
m=n-+1

The last inequality yields
27N (2'0) Eyiy (N)mo < cla{WEa(mo+ Y, M 'Ea(f)mo}- (2.9)
=0 m=n+1

According to (2.8) and (2.9) the series
7@+ X (10,0~ T4 () (2.10)
i=0

converges by the norm of space Ly(T,®) to some function. It is clear that for the
derivative f) in the sense Ly/(T, o)

oo

FO) =T ) + E(ngfgln(x) ~ 7 ().
Using (2.9) and (2.10) we have

7960 - 200, gy <27 S EnaF

LM(T,QJ)

< Cls{ann(f)M@ + i mrilEm(f)M@}'
m=n-+1

The proof of Theorem 1.2 is completed. [J
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Proof of Theorem 1.3. According to Theorem 1.2 f") € Ly (T, ®), we have

u=n+1

En(f(’))M,wSCm{n’E Mw"‘( S W EL(f) )} (2.11)

For the k— modulus of smoothness Q’j,, o (».f) the following estimate holds [26]:

( ’f) ,C;Z {Eo N+ i m*1E,, (f)M@}. (2.12)

m=1

If the inequality (2.12) is applied to the function f"), we get

Q’m( U ) < C;i {Eo (f“))Ml + 3 W E, (f()>Mw}. (2.13)

m=1

Using the estimates (2.11) and (2.13), we obtain

k(1
g%WM’<n7f Mo

S % {EO (f(r)>M7w +m§n‘,1 b (f(r))M@}
<% {Eo Nyt il "™ En(fio
+3 Bt 5
m=1 p=m+l
< % {Eo P+ Z,l m* " E (v + Z,l m! pimm’_lEp(f)M@ }

N

= {Eo Fiot X m " En (Ao

m=1

+ Z m*k1 [i Pr_lEp (f)M,w + i pr_lEP(f)M’w] }
p=m

p=n+1

)

1 13 e
<3 {ﬁEO o+ pr 21 " Ey (Ao

1 &, .
o S D E 4 S
2

p=n+1
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1 1 < 2k+r—1 1< 2k+r—1
<o n_ZkEO (f)M,w + 2k Zlm i (f)M,w + 2k Z P Ep, (f)M,a)
m—

p=1

1 1 < r— - r—
< 25 ﬁEo(f)M@*'ﬁZleH "E(Nyot+ X 4 "Eq(Duo
-

g=n+1

The proof of Theorem 1.3 is completed. [J
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