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1. Introduction

Let T be any time scale. We consider the following nonlinear second order multi-point time

scale boundary value problem (BVP) on infinite interval:

(

o (POuA () + f(1,u(t),ub (1)) = 0, 1 € [,

() — Bp(n)ud(n) = ’;‘gfajp<¢j>uA<éj>, ()

Stim e p()i0) =L byp(E)i(E).

\
m—2

wherem >3, o, 8,6 >0,0> ¥ b;, 0<11 < <...<§pp<ewanda;,b;j>0(1<j<
j=1

m —2) are given constants. We assume that p € C([t],o0)r, (0,00)) and f% < oo,
n
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Throughout this paper, we always suppose that T is any time scale (nonempty closed subset
of R). The study of dynamic equations on time scales goes back to its founder Hilger [8] and
is a rapidly expanding area of research. An important class of dynamic equations is boundary
value problems, due to their striking applications to almost all area of sciences, engineering
and technology. By researching boundary value problems on time scales the results unify the
theory of differential and difference equations (and removes obscurity from both areas) and
provide accurate information of phenomena that manifest themselves partly in continuous time
and partly in discrete time. Some basic definitions and theorems on time scales can be found in
the books [3, 4], which are excellent references for calculus of time scales.

The study of multi-point boundary value problems for linear second-order ordinary differen-
tial equations was initiated by I1’in and Moiseev [9, 10]. Much of theory of time scale dynamic
equations on finite intervals have been presented in [5, 7, 13, 14, 15, 16, 17, 20, 21, 18, 19, 22,
23] and references therein. However, there is significantly less literature available on the basic
theory of time scale dynamic equations on infinite intervals. Due to the fact that an infinite
interval is noncompact, the discussion about boundary value problem on the infinite intervals is
more complicated. The study of time scale boundary value problems on infinite intervals was
initiated by Agarwal, Bohner and O’Regan [1]. Since then, there are a few authors studied the
existence of positive solutions for time scale boundary value problems on infinite intervals. We
refer the reader to [6, 11, 12, 25, 26] and references therein.

In this paper, first, we provide some preliminary lemmas which are key tools for our main
results. Second, we obtain the existence of at least one positive solution for the BVP (1.1) by
using the Leray-Schauder fixed point theorem. Finally, we use the five functional fixed-point
theorem to show that the existence of at least three positive solutions to the BVP (1.1).

To the best of our knowledge, the existence results for positive solutions of the BVP (1.1)
have not been studied previously. The results are even new for the difference equations and
differential equations as well as for dynamic equations on general time scales.

Throughout the paper, we assume that the following condition is satisfied:

(H1) f € C([t1,00) % [0,00) X [0,00),[0,00)), h € C([0,00) x [0,00),[0,00)) and for all ¢ €
[t1,00)T, f(t,(1+1)x,y) < O(t)h((141)x,y), where O : [t],00) — (0,00) is continuous
and [ O (s)p(s)As < oo.

n
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2. Preliminaries

To state the main results of this paper, we need several lemmas. Let us define 6(¢) and ¢(r)
the solutions of the corresponding homogeneous equation
1 AfA
—(p()u=(t))" =0 2.1
F) (p(1)u”(1)) (2.1)

under the initial conditions

0(r1) =B, p(t1)04(t1) =

A (2.2)
@(0) = 6, p(eo) 9= (o0) = 0.
Using initial conditions (2.2), we can deduce the following equations:
AT
+ o / , 2.3

o =p+of (2.3)

3]

o) =9

from equation (2.1) for 6(¢) and ¢@(¢). Let us define D := a.8. The Green’s function for the

homogeneous problem corresponding to the BVP (1.1) is given by

o(t <t <s<oo (
G(t,s) :ll) () e(s), 1 § _ tlsp ! (2.4)
0(s)p(1),11 <s <1 <eo §+tlfﬁ),t1§s§t<w.
Lemma 2.1. If D > 0, then solution of the BVP (1.1) is
T A C B
= [ G.9p(s) (s, 5)as + S0+ S, 25)
|
where G(t,s) is given by (2.4),
m—2 s A
= L / (5))As
5~ b
j=
and
m—2
J; aj m—2 <
B= 5 Y by [ o) fsulo)ut)as+ Y a; [ p (5))s
6— X b7 g
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Proof. Since 0 and ¢ are two linearly independent solutions of equation (2.1), we know that

any solution of equation (1.1) can be represented by

(1) = €180+ 20(0)+ [ Gl1.9)p(s)(s.u(s). (),

n
where ¢ and ¢; are arbitrary constants and G(z,s) is as in (2.4). If we make a direct calculation

with boundary conditions of (1.1), we obtain

cl =

m—2
(5— Y b |D /!
=1

and

cr = S s)p(s s,us,uAs s
) (8_”) Lo /<p<>p<>f< (s),u% (5))A

1 m—2
T ]Zl a; é/ p(s)f (s, u(s), 4 (s))As.

Hence, we find integral equation (2.5). This completes the proof.

Lemma 2.2. Let N
g / A(— oo, (2.6)
Then '
0<G(t,s) <K
for (t,s) € [t1,00)T X [t],%0)T.

Proof. It is clear that G(¢,s) > 0. Now we are in a position to show that G(z,s) < K.

(i) For s € [t],o0) and t < s, we get

G(;,s)§+n/tpA(f g /A(——

(ii) Letting s € [t1,00) and ¢ > s, we have

B [ At B ooAr_
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Thus, we obtain 0 < G(t,s) < K for (t,s) € [t],o)T X [t],0°)T. This completes the proof.

Lemma 2.3. Green’s function G(t,s) in (2.4) and 0(t) in (2.3) satisfies

G(r,s) = 7K
and
0(t) > yK
for all (t,s) € [t1,o0)T X [t],00)T, where ¥ = min{ I } and K is given by
Brof % G+l A5th
n n
(2.6).
Proof.

(i) For s € [t;,) and s < ¢, we obtain that

t
G(t,s):§+/% > L«,szl(.
WP B+atf%
1

(ii) Taking s € [f],co)r and s > ¢, we find that

G(m)=§+/% > P kew
A
n ﬁ‘f'at{wf-)
(ii1) Since
BT A
atfom
0<ﬁ ! <1,
AT
we have
t
A
o) =praf > ke
4 B+ 55+B

Thus, the proof is completed.

Solving the BVP (1.1) is equivalent to finding fixed points of operator A defined by

Au(t) = /G(t,s)p(s)f(s, u(s),uA(s))As—i— ge(t) + gq)(r)
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for ¢ € [t;,00)7. Let B be a Banach space defined by

t
BeducCo)p: sup e qup Jude)] <o
t€[t1,°0)T I+1 t€[t1,00)T

with norm ||u|| = max{||ul|1, ||u*||-}, where

ju(1)]

= swp Sl = sup )
and defined cone P C B by
P={ueB:au(t;)—Bp(t)u Za,p E;)u”(&;) and u is nonnegative on [t o) }.
(2.7)
Lemma 2.4. If u € P, then we have ||u||; < M||u®||«, where
M:max{gp(tl)—tl ZT$JM§J.),I}.
Proof. Since u € P, we find that
t
O~ (emans Bpnta+ z &)
1
t—t1+Ep(n) + LY P ap )N |, A
< ( L )l < .
for all 7 € [t], o). Hence, the proof is complete.
Remark 2.5. Since ||u|| = max{||ul|1, ||u*|l~}, we have |lu|| = ||u||1 or |ju]| = ||u?||w. If |u]| =
||||1, then we get from Lemma 2.4 that ||u|| < M||u?||e. If ||u|| = ||u*||-, then we find ||u|| <

M||u®|| by using M > 1. Hence, we obtain ||u|| < M||u®|| for all u € P.
Lemma 2.6. A : P — P is a completely continuous operator.

Proof. It is clear that A(P) C P. We divide the proof into two steps.
Step 1. We show that A : P — P is continuous.

Let u, — u as n — oo in P. Then there exists ro > 0 such that sup, . ||ux|| < ro. Since

Sro == sup{h((1+1)x,y): 0 <x<rp,0<y <rp} < oo,



MULTI-POINT TIME SCALE BOUNDARY VALUE PROBLEMS ON INFINITE INTERVALS

we find from (H1) that

(oo} (o)

[ P5)1 5t ) = 5,085 < 253, [ pls) D ()As < e

151 I

A direct calculation gives

Using the Lebesgue dominated convergence theorem, we have

IA

)0~ @) <~ ([ PO = S50 s

Furthermore, ||Au, — Au|| < M||(Au,)® — (Au)* || — 0 as n — o. So, A is continuous.

Step 2. We show that the image of any bounded subset of P under A is relatively compact in P.

Let Q C P be any bounded subset. Then there exists > 0 such that |ju|| < r for all u € Q.

From (H1), we obtain
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For Vu € Q, we find from (H1) that

lAul < M||(Au)3]-

< Mtef;}fim (%) ( 7 p(s)f (5,1(s), () As

+ Zb /p A(s))As)

5— z bj /=
1 -
< MS, — O(s)As + ———— b
B tE[StRI:o)T (pu))(h/p(s) (s)as 5_ ): b - / )
< oo,

Hence AQ is uniformly bounded. Now, we show that AQ is equicontinuous on [f], o). For any

R >0,1t],t; € [0,R]r and for all u € Q, we may, without loss of generality, assume that z; > .
By using (H1), we have

[(Au)(23) — (Au)®(17))]

_ ’ pé;) ( Z p()f(s,un(s), 1, (s))As + - rizlzb,- rgbj J p(s) f<s,u,,(s),u$(s))As)
-
o ( i PO o0+ ’iszj ’gb J.Z P )
b=
= ‘pé;) ) p(lt;«) 5 —:’?zzb,- ti]zbjgjp<s>ﬁ<s>As
! ‘p(lti) - p(ii‘) S’]p(s)ﬁ(s)m* fﬁ)srjP(S)ﬁ(S)As
0 2 |

uniformly as #; — #5. So, we get ||(Au)2(#3) — (Au)®(t})||« — O uniformly as #; — 3. Since
1(Au)(13) = (Au) (i) || < [[(Au)A(13) — (Au)A(t}) ]|, we obtain || (Au)(£3) — (Au)(r7)[| — O uni-

formly as #; — ;. Therefore AQ is equicontinuous on any compact interval of [}, o).
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Now, we show that AQ is equiconvergent on [t1,0)T. For any u € Q, we have

Aul(t

< tlgg %—I—t (KSr/p(s)ﬁ(s)As)
T AT 1 B
+}L%F_(ﬁ+“/m) i p?
=0
and
m—2 iy
(A () — (A (o) < | — |5 ¥ [ ()0 (s)as
'Pl) P( )6j212bjj1 J!
o
+%S,t/p(s)l9(s)As

ast — oco. So, AQ is equiconvergent at infinity. As a consequence of this steps, we getA: P — P

is completely continuous.

3. Main results

To prove the existence of least one positive solution for the BVP (1.1), we will use the fol-

lowing Leray-Schauder fixed point theorem.

Theorem 3.1. [24] Let E be a real Banach space, and A : E — E be a completely continuous

operator. If

{xEE:xz?LAx,O<7L<1}

is bounded, then A has a fixed point in the closed set T C E, where

T={x€eE:|x[| <R}, R=sup{|x]|:x=24x,0<A < 1}.

Theorem 3.2. The BVP (1.1) has at least one positive solution.
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Proof. Define the cone P as in (2.7). From Lemma 2.6, we see that A : P — P is completely

continuous operator. We denote
NA)={ueP:u=AAu,0< A <1}.
Now we show that the set N(A) is bounded. Let
T ={ucP:|ul| <R},

where R = sup{|||u|| : u = AAu,0 < A < 1}. If |ju|]| <R, then 0 < T(—Jg <Rand 0 <u?(t) <R

for ¢ € [t,00)7. It follows that
§p— AV - u(r) A
r=supq A(u(t),u’(1)): 0 < —= <R,0<u(t) <R <eo, V€ [ty,00)r.

For all u € N(A), we obtain from (H1) that

lul| < AM (Au)* e

<am sup ( )( /p u(s), b (5))As

=1
< AMSRIEERE)T (%) (ZP(SW(S)AH . )fzb JZ bj / )

< oo,

Thus, N(A) is a bounded set. By Theorem 3.1, the BVP (1.1) has at least one positive solution.

This completes the proof.

Now, we are in a position to present the five functionals fixed point theorem. Let y,[3,6
be nonnegative continuous convex functionals on the cone P and let o, ¥ be nonnegative con-

tinuous concave functionals on cone P. For nonnegative numbers /,a,b,d and c, define the
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following convex sets:
P(y,c) ={xeP:y(x) <c},
P(y,a,a,c) ={xeP:a<ax),yx) <c},
0(,B.dyc) = {x € P: B(x) < d,y(x) < c}, (3.1)
P(y,0,a,a,b,c)={x€P:a<a(x),0(x)<b,yx) <c}
O(v,B,¥,1,d,c) = {xe P:1 <¥(x),B(x) <d,y(x) <c}.
Theorem 3.3. (Five Functionals Fixed Point Theorem [2]) Let P be a cone in a real Banach

space E. Suppose that there exist nonnegative numbers c and r, nonnegative continuous concave

functionals o and ¥ on P, and nonnegative continuous convex functionals 7y, ¢ and 6 on P, with

o (x) < @ (x), [lx]| < ry(x),vx € P(y,c).

Suppose that A : P(y,c) — P(Y,c) is a completely continuous and there exist nonnegative num-

bers b,d,m,l, with 0 < d < m such that
(1) {xe P(y,0,a,m,b,c): a(x) >m} # 0 and a(Ax) > mforx € P(y,0,0,m,b,c),
(i) {x€ 0(7,0,%,1,d,c) : §(x) < d} #0 and §(Ax) < d for x € O(1,0,%,1,d,c),
(iii) ot(Ax) > b, for x € P(y,a,m,c), with 6(Ax) > b,
(iv) ¢(Ax) <d, forx € Q(v,9.,d,c). with ¥(Ax) </,

Then A has at least three fixed points x1,x,,x3 € P(7,c) such that

O(x1)<d, ox2)>m, ¢(x3)>d witha(xz) <m

Let 1 <k < oo, % € T be fixed and let / =0, r = 1. Define the nonnegative continuous concave

functionals ¢, W and the nonnegative continuous convex functionals p, A, 8’ on P by

“ min u(t), p(u) = A(u) = 0'(u) = ], y(u) = 0.

¢ (u) = THE .

In addition, we have ¢ (u) < A(u) and ||u|| < rp(u) for u € P. Define the constants,

k k

/ 5)As + L ,-) 'gbj / p(s)(s)As
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and

= s (L)(] o9t —= T [ ropioas)

te(ty,o0)T

To state this main result, we need the following assumption:

(H2) For all ¢ € [t;,o0), @(¢)h((1+1)x,y) < f(z,(1+1)x,y), where @ : [t],00)7 — (0,00) is

continuous and [ @(s)p(s)A(s) < ce.
3]

Now, we use the five functionals fixed point theorem to prove the next theorem.
Theorem 3.4. Let &, > < 1 and 1 € T for each k € {1,2,...,n}. Assume that (H2) holds.
Suppose that there exist positive numbers 0 < d < a < ¢ such that,
(i) h((1+1)u,v) < iy Jor (t,u,v) € [t1,°0)1 x [0,¢] X [0,c],
(ii) h((1+1)u,v) > “";[;kjk for (t,u,v) € [ klp x [¢,¢] x [0, ],
(iii) h((1+1)u,v) < mfor (t,u,v) € [t1,00)T X [0,d] X [0,d].

Then the BVP (1.1) has at least three positive solutions uy, uy and u3 satisfying ||uy|| < d,

O(up) >a,d < |uz|| with ¢ (u3) < a.

Proof. First, we show that A : P(p,c) — P(p,c). If u € P(p,c), then p(u) < c. This implies

0< IQ <c,0<u?(t) <cfort € [ty,%)r. By (H1) and (i), we obtain

p(Au) < M||(Au)||-s

SME;?E () ([ oyoimit e

n

[ee]

K / ps ,uA<s>>As)

S—bel

c
<M— su / $)As + ——— b/ ) c.
Myze[zlg (p(t >( P ! pls

S—ZbJ
j=

Therefore A : P(p,c) — P(p,c). From Lemma , A : P(p,c) — P(p,c) is completely continuous.
Next, we show that the conditions of Theorem 3.3 is satisfied with b = c. We take u(t) =

4(r+41) for € [t1,00)7. It is easy to see that u(r) € P and

k c+a/l
L 1
o) =1 (k+ )>“’
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c+a b+a c+a
= = = <c

!
0'(u) = — 5 <bplu)=—=<c

that is, {u € P(p,0',¢,a,b,c): ¢(u) >a} #0. If uc P(p,0',¢,a,b,c), then § < U < ¢ and

T+
0 <u?(t) < cfort € [{,k]7. By Lemma 2.3, (H2) and condition (ii), we have

+ t
1 m—2 iy A
+ ———— Y b [ p(s)o()h(u(s),u (s))As>
a<5_j§1b]> g

- Bk aa(l+k)
yoc1+k YBkx
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So, we obtain
0 (Au) > a. (3.2)

Hence, condition (i) of Theorem 3.3 holds. We take u(t) = %(1 +1) for Vt € [%,OO)T. It is easy
to see that u(¢) € P and

y(u)=0>1=0,
uw:§<¢
plu)=4 <c.

that is, {u € Q(p,A,w,l,d,c): A(u) < d} # 0. By (H1) and condition (iii), we get, for u €
O(p,A,y,l,d,c), that
A(Au) = [|Aull

< M| (Au)|les

fﬂ{££%(j%)(7mwﬁmmmnm%st

Z b; /p uA(s))As)

S—ZbJ

<20, o) v i Jrowas)

=d.

Thus, condition (ii) of Theorem 3.3 is satisfied. Since

k )
P(p,(p,a,c) = {I/t ep: 1——|-kter[lllln Lt(t) 2(1, HMH < C}7

ano)T

we get @(Au) > a for u € P(p,¢,a,c) according to (3.2). Therefore (iii) of Theorem 3.3 is
satisfied. Finally, we shall verify that the condition (iv) of Theorem 3.3 holds. Since y(Au) <
I = 0 is impossible, we omit the condition (iv) of Theorem 3.3. Since all the conditions of

Theorem 3.3 are satisfied, we see that the BVP (1.1) has at least three positive solutions uy, u
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and u3 satisfying

lurll < d, ¢(u2) >a

d < ||uz|| with ¢ (u3) < a.

This completes the proof.

Example 3.5. Let T =R. Taking m =3, =0, &
1, p(t) = €', k =2, we consider the following boundary value problem

=t a=4=1,8=3,a =b

( ) +f( ()au(t)):07 te[()?oo)?
1
4u(0) —u'(0) = e73u/(3), (3.3)
3lim; e’ (1) =€ %u’(%%
where
100068 + 52, u < 1,v>0
£t (1) = 2000
1000 + 5559, # > 1,v > 0.
Choose @(t) = ¥(t) = e~* and
1000u8 + 52— u < 1,v >0,
W1+ 1), v) = 20007 1=
1000 + 5555, u > 1, v > 0.
= 2(e’% —e2),y= 1+§e_%, y=0.2. If we

By simple calculations, we obtain that M =1, x = ¢
take d = 0.1, a = 5, ¢ = 2000, then all conditions in Theorem 3.4 are verified. Thus the BVP

(3.3) has at least three positive solutions u1, u and u3 satisfying

2
|lui|| < 0.1, = min (uy) >5,
31‘62,)

2
0.1 < [Jus|| with = min (u3) < 5.
3re[}e)

Example 3.6. Let T = [15,3]U[8,c0). Taking p(t) =t0(t),m=4,t1 =35, E1=3, & =3, o0 =
,=2,0=1,a,= %, a) = %, by = by, =0, k =2, we consider the following boundary value
problem:

)
u(1g) —2u*(1g ) ut(3) +ut(3), (3.4)
0

lim; eto(t)ud(t) =
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where

2.107%° 421078, u<1,v>0,
2.107°042.10"%, u>1,v>0.

[S—

f&,1+1)u,v) = pr}
Choosing o(1) = ¥(t) = }4 and

2.107%° +2.107 %, u<1,v>0,

h((1+1)u,v) =
2.107°4+2.1078y, u > 1,v>0,

we obtain M = 201.9, x = 3, y = 1127.3148, y= 1. If we take d = 1, a = 90, ¢ = 100, then all
conditions in Theorem 3.4 are fulfilled. Thus the BVP (3.4) has at least three positive solutions

ui, up and us satisfying

2
Jurll <1, 5 min () > 90,
t€[5 00

2
1 < |Jus|| with = min (u3) < 90.
3re[d )
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