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Free vibration analysis of axially layered
functionally graded short beams using
experimental and finite element methods

Abstract: Free vibration behavior of short beams made of
axially layered functionally graded material (FGM) was
investigated experimentally and numerically. Beams,
which have gradation of the material properties in the
axial direction, are fabricated by powder metallurgy tech-
nique using different weight fractions of aluminum and
silicon carbide powders. In order to determine elastic-
ity modulus of axially layered functionally graded (FG)
beams, homogeneous beams containing different weight
fractions of Al (aluminum) and SiC (silicon carbide) are
produced, and these homogeneous beams are subjected
to tensile tests. Density of each homogeneous layer is
also calculated experimentally. After determination of
the mechanical properties of each layer of the FG beams,
they are modeled in a finite element program (ANSYS)
according to Timoshenko beam theory, and free vibration
analyses are performed. Fundamental frequencies of the
axially layered FG beams produced are also calculated
experimentally. FG beams with clamped-free boundary
conditions are considered. Layers of the axially FG beams
are considered to have symmetric configurations. Effect of
the change in weight fractions of SiC particles and sorting
order of layers to fundamental frequency of the beam is
investigated. Experimental results obtained are compared
with numerical results.
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1 Introduction

In 1984 functionally graded materials (FGMs) were sug-
gested by scientists working in the field of materials
science to use in high temperature environments as pre-
paring thermal barrier materials in Japan [1]. Since then,
this concept has continued to be used in different fields
such as with biomedical applications [2], thermal, wear
and corrosion barriers coating [3], sensor and energy
applications [4], gas turbine applications [5], cutting tools
[6], rotating blades [7] etc. In later years, the concept was
carried out to wider areas, such as modeling and analysis
of beams, shells, and plates [8, 9].

In the literature, there are many studies of free vibra-
tion analysis of beams made of FGMs, but most are limited
to the case in which mechanical properties change in the
thickness direction. Kapuira et al. [10] determined the
static deflection and free vibration response of multi-
layered FGM beams using a finite element based zigzag
beam theory and supported the theoretical study with
experimental work. They assumed material proper-
ties to be changed in thickness direction and used two
types of FGM systems. They fabricated Al/SiC FG beam
samples with three and five layers using powder met-
allurgy and five-layered Ni/ALO, beam samples using
combustion powder thermal spray process. Wattana-
sakulpong et al. [11] investigated the vibration response
of FG beams layered in the thickness direction, made of
alumina/epoxy produced by a multistep sequential infil-
tration technique. In a theoretical work, Huang and Li
[12] studied free vibration behavior of axially FG Euler-
Bernoulli beams with a nonuniform cross section using
the integral equation method for various end supports.
Pradhan and Chakraverty [13] investigated free vibra-
tion behavior of Euler and Timoshenko FG beams using
classical and first-order shear deformation beam theo-
ries, assuming material properties vary continuously
in the thickness direction according to the power-law
exponent form. Aydogdu and Taskin [14] studied free
vibration analysis of the simply supported FG beam of
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variable Young modulus in the thickness direction using
classical, parabolic, and exponential shear deformation
beam theories. Huang et al. [15] examined free vibration
behavior of homogeneous and axially FG Timoshenko
beams with varying cross sections, introducing an auxil-
iary function in the solution process. Hein and Feklistova
[16] investigated free vibration behavior of axially FG and
nonuniform beams using Euler-Bernoulli beam theory
and Haar wavelets. Simsek [17] carried out fundamental
frequency analysis of FG beams whose material proper-
ties vary continuously through the thickness direction,
using classical, first-order and different higher-order
shear deformation beam theories. Sina et al. [18] ana-
lyzed free vibration behavior of FG beams, whose mate-
rial properties vary through the thickness direction, using
an analytical method. Su et al. [19] developed a dynamic
stiffness method to investigate the free vibration behav-
ior of functionally graded beams. They assumed material
properties to vary continuously in the beam thickness
direction according to a power law distribution.

As can be seen from the literature review given, there
are a few theoretical studies but no experimental study
on free vibration behavior of axially layered FG beams
produced by powder metallurgy technique using Al/SiC
powders according to research stated in open literature. In
this study, free vibration behavior of axially layered short
FG beams is investigated experimentally and numeri-
cally. At first, homogeneous beams that have different SiC
weight fractions are produced to determine the mechani-
cal properties of each layer that will be used in modeling
axially layered FG beams in finite element analysis. These
beams are also produced using powder metallurgy tech-
nique. Fundamental frequencies of these beams are cal-
culated numerically and experimentally. The results are
tabulated and compared to each other.

2 Materials and methods

In the literature, several techniques have been per-
formed to produce FGMs, such as powder metallurgy
[20], centrifugal casting [21], tape casting [22], laser
cladding [23], plasma spray [24], chemical vapor infil-
tration [25], low-pressure chemical vapor deposition
(LPCVD) [26], directed vapor deposition (DVD) [27],
self-propagating high-temperature synthesis (SHS) [28],
spark plasma sintering [29], electrophoretic deposition
[30], electromagnetic separation [31], and thixotropic
casting [32]. In the present study, the powder metallurgy
technique is used.
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2.1 Production of homogeneous and axially
layered FG beams

Powder metallurgy technique is used in the manufactur-
ing process of beams. Preparation of powders is important
in the technique. The as-mixed powders are weighed pre-
cisely. Beams are composed of different weight fractions
of aluminum (Al) and silicon carbide (SiC) powders. Zinc
stearate is used as lubricant. Table 1 shows mechanical
properties of Al and SiC powders obtained from the sup-
plier. Al powders are manufactured using gas atomization
technique and they have spherical structure. SiC powders
are in lamellar structure. Zinc stearate is like white powder
and generally used in dies as a lubricant.

In the first step, single layered homogeneous beam
samples composed of specified amounts of Al and SiC
powders are produced to determine mechanical proper-
ties of each layer of axially FG beams. These properties
are used in numerical analysis. Totally nine homogeneous
beam samples are produced by increasing the weight frac-
tion of SiC powders from 0% to 40% with 5% increase at
each step. After that, six types of five layered axially FG
beams are fabricated by placing powders, obtained for
different mixing ratios, in a die in a predefined sequence.
Each of these axially layered FG beams has different con-
figuration, and they are shown in Table 2. The zinc stea-
rate is up to 2% of the total beam weight.

2.1.1 Mixing of powders

Homogeneous mixing of the powders affects strength
properties and sintering behaviors of the end product.
Homogeneous distribution of the powders depends on
physical properties of the powder, mixing method of the
mixing machine, powder volume in the mixer, mixing time
and speed. In the present study, powders are mixed by a
Planetary Ball Miller (MTI Corporation, Richmond, USA)
for 3 h reversing the rotation direction every half hour. The
12 mm balls inside each container are highly effective in

Table1 Mechanical properties of aluminum (Al) and silicon carbide
(SiC) powders.

Properties Aluminum (Al) Silicon carbide (SiC)
Formula 13A1%698 Siceo-10
Purity 99.8% 99.9%
Particle size -100 Mesh <1500 Grit
Melting point 660.1°C >2000°C
Density 2.699 G/cm? 3.217 G/cm?
Mohs hardness (20°C) 2-2.9 9.2
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Table 2 %Al weight fractions of homogeneous and axially layered
FG beams.

Beam type number %Al weight fractions

Layer1 Layer2 Layer3 Layer4 Layer5

Type 1 100%Al (homogeneous beam)

Type 2 95%Al-5%SiC (homogeneous beam)

Type 3 90%Al-10%SiC (homogeneous beam)
Type 4 85%Al-15%SiC (homogeneous beam)
Type 5 95 90 85 90 95
Type 6 90 95 85 95 90
Type 7 85 90 95 90 85
Type 8 90 85 95 85 90
Type 9 95 85 90 85 95
Type 10 85 95 90 95 85

homogeneous mixing of the powders. The occupancy rate
of the each container volume, including balls, should not
exceed three-fourths of the total volume in order to have
homogeneously mixed powder. This process is also called
as mechanical alloying. The Planetary Ball Miller (MTI
Corporation, Richmond, USA) and contents of a container
are shown in Figure 1.

2.1.2 Cold compacting of powders

The prepared powder mixture is cold compressed in a
die under a pressure of 450 MPa using a hydraulic press.
Transformation of the powder particles into the desired
shape and form is achieved with compression process. A
beam sample after cold pressing is shown in Figure 2.

2.1.3 Sintering of the beam samples

Sintering is performed on compressed beams to increase
beam strength. The sintering process was carried out
using an argon gas atmosphere furnace. Time-dependent
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Figure 2 Abeam sample after cold pressing.

change of the furnace temperature during the sinter-
ing process is shown in Figure 3. Zinc stearate contained
within the sample evaporates nearly at 335°C and is com-
pletely removed from the structure during sintering. In
order to prevent oxidation of aluminum, argon gas is sup-
plied at a constant flow rate of 50 ml/min during sintering.
The final form of the beam samples are shown in Figure 4.

2.2 Determination of mechanical properties

Single layered homogeneous beam samples composed
of specified amount of Al and SiC powders are subjected
to tensile test by Instron 8801 testing device (Instron,
Norwood, USA) to determine mechanical properties of
each layer of axially layered FG beams. The process is real-
ized with 0.50 mm/min speed at room temperature. In
the experiments, three samples were used for each con-
figuration, and three elastic modulus and three maximum
tensile strength values obtained are averaged. In this way,
elasticity modulus and maximum tensile strength of each
FG beam layer are determined and given in Figures 5 and
6, respectively. As can be seen from both graphs, elastic

Figure1 (A) Planetary ball miller, (B) container.
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Figure 3 Time-dependent change of furnace temperature during
the sintering process.

modulus and maximum tensile strength values increase
up to 15%SiC ratio and show a decreasing trend for higher
percentage of SiC ratios. As far as the production technique
and load carrying capacities of hydraulic press and die are
concerned, it is seen that SiC weight percentage values
higher than 15% are not suitable for obtaining higher
elastic modulus and maximum tensile strength. Thus, the
beam samples that have percentage SiC values higher than
15% are not used in the numerical part of the study.

Neelima et al. [33] investigated the mechanical behav-
ior of Al and SiC (5%, 10%, 15%, and 20%) alloy compos-
ite materials and found that highest tensile strength can
be reached for composite material composed of 15%SiC
in experiments. Tensile strength values decrease for com-
posite material composed of SiC weight percentage higher
than 15%. In this study, similar results are obtained, and
maximum tensile strength is observed for beams com-
posed of 15%SiC.

2.3 Determination of density
Determination of density is important for free vibration
analysis of axially layered FG beams in numerical analy-

sis. In order to find density of all produced beams, weight
of each beam sample was measured by a Precisa brand
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Figure 4 Axially layered FG beams.
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Figure 5 Elasticity modulus values for different %SiC ratios.

sensitive balance (Precisa Gravimetrics AG, Dietikon,
Switzerland). All beam samples are measured by a vernier
caliper to calculate volumes of beams. After calculation
of weights and volumes of beam samples, density of each
beam sample are determined using density formulate
(p=m/V) as shown in Figure 7.

It is found that experimental density values are lower
than theoretical density values. Bhattacharyya et al. [34]
performed density measurements on Al/SiC FGM speci-
mens to quantify the volume fraction of porosity in the FGM.
They found that for single layer Al/SiC composite samples,
the porosity increases as the ceramic content of the sample
increases and the increase in porosity is more evident for
multilayered composite samples. The increase in porosity is
because of the fact that the ceramic reinforcements increase
the viscosity of matrix, which prevents escape of air from
the structure. In the present study a similar situation is also
observed. Size and sharp corners of the SiC particulate also
affects the porosity level of the system [35].

2.4 Microstructure

Microstructure characterizations of beams that have
different weight percentage of SiC are monitored using
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Figure 6 Maximum tensile strength values for different %SiC ratios.
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Figure 7 Density values based on weight fractions of %SiC.

optical microscope to observe distribution of SiC alloys
and presence of porosity. Size analysis of SiC particles
is carried out from the micrographs (Figure 8A-D) and
it is found that the typical size of SiC particles lie in
the range of 2-6 um, which is in agreement with the
expected size.
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2.5 Free vibration analysis

Symmetric beam configurations are considered for free
vibration analyses. In this way, effect of the change in
weight fractions of SiC of layers to fundamental frequency
of the axially layered FG beam is investigated. Beam con-
figurations used in experimental free vibration analyses
are given in Table 2 according to %Al weight fractions of
the beams and layers. Type 1 to Type 4 beams are homoge-
neous beams each containing different weight fractions of
Al and SiC particulates. Type 5 to Type 10 beams are sym-
metrically axially layered FG beams each have different
sorting order. For experimental vibration analyses, three
samples are produced from each type and average values
of these three samples are used to calculate fundamental
frequency of each beam configuration.

Experimental vibration measurements were per-
formed by DEWESoft measurement instrument DEWE-
43A (Dewesoft, Trbovlje, Slovenia) shown in Figure 9. It

Figure 8 Microstructure of Al/SiC beam samples (A) pure Al, (B) 5%SiC-95%Al, (C) 10%SiC-90%Al, (D) 20%SiC-80%Al.
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Figure 9 Modal test setup.

has eight analog inputs with 200 kS/s/ch maximum sam-
pling rate and a 24-bit AD converter. Modal analyses are
essential to predict the free vibration behavior of beams.
There are many ways to carry out modal testing but impact
hammer testing is mostly used. In this study, the clamped-
free boundary condition was considered, each beam
was fixed on one end while the other end was released
to vibrate freely as shown in Figure 9. Impact hammer
testing method was used to determine fundamental fre-
quencies of the beam samples. The Dytran model 3224A1
(Dytran Instruments Inc., CA, USA) was used as an accel-
erometer. It is an ultra-miniature teardrop IEPE acceler-
ometer with integral electronics and an overall weight
of 0.2 g. It has a sensitivity of 10 mV/g. The Dytran model
5800SL (Dytran Instruments Inc., CA, USA) was used as
an impulse hammer. It is an IEPE impulse hammer with a
measurement range of 50 lbf, offering an ultra-low mass
of 9.8 g and very high stiffness. It has a sensitivity of 100
mV/1bf. The reduced size and weight of the hammer head
and handle reduce overall hammer inertia for quicker
rebounding, which produces a very high frequency exci-
tation, allowing the user to excite smaller structures with
high-frequency content and input forcing function.

Free vibration experiments were repeated for differ-
ent sorting order of layers and different weight fractions of
the constituents of beams. In this way, effects of change in
sorting order of the layers and change in weight fractions
of SiC particles in the layers on fundamental frequency of
the axially layered FG beam were determined. The results
obtained were compared with ANSYS (Ansys Inc., USA)
finite element program results.

3 Numerical analysis

Homogeneous and axially layered FG beams were modeled
in finite element software (analysis system: ANSYS) using
the experimentally determined elastic modulus and
density values. BEAM3 element type was used in modeling.
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BEAMS3 is a uniaxial element with tension, compression,
and bending capabilities. The element has three degrees
of freedom at each node: translations in the nodal x and
y directions and rotation about the nodal z-axis. Shear
deformation constant is taken as 6/5 and Poisson’s ratio
as 0.3. Each beam has 77 mm thickness, 10 mm width,
and 55 mm length. Fifty-five beam elements are used in
the finite element model. The Block Lanczos method was
used for the eigenvalue extraction. Free vibration analyses
were carried out for clamped-free boundary conditions
using the beam types given in Table 2, and fundamental
frequency values were obtained. Schematic representation
of an axially layered FG beam model is given in Figure 10.

4 Results and discussion

For comparison of fundamental frequencies of 10 types
of beams given in Table 2 with each other, nondimen-
sional fundamental frequencies are calculated using the

A
o=0l? F; i formula [12]. Here, w, L, p, A E, and I are
ef

circular fundamental frequency, length of the beam, effec-
tive mass density, cross-sectional area, effective modulus
of elasticity and cross-sectional moment of inertia, respec-
tively. The effective material properties P, of the axially
layered FG beam, such as modulus of elasticity E,, and
mass density p . are calculated using a simple rule of
mixture of composite materials as follows [36]:

£=3.EY, g

where P and V, are the material properties and volume frac-
tion of the constltuent material i, and the sum of the volume
fractions of all the constituent materials makes 1, i.e.,

;Vfi =1 #)

Experimental and ANSYS results are listed in Table 3.
As an example, Figure 11 shows the acceleration response
and its frequency spectrum for a beam of Type 5, which
has a thickness of 7260 mm. According to finite element
analysis results, 85-90-95-90-85 configuration (Type 7)

95%Al/ 90%Al/ 85%Al/ 90%Al/ 95%Al/
5%SiC 10%SiC 15%SiC 10%SiC 5%SiC

17 T

Figure 10 Schematic representation of an axially layered FG beam
model.



DE GRUYTER

Table 3 Nondimensional fundamental frequencies of beams.

Beam type Non dimensional fundamental frequencies

Experimental ANSYS % Difference
Type 1 3.0468 3.4625 12.00
Type 2 3.1287 3.4625 9.64
Type 3 3.0353 3.4625 12.34
Type 4 3.0343 3.4626 12.37
Type 5 3.0739 3.4190 10.09
Type 6 3.0438 3.4646 12.15
Type 7 3.0381 3.4923 13.00
Type 8 3.0421 3.4673 12.26
Type 9 3.0689 3.4177 10.21
Type 10 3.0371 3.4883 12.93

gives maximum nondimensional fundamental frequency,
whereas experimental results show that maximum nondi-
mensional fundamental frequency occurs for the case of
95-90-85-90-95 (Type 5) among symmetric configurations
of axially layered FG beams. This result can be explained
looking at the experimental fundamental frequency result
of homogeneous 5%SiC-95%Al beam. Among homogene-
ous beams, this beam configuration gives the maximum
nondimensional natural frequency. And because two
layers of 5%SiC-95%Al is used in 95-90-85-90-95 configu-
ration, the fundamental frequency of this configuration is
higher than the fundamental frequency of 85-90-95-90-85
configuration.

Looking at Table 3, it is also seen that ANSYS gives
higher fundamental frequencies for the configurations
where a higher %SiC ratio is used at the end layers and
fundamental frequency values decrease as the %SiC
ratio decreases at the end layers. Whereas, according to
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experimental results, fundamental frequency is maximum
for the beam configurations, where 5%SiC is used at the
end layers and decreases as the SiC ratio increases at the
ends. Experimental results also show that sudden increase
in SiC ratio between neighboring layers decreases the
fundamental frequency, because a smooth transition of
mechanical properties cannot be achieved for these con-
figurations. This situation can clearly be seen from Type
5 and Type 6 beam configurations. For these configura-
tions the effect of using a higher SiC ratio at the end layers
and the effect of sudden increase in SiC ratio between
neighboring layers combines, and it decreases the funda-
mental frequency of the beam. But for Type 7 and Type 8
configurations, these effects act in opposite directions on
fundamental frequency and the effect of using a lower SiC
ratio overcomes the effect of a sudden increase in SiC ratio
between neighboring layers.

5 Conclusions

Free vibration analyses of axially layered FG beams made
of Al/SiC systems using powder metallurgy technique were
studied experimentally as well as numerically. The ANSYS
finite element program was used for the theoretical pre-
diction of free vibration response. Numerical and experi-
mental results obtained are compared with each other and
error rates were observed. The comparison reveals that
there are some differences between experimental and the-
oretical results. The main cause of the differences between
measured and predicted data is the fact that finite element
program ANSYS does not take the porosity in the beam
samples into account and assumes Al and SiC particles

T

Values
L1l
i 3

Overload

Figure 11 Acceleration response and its frequency spectrum for a beam sample of Type 5.
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to be perfectly bonded to each other. Based on the results [10] Kapuria S, Bhattacharyya M, Kumar AN. Compos. Struct. 2008,
obtained following conclusions can be drawn: - %2’t39°‘4i2i \ Caneadhara PB. Kells DU, Hoffman I
. . . . n ng N, Gan ra PB, Ke A .
(1) Modulus of elast1c1ty'and rf1ax1mur'n tensile strength Mzt; gsez' 3512,g36, 1832 _g1a90.a v
increase up to 15%SiC weight ratio, and after that [12] Huang, Li XF. ). Sound Vib. 2010, 329, 2291-2303.
value, they show a decreasing trend. The main causes  [13] Pradhan KK, Chakraverty S. Compos. Part B: Eng. 2013, 51,
of this behavior are the type of the system (SiC-Al) 175-184.
used, manufacturing technique employed, and capac-  [14] Aydogdu M, Taskin V. Mater. Des. 2007, 28, 1651-1656.
ity of the hydraulic press mold. [15] HuangY, Yang LE, Luo QZ. Compos. Part B: Eng. 2013, 45,

1493-1498.

(2) AstheSiCweightratio increases, porosity in thebeam |, ng: H,4F9eilistova L. Eng. Struct. 2011, 33, 3696-3701.
structure increases and density of the beam samples (171 simsek M. Nucl. Eng. Des. 2010, 240, 697-705.
decreases. [18] Sina SA, Navazi HM, Haddadpour H. Mater. Des. 2009, 30,

(3) Arrangement of axially FG beam layers has an impor- 741-747.
tant effect on fundamental frequency of the FG beam. [19] SuH, Banerjee JR, Cheung CW. Compos. Struct. 2013, 106,

(4) Experimental results show that sudden increase 854-862.

. . . . . . [20] Kawasaki A, Watanabe R. Ceram. Int. 1997, 23, 73-83.
in SiC weight ratio between the neighboring layers [21] WatanabeY, Eryu H, Matsuura K. Acta Mater. 2001, 49,

decreases the fundamental frequency of the axially 775-783.
layered FG beams. [22] Liu Z, Liu M, Nie L, Liu M. Int. J. Hydrogen Energy 2013, 38,
1082-1087.
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